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In recent years, teachers of electronic circuit theory have been 
faced with the dilemma of a decreasing amount of time in which 
to present circuits containing an increasing variety of modern 
electronic devices. This problem has been brought on by two 
parallel developments, the tremendous advances in material 
science and technology and the equally significant advances in 
computer science and numerical techniques. The first of these 
forward strides has resulted not only in the invention and de- 
velopment of many new devices, but also in the advent of large- 
scale integration. The integrated circuit, in which thousands of 
transistors may be fabricated in a single monolithic chip, has 
added a new dimension to electronic circuit analysis. On the other 
hand, progress in computer sciences has greatly influenced the 
growing trend toward a systems approach to engineering educa- 
tion, concurrently forcing more conventional circuit courses out of 
the curriculum in the competition for the students limited time. 
The result of these developments, whether we like it or not, is the 
end of what some might consider the “era” of conventional elec- 
tronic circuit theory. 

In the effort to teach more in less time, a more constructive 
approach would seemingly be to attempt a unification of existing 
theories. Such an approach is what this book is all about. 

To implement this new approach, the electrical engineering 
group at Purdue has rearranged conventional topics in circuit 
theory into two areas: linear active networks and nonlinear net- 
works. The course in linear networks covers small-signal networks 
for which linear incremental models are valid, including small- 
signal amplifiers and simple active filters. The nonlinear presenta- 
tion, of course, covers networks which are not linear. This 
arrangement was chosen because there is a well-established theory 
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for analyzing linear networks, but no such currently available 
general theory for analyzing nonlinear networks. 

Because of this lack of general theory, the usual approach to 
nonlinear networks has been to collect, to catalog, and to refer to 
standard “recipes” for analysis of the various types of networks. 
However, since the student learns only recipes for analyzing 
specific circuits containing specific devices, he is not prepared to 
work with nonlinear circuits or devices he has not seen before (un- 
less he is the fortunate individual who is creative enough to 
develop his own new recipe). When we consider the rapid de- 
velopment of new devices, it does not take much imagination to 
see that even an engineer fresh out of the university may find him- 
self in the same serious predicament as the engineers who studied 
vacuum tubes in school and had to confront the transistor on 
their own. 

To rectify the shortcomings of the conventional approach, in 
this book we have emphasized the principles involved in composing 
the recipes, not the recipes themselves. Accordingly, most of the 
methods developed in this book are device-independent, a situation 
made possible by what we call the black-box approach to electronic 
circuit analysis. Essentially, what we are saying is that any elec- 
tronic device is considered to be a black box with two or 
more electrical terminals accessible to the external world. The box 
is black in the sense that we do not know its contents, and indeed, 
as far as circuit theory is concerned, they do not matter to us. We 
will never ask why a device has a certain characteristic, for such a 
question can be answered—if at all—only by looking inside the 
box to discover its internal structure; in other words, we will not 
study the physics of the device. In fact, if two black boxes have 
identical electrical characteristics, we do not care if one contains 
a familiar solid-state device and the other a piece of rock from the 
moon. In other words, we will not study the physics of the device 
(after all, we need not learn semiconductor physics to analyze a 
transistor circuit). The important study of the physics of devices 
belongs to a course in material science, not circuit theory. 

In line with the presentation of principles and concepts in as 
general a context as possible, we have found it necessary to take 
a deductive approach on many occasions; that is, each principle 
is first discussed in general terms, followed by various special 
cases and a number of examples. Because the methods presented 
are very general, they are not necessarily the easiest to apply in 
any particular situation. However, we believe that it is much more 
rewarding for a student to learn at least one general method that al- 
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ways works, than to learn a number of simpler (but more specialized) 
methods that hold in one case but not in another, 

We trust that by learning the general principles presented in 
this book, the student will be able to develop certain shortcuts to 
specific problems. At the very least, we expect him to have 
developed enough confidence to handle any new device (after all, 
it is just another black box) and to analyze simple nonlinear 
circuits. 

It should be noted here that we do not expect our student to 
solve a problem in the shortest possible time. We expect our 
student to know the concepts, we do not expect him to be skill- 
ful; the skill will be developed later in a design-oriented course. 

Although a considerable amount of material in this book is 
devoted to the synthesis problem, we will study only the basic ele- 
ments of nonlinear network synthesis and will stop as soon as a 
basic “skeleton” circuit is derived. The task of optimizing the cir- 
cuits performance is also left to the design-oriented course. 

As far as actual content is concerned, this book is divided 
into three parts. Part | contains four chapters of foundation 
material. The first three chapters are devoted to the definition and 
characterization of nonlinear network elements. A number of 
practical applications are presented for motivational purposes. 
The mature reader may skim over this material or even skip 
it completely. Chapter 4 develops the general procedures for 
writing the equations of motion for nonlinear networks. The uni- 
verse of all networks is divided into the class of resistive nonlinear 
networks and the class of dynamic nonlinear networks. Basic nu- 
merical techniques are introduced in this chapter for solving these 
two classes of nonlinear networks on a computer. 

Part 2 contains eight chapters devoted exclusively to resistive 
nonlinear networks. Chapter 5 defines three basic concepts of re- 
sistive networks, namely, the operating point, the driving-point 
plot, and the transfer-characteristic plot. In view of their frequent 
appearance, we have found it convenient to abbreviate the 
last two terms by DP plot and TC plot, respectively. Chapters 6 
and 8 are the most basic chapters in Part 2; the former deals with 
analysis of nonlinear networks, whereas the latter deals with the 
synthesis of nonlinear networks. In order to extend the methods 
of Chapter 6 to a larger class of networks, a number of nonlinear 
network theorems and techniques are required; these are presented 
in Chapter 7. A number of common-functional nonlinear circuits 
normally taught in higher level courses are presented in Chapters 
9 and 10 with a very unconventional approach. These chap- 
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ters are included to illustrate the methods presented in Chapters 
6, 7, and 8. Although no new concepts are introduced, our experi- 
ence has shown that these two chapters have high motivational 
value. Chapter 11 presents the general principles for modeling 
three-terminal nonlinear elements in terms of two-terminal ele- 
ments and controlled sources. This chapter leads to the formula- 
tion of a completely general method for analyzing nonlinear re- 
sistive networks, as presented in Chapter 12. Ideally, the digital 
computer should be used to implement the methods in this 
chapter. 

Part 3, consisting of eight chapters, develops the theory and 
analysis of dynamic nonlinear networks. Chapter 13 introduces 
the basic concepts useful in dynamic network analysis. Here the 
state space is presented from a geometric point of view. Several 
powerful techniques for analyzing autonomous first-order nonlinear 
networks are presented in Chapter 14. These techniques are then 
generalized in Chapter 15 to the case of nonlinear switching net- 
works. The techniques of Chapter 15 are used to present a unifying 
theory of first-order multivibrators and time-base generators in 
Chapters 16 and 17, respectively. Several new principles for analyz- 
ing first-order nonautonomous networks and second-order autono- 
mous networks are given in Chapters 18 and 19, respectively. 
Finally, the book concludes with a discussion of nth-order nonlinear 
network analysis. This chapter serves as a simple introduction to a 
more advanced nonlinear network theory course requiring higher 
mathematics. 

Most chapters start with elementary and basic concepts and 
are followed by more general theories, algorithms, and their appli- 
cations. The last few sections of each chapter are usually of a more 
specialized or advanced nature, and can be omitted on first reading 
without loss of continuity. In particular, the following sections fall 
into this category: 1-9, 1-10, 3-3, 3-4, 3-7, 3-8 , 4-5, 4-7, 4-8, 5-4, 6-7, 
6-8, 7-7, 7-8, 7-9, 8-2-3, 8-5, 12-6, 13-4-3, 14-7, 14-8-3, 15-4, 19-4, 
19-5, 19-6, 20-2, and 20-3. 

Exercises are included after most sections. These pertain to 
the immediately preceding material. Some of the exercises are 
drill-type questions designed to test or clarify new concepts intro- 
duced in a particular section and can usually be answered with 
little or no calculation. Other exercises may involve the derivation 
of related results or the working of specific examples designed to 
illustrate the concepts and algorithms presented in a particular 
section. 

Problems appear at the end of each chapter. These are plenti- 
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ful and sometimes very long; a selected group of them is sufficient 
for any course. In order to enhance their value to the book, many 
of the problems contain several similar parts, so that only one part 
need be assigned at a time. Although all problems could be solved 
without using a computer, a few of them involve such considerable 
computation that it would be desirable to use a computer. 

A package of computer subroutines and programs has been 
carefully designed to implement many of the basic algorithms 
described in the text. These programs and subroutines are written 
in FORTRAN IV and are currently available from the author. 
These subroutines and programs are developed strictly from a 
pedagogical point of view; since they are designed to eliminate 
only routine calculations and tedious graphical constructions, the 
student must learn the conceptual aspects of each algorithm before 
he can successfully use the package. A more detailed description 
of the basic philosophy and mechanics of this package is given 
elsewhere.! 

This book is virtually self-contained; all prerequisite and back- 
ground material is carefully developed as needed. No mathematical 
background beyond that of basic calculus is assumed. Moreover, the 
materia! has been developed so that a linear active network theory 
course nnecessary either as a prerequisite or as a corequisite. 
(Familiarity with the basic characteristics and operating principles 
of electronic devices is helpful but not at all necessary.) In 
fact, selected portions of this book can be used as a first course in 
circuit theory. After obtaining a solid foundation in nonlinear cir- 
cuits, the student can then take a course in linear circuit theory in 
which powerful analytical techniques can be introduced. Then not 
only will the student better appreciate these materials, he will also 
be more alert to the limitations of linear techniques. Another 
compelling reason for teaching the present text before a linear 
circuits course is to give the student at least one more semester to 
take some basic mathematics courses (preferably matrix theory 
and differential equations) so he can better understand the state- 
space approach in linear circuits. 

With an appropriate selection of subject matter, this book 
could be used as a textbook in electronic circuit theory at the 
sophomore, junior, or senior levels. For a three-credit-hour sopho- 
more course, the topics might consist of only a few introductory 
sections (such as 1-6, 2-1-1, 3-2, 4-1, and 4-2) from Part 1. These 
might be followed by a heavy dose of selected topics from Chap- 
ters 6 through 12 in Part 2. The third part of the course might 
consist of the more basic topics from Chapters 13 through 18. A 
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three-credit hour junior course might cover essentially the same 
topics proposed for the sophomore course but in greater depth. 
This would include additional sections previously omitted. It 
is reasonable to assign more difficult homework problems at this 
level. At the senior level, the entire book can be covered by 
assigning the first five chapters as review material. Since this book 
contains much new material in the general area of nonlinear circuit 
analysis and synthesis, it can also be used as a reference book by 
practicing engineers involved in the design of large-signal elec- 
tronic circuits. 

The preliminary edition of this book has been used as a text 
for a nonlinear circuit analysis course at Purdue University. This 
course consists of three lecture hours per week and is taken by all 
electrical engineering undergraduate students in the second semester 
of the sophomore year. Concurrently, the students take a course 
in linear active circuits. In addition to these two courses, the 
students take a six-hour-per-week laboratory course in which they 
are introduced to a wide range of devices, including the latest 
commercially available. Most of the practical nonlinear electronic 
circuits presented in this book (electronic switches, gates, logic 
circuits, multivibrators, time-base generators, etc.) are built and 
verified by the students in this laboratory course. Our experience 
has shown this combination of courses to be very successful. 

This book could not have been written without the generous 
support of various organizations and individuals. In fact, most of 
the original results included in this book are the product of the 
author’s research under the sponsorships of the National Science 
Foundation and the Army, Navy, and Air Force Joint Services 
Electronics Program. I am particularly grateful to Dr. J. C. Han- 
cock of Purdue University, whose leadership in electrical engineering 
education has been instrumental in a complete revision of the 
Purdue electrical engineering curriculum. This book is a by- 
product of that revision. I am indebted to Dr. R. A. Rohrer of the 
University of California (Berkeley) and Dr. M. E. Van Valkenburg 
of Princeton University for their constant encouragement and ad- 
vice. I also wish to acknowledge a number of my colleagues who 
offered valuable suggestions during the evolution of this book. 
They are Dr. C. A. Desoer and Dr. E. S. Kuh of the University of 
California (Berkeley), Dr. Y-L Kuo, Dr. B. J. Leon, Dr. D. A. 
Landgrebe, Dr. P-M Lin, Dr. C. D. McGillem, and Dr. L. F. 
Silva, all of Purdue University. A great number of students have 
helped in one way or another throughout the course of this work. 
Among them, I wish to single out Mr. J. C. Evans, Mr. D. A. 
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Perreault, and Mr. K. A. Stromsmoe for their many critical sug- 
gestions in transforming the preliminary edition to the present 
form. I would also wish to thank Mr. Michael Elia of the McGraw- 
Hill Book Company for his valuable editorial help. But most of all, 
this book would never have been finished without the infinite 
patience and assistance of my wife, to whom this book is dedicated. 


Leon O. Chua 
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1-1 REVIEW OF BASIC PHYSICAL VARIABLES IN NETWORK THEORY 


The advent of electrical science occurred with the discovery of the 
phenomenon that dry substances such as amber or rubber tend to 
repel or attract each other upon being rubbed by different mate- 
rials such as silk or fur. This phenomenon was first explained by 
postulating the existence of a certain basic electrical quantity 
called the “electric charge” g, which may be either positive or 
negative, and which has the property that like charges exert a force 
of repulsion and unlike charges exert a force of attraction between 
each other. The quantity “charge” remains the most basic electrical 
quantity today, and its existence can now be explained by the 
atomic theory: a body is “‘charged” whenever there is an excess of 
the positive charges in the nucleus over the negatively charged elec- 
trons and vice versa. The practical unit of charge called the cou- 
lomb has been defined to be equivalent to the total charge pos- 
sessed by 6.24 x 1018 electrons. The quantity of charge possessed 
by a body can be measured by various instruments such as the 
electroscope. 

Since charged bodies exert forces on one another, energy or 
work is involved whenever one charged body is moved in the 
vicinity of another charged body. Hence if w is the work done by 
moving a charge q from point / to point k (assuming w is inde- 
pendent of the path taken),1 then the potential difference, or volt- 
age, between these points is defined as the work per unit charge; 
that is, 


(1-1) 


LF 
Ujk = — 


1This assumption is only 
approximately satisfied in 
practice. The study of the 
conditions under which 
this assumption is valid 
belongs to a course in 
electromagnetic field the- 
ory. However, as far as 
network theory is con- 
cerned, the above assump- 
tion is automatically im- 
plied. Very roughly 
speaking, the above as- 
sumption is valid when 
the frequency of the signal 
is “not too high,” that is, 
when the wavelength of the 
signals is long compared 
with the dimension of the 
physical network. 
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Observe that the magnitude of the charge is arbitrary; only the 
ratio between work and charge is important. Hence, the incremen- 
tal work dw required to move an incremental test charge dq from 
point j to point k must also satisfy Eq. (1-1); thus 


dw 
pp (1-2) 
Jj dq 


When there is no possibility of confusion, we can delete the sub- 
scripts 7 and k and express the voltage simply as v. The practical 
unit of voltage is called the volt. The voltage v between two points 
can be measured by a voltmeter. 

Charges can be caused to flow from one charged body into 
another by connecting a conducting wire between the two bodies. 
In 1819, Hans Christian Oersted discovered that the flow of charge 
through a wire produced a force on a compass needle in the 
vicinity of the wire and that force was proportional to the rate of 
flow of charge. Since the force on a compass needle can be easily 
determined by noting the deflection of the needle, the quantity 
“rate of flow of the charge” becomes very useful, and it has been 
given the name current, 7. By definition, 


el 
pS 2 (1-3) 


The practical unit of current is the ampere, i.e., one ampere repre- 
sents a charge flowing at a rate of one coulomb per second. The 
current 7 can be measured by an ammeter. 

The deflection of a magnetic compass needle caused by the 
flow of charge, or current, in a conductor indicates that current 
produces a magnetic effect. This effect can be explained by the 
generation of a magnetic flux by the current. If the conductor is 
wound into a coil of n turns, then by defining y = nA to be the 
flux linkage, Faraday discovered that the voltage between the two 
terminals of the coil is given simply by 


al 


med: 


(ie) 


The practical unit of the flux linkage is called the weber. Flux 
linkage can be measured by a fluxmeter. 

If we multiply together the left and right sides of Eqs. (1-2) 
and (1-3), we obtain 
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b =e ee (1-5) 


Since w represents energy, dw/dt represents the rate of change of 
energy, or the power p; hence 


PO = (Hip (1-6) 


Summarizing, therefore, we find that the six basic electrical quanti- 
ties of interest in network theory are the charge gq, the voltage v, 
the current /, the flux linkage ¢, the power p, and the energy w. 
The universal relationships between these quantities at any time ¢ 
are 


i() = an (1-7) 
u(t) = S09 (1-8) 
Plt) = (Oi) = a (1-9) 
w() = f° plrdr = f° oni) ar (1-10) 
qi) = [i@ dt (1-11) 
g(t) = f° ln) dr (1-12) 


1-2. THE SIMULTANEITY POSTULATE IN LUMPED-NETWORK THEORY 


The six basic electrical variables related by Eqs. (1-7) to (1-12) are 
assumed to be functions of only one independent variable, namely, 
the time of measurement ¢. Actually, to be exact, we must intro- 
duce another independent variable for specifying the relative 
location of the various terminals at which these electrical quanti- 
ties are to be measured. This is the variable length, or dimension, 
in centimeters. The necessity for introducing this variable is due 
to the fact that it takes a finite amount of time for electrons to 
move from one point to another. For example, if we apply a 
voltage v;(t) across one end of a 30-cm lossless transmission line 
as shown in Fig. 1-1a, it will take 1 nsec (30 cm/3 x 101° cm/sec = 
10-9 sec) for the signal to arrive at the other end (x = 30 cm). If 


1 For simplicity, we assyme 
the electrons TRIER 
the line at the velocity of 
light. The actual electron 
velocity will, of course, de- 
pend on the characteristics 
of the transmission line. 


6 
Us (t) 
x=0 - 
SOO ||| ee 
U, (t) 
(a) 10 
Fig. 1-1. The length of the 


transmission line introduces a 
time delay which is significant 
in (b) but may be neglected 
in (c). 


1Networks which do not 
satisfy the simultaneity 
postulate are said to be 
distributed. The study of 
distributed networks be- 
longs to a course in elec- 
tromagnetic field theory. 
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the duration of time for which the signal level remains relatively 
unchanged is of the same order of magnitude (say, 2 nsec), then 
the time delay of the transmission line cannot be neglected. This 
is easily seen by comparing the signals v,(¢) and v,(t) as shown in 
Fig. 1-1b. On the other hand, if the signal level does not change 
rapidly (relative to the time delay) as in Fig. 1-1c, then the time 
delay is insignificant and may therefore be neglected. Under this 
assumption, the output signal v,(t) may be considered to appear 
at the same instant as the input signal v,(7). This is equivalent to 
the assumption that the length of the transmission line is insignifi- 
cant. In other words, the line can be /umped as one point so that 
the current entering one terminal of a terminal pair appears instan- 
taneously at the other terminal. We will refer to this assumption as 
the simultaneity postulate. 

The simultaneity postulate is a fundamental assumption in 
lumped-network theory that applies not only to transmission 
lines but also to all two-terminal black boxes considered in this 
book.1 This postulate is valid whenever the physical dimension of 
each device inside the black box is small so that the time delay it 
introduces is insignificant compared with the minimum time dura- 
tion for which the signals remain relatively constant. For periodic 
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(a) 


signals, the reciprocal of the frequency is a good measure of this 
minimum time duration. Hence, roughly speaking, the higher the 
operating frequency, the smaller must be the device’s physical 
dimension in order for the simultaneity postulate to be satisfied. 
Fortunately, most nonlinear electronic circuits of interest do 
satisfy the simultaneity postulate. This is especially true with 
integrated circuits where the components are becoming so small 
that they can be seen only with the aid of a microscope. 


1-3. SIGNIFICANCE OF THE REFERENCE CURRENT 
DIRECTION AND THE REFERENCE VOLTAGE POLARITY 


One of the most basic concepts in physical science is that any 
physical quantity is invariably measured with respect to some 
“assumed” frame of reference. In electrical network theory, the 
frame of reference takes the form of an assumed reference direc- 
tion of the current 7 and an assumed reference polarity of the 
voltage v. A thorough understanding of the concept of reference 
current direction and reference voltage polarity is absolutely 
essential in the study of nonlinear network theory. It is a fact that 
a large percentage of the mistakes committed by students of net- 
work theory can be traced to either the students’ underestimation 
of the full significance of reference current directions and voltage 
polarities or the students’ failure to maintain a consistent set of 
references. 

Perhaps the simplest way to introduce the concept of assumed 
reference direction and polarity is through the following experi- 
ment. Suppose we are given a black box with a pair of terminals 
a-b and a wire c-d coming out of the box as shown in Fig. 1-2a. 
Suppose we are required to measure the voltage between terminals 
a-b and the current in the wire c-d. 

Let us consider first measuring the voltage by connecting 
terminals a-b to the vertical input terminals of an oscilloscope. 


Fig. 1-2. An experiment dem- 
onstrating that regardless of 
which terminal of the black box 
is chosen to be positive, the 
actual voltage across terminals 
a-b can be unambiguously 
specified for all time. 


1It can be justified on 
physical grounds that the 
simultaneity postulate is 
generally valid if the 
largest physical dimension 
of the device is much 
smaller than the wave- 
length of the highest an- 
ticipated frequency of 
operation. 
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Since one of the two vertical input terminals of any oscilloscope is 
marked with a positive sign while the other is marked with a 
negative sign, the question that immediately arises is which of the 
two terminals of the black box should we connect to the positive 
terminal of the oscilloscope in order to obtain the desired infor- 
mation. The answer is that it does not matter. In order to see this, 
suppose we arbitrarily assume terminal b to be connected to the 
positive terminal as shown in Fig. 1-2b. The assumption that 
terminal b is the positive terminal does not mean that the poten- 
tial at b is higher than the potential at a. It does mean, however, 
that if at any time ¢ = 4, v(t) > 0, then the potential at D is 
higher than the potential at a. On the other hand, if v(t) < 0, 
then the potential at b at ¢ = 4; is actually lower than the poten- 
tial at a. For example, if the voltage u(¢) displayed on the oscillo- 
scope is given by 


u(t) = 10 sin at volts 


then terminal b is at a higher potential than terminal a during the 
time interval 0 < ¢ < 1 sec. But during the time interval 1 Ct< 
2 sec, terminal 6 is actually at a lower potential than terminal a. 

Let us now consider what happens when we assume terminal 
a instead of terminal 5 to be the positive terminal, as shown 
in Fig. 1-2c. Since the connection in Fig. 1-2c is opposite to the 
connection in Fig. 1-24, it is clear that the voltage u(r) displayed 
on the oscilloscope is now given by 


u(t) = —10 sin at volts 


Since terminal a is now the assumed positive terminal, and since 
v(t) < 0 for 0 << t < 1 sec, this means that during this time inter- 
val, terminal a is at a lower potential than terminal b. Similarly, 
we found that during the time interval 1 <¢ < 2, terminal b 
is actually at a lower potential than terminal a. 

In either case we found the final answers to be identical. We 
can, therefore, conclude that in order to specify the voltage be- 
tween any pair of terminals unambiguously, we may arbitrarily 
assume any one of the two possible terminals to be the positive 
terminal. 

By analogy, we can conclude that in order to specify the cur- 
rent in any wire unambiguously, we may arbitrarily assume any 
one of the two possible directions to be the positive direction. The 
actual direction in which the current i(?) is flowing at any time ¢ = ty 
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will be in the assumed positive direction if i(t;) > 0, and opposite 
to the assumed direction if i(4,) < 0. 

Let us consider next a two-terminal black box N and assume 
a reference direction for the terminal current i and a reference 
polarity for the terminal voltage v. Since the references for both 
i and v are arbitrary, there are four distinct sets of combinations 
of references. There is no reason to prefer any one combination 
over the others. However, in practice, it is usually convenient to 
choose the combination so that positive power 


P(t) = v(Hi(t) > 0 


represents power entering the black box. From basic electromag- 
netic principles, it can be shown that this condition is satisfied 
whenever the current is chosen to enter the assumed positive ter- 
minal of the black box. From the simultaneity postulate, the same 
current must leave the negative terminal. This means that the 
allowable reference combination must be either of the form shown 
in Fig. 1-3a or b. 

In either case, observe that the current arrow either enters 
the positive terminal or leaves the negative terminal. 


1-4 INDEPENDENT SOURCES 


Electrical energy must be supplied in order to move the charges 
which constitute the current 7. Since energy can be neither created 
nor destroyed, it must be transformed from some other forms of 
energy. For example, a battery transforms chemical energy into 
electrical energy, a generator transforms mechanical energy into 
electrical energy. For convenience, we often refer to these energy- 
transforming devices, such as batteries or generators, as sources 
of electrical energy or simply sources. However, this statement 
should not be interpreted as implying that sources can create 
energy. 

One of the earliest devices which serves as a source of elec- 
trical energy is the galvanic voltaic cell. Many other devices have 
been invented to function as sources of electrical energy, and, no 
doubt, many more will be invented in the future. Perhaps the 
simplest source of electrical energy today is the battery, which is 
capable of delivering a limited range of direct current to an exter- 
nal load connected with it, while maintaining an approximately 
constant voltage across its terminals. A less common source of 
electrical energy (but one gaining in popularity) is the solar cell, 


Fig. 1-3. Two possible sets of 
assumed reference direction 
and polarity for ensuring that 
positive power means power 
entering the black box. 
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which develops a limited range of voltage drop across an external 
load connected with it, while maintaining an approximately con- 
stant current in the load. Observe that in the case of the battery, 
the output voltage is independent of the current drawn by the 
load (provided the current is not large). In contrast with this, it is 
the output current of the solar cell that is independent of the volt- 
age drop across the load (provided the voltage drop is not large). 
It seems reasonable, therefore, to distinguish the above two types 
of electrical sources by calling the former a voltage source and the 
latter a current source. 

Observe that in the above discussion, we have assumed that 
the current in the battery and the voltage drop across the solar 
cell are not large. This assumption is necessary because when a 
large current is drawn from the battery, its output voltage de- 
creases and is no longer independent of the current. Similarly, a 
large voltage drop across the solar cell results in a decrease in the 
output current. The above phenomenon is a well-known experi- 
ence; for example, the light dims whenever an appliance such as 
an air conditioner (which draws a large current) is turned on. In 
fact, no physical voltage source exists which is capable of develop- 
ing a voltage that is entirely independent of its terminal current. 
Neither does there exist any physical current source which is 
capable of delivering a current that is entirely independent of its 
terminal voltage. While no such physical sources really exist, it is, 
nevertheless, extremely convenient to postulate the existence of 
the above sources as “ideal” sources. In other words, we are trying 
to “model” a physical source by an “ideal source” so that a net- 
work containing such sources can be conveniently analyzed. Ob- 
serve that the above concept of modeling is analogous to that of 
the physicist who tries to represent the motion of a physical ob- 
ject by the motion of a “point” representing the center of gravity 
of the object. The concept of making a model to represent a 
physical system is so basic that we shall have many more occa- 
sions to use it in the future. With the above clarification, let 
us now render the concepts of independent sources more precise 
by the following discussions. 


Independent voltage source An independent voltage source is a 
two-terminal device whose terminal voltage v is always equal to 
some given function of time v,(¢), regardless of the value of the cur- 
rent flowing through its terminals; for example, v,() = 2 sin ¢. In 
particular, v;(7) may be a constant function such as v,(f) = E, in 
which case, by analogy with direct current (dc) sources, we shall 
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call the voltage source a de voltage source. We shall use the sym- 
bols shown in Fig. 1-4 to denote an independent voltage source. 
Observe that a de voltage source is denoted by the standard bat- 
tery symbol in order to conform to popular usage. 


Independent current source An independent current source is a 
two-terminal device whose terminal current / is always equal to 
some given function of time i,(¢), regardless of the value of the 
voltage across its terminals. In particular, i,(?) may be a constant 
function such as i,(f) = J, in which case we shall call the current 
source a de current source. We shall use the symbols shown 
in Fig. 1-5 to denote an independent current source. Observe that 
a de current source is denoted by the same symbol with the ex- 
ception that i,(7) is replaced by a constant, /, independent of time. 


Exercise: It is sometimes convenient to define an independent flux-linkage source 
and an independent charge source for the remaining two variables q and q. State 
an analogous definition for each. 


1-5 CHARACTERIZATION OF A TWO-TERMINAL BLACK BOX 


Among the many physical devices of various complexities we shall 
be concerned in this chapter only with those which possess two 
accessible electrical terminals. Actually, the device may contain 
more than two terminals but only two of these are accessible to 
the external world in the sense that the device may be ex- 
cited only through these terminals. For our purpose, it is con- 
venient to imagine that the device is enclosed in a box and that the 
two accessible terminals are brought out by two connecting wires 
as shown in Fig. 1-6a. We shall call the resulting system a 
two-terminal black box and shall denote it by the symbol shown 
in Fig. 1-6. It is important to emphasize that the content of the 
box may be as simple as a light bulb or as complicated as 
an arbitrary interconnection of other black boxes as shown in 
Fig. 1-6c. 


(a) (b) (c) 
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(a) (b) 


Fig. 1-4. Symbols for an inde- 
pendent voltage source. 


be 
(a) (6) 


Fig. 1-5. Symbols for an inde- 
pendent current source. 


Fig. 1-6. Symbolic representa- 
tion of a two-terminal black box. 
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Fig. 1-7. An example illustrat- 
ing the characterization of a 
mechanical black box. The data 
points in the v-vs.-f plane were 
found to lie on the horizontal 
axis in (b) and on the ellipse 


in (ec). 
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The choice of the term “black box” is quite appropriate here 
because the box is really black inside in the sense that we cannot see 
its contents. As a matter of fact, unless we open the box and peep 
inside, there is no way of determining its contents. However, as 
engineers, we are not so much interested in the contents of the box 
as in knowing what the black box can do and how it behaves ex- 
ternally when it is connected with other black boxes into a net- 
work. In other words, we are primarily interested in predicting the 
external behavior of the black box without having to perform any 
tedious experiment. Our first step toward such an analytical ap- 
proach is to “characterize” the black box. The concepts involved 
in characterizing a black box are so important that we pause here 
to consider a simple but illustrative analogy. 


1-5-1 A MECHANICAL BLACK-BOX ANALOGY 


Suppose we are given the mechanical black box containing a 
“spring” as shown in Fig. 1-7a. Suppose we did not know the con- 
tents of this black box and were asked to predict the behavior of 
the external terminals when an arbitrary force f(f) is applied to 
terminal a of the black box with terminal 5 fixed against the wall. 
The mechanical variables of interest here are the displacement x 
(displacement to the right of the initial position 0 is assumed 
positive), the velocity v (of terminal a), and the force f (positive 
for tension and negative for compression). Clearly, the only way 
we can hope to characterize this black box (other than opening 
the box) is to start performing some experiments. Suppose we be- 
gin by applying a constant force f= A and measure the corre- 
sponding velocity of terminal a. This would give us a point in the 
velocity-vs.-force plane (/-v plane). By repeating the above experi- 
ment with several values of force f, we obtain the data shown in 
Fig. 1-7b. We might be tempted to draw a smooth curve through 


A/kt 
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these data points (which in this case happen to be the f axis) and 
claim to have characterized the black box in the sense that given 
any constant force f, we can analytically predict the associated 
velocity. However, a little thought will show that we have not 
really characterized the black box yet, for if, instead of applying a 
constant force we apply a slowly varying sinusoidal force, 
J(@ =A sin t. The above characteristics would predict that 
u(t) = 0. This is of course contrary to what we expect to observe 
experimentally; namely, v(t) = (4/k) cos t where k is the “spring 
constant.” We might hope that this inconsistency can be resolved 
by plotting all points (fv) satisfying the above equations and ob- 
taining an ellipse as shown in Fig. 1-7c. Observe, however, that 
the length of both axes of the ellipse depends on the amplitude 4 
of the sinusoidal force, and for each value of A we would obtain 
a corresponding ellipse, so that eventually the entire fv plane 
would be filled up with data points. Moreover, even if we can 
draw an infinite set of ellipses, we would be able to predict the 
velocity only if f(¢) is sinusoidal. Using these ellipses to predict v 
due to nonsinusoidal f(‘) would again yield erroneous answers. 
Reluctantly, we must admit that our efforts so far have been in 
vain and that just about the only useful information we obtained 
from the above experiment is that the black box cannot be char- 
acterized by a curve in the f-v plane. 

Let us try another set of variables, say the force f and the 
displacement x, and repeat the experiments. As before, we begin 
by applying a constant force f= A and measure the correspond- 
ing displacement x. Repeating this for various values of /, we ob- 
tain the data points shown in Fig. 1-8a. If we draw a smooth 
curve through these points, we obtain a single relationship 


x= T(f) 


Before we try to draw any conclusion, however, our previous ex- 
perience suggests that we repeat the experiment with time-varying 
forces to see whether the above relationship still holds. Carrying 
out the proposed experiment with several low-frequency sinusoidal 
waveforms as before, we find that at any time ¢ = %, the data 
point [ f(to),x(to)] always falls on the same curve x = 7T(f). This 
is very encouraging, but to be sure, we must try some other non- 
sinusoidal waveforms for f(t). Again, we find that, provided f(¢) 
does not change very rapidly,! the data point at any time also 
agrees with the curve in Fig. 1-8a. Hence, we can now draw the 
following conclusion: For any f(t) which does not change rapidly, 
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1This condition is actually 

equivalent to the state- 
ment that the frequency 
of the sinusoidal wave- 
form is not very high. This 
will become obvious after 
the reader studies signal 
analysis. 
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Fig. 1-8. As the frequency of 

the forcing function f() in- the black box can be characterized by the displacement-vs.-force 
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curve to a hysteresis loop. above experiments, we can now begin to appreciate the utility of 
such a conclusion; namely, the characterization of the black box 
permits an analytical solution and thereby eliminates the need to 
carry out any further experiments. 

Observe that our conclusion is based on the assumption that 

J(d) does not change rapidly. Let us now repeat our experiment 
with higher-frequency sinusoidal waveforms, as well as with non- 
sinusoidal waveforms which change rapidly. The experiment 
shows that as we increase the frequency of the sinusoidal force 
fd, the data points begin to deviate (rather slowly at first) from 
the predicted curve x = T(f). As we increase the frequency fur- 
ther, the data points begin to form a closed loop as shown in 
Fig. 1-85, and the area enclosed by the loop tends to increase with 
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frequency. Similarly, we find that if we apply a nonsinusoidal 
force which changes rapidly with time, the deviation from the 
curve in Fig. 1-8a is even worse. For example, Fig. 1-8c shows the 
j-x curve corresponding to the high-frequency nonsinusoidal 
waveform shown in Fig. 1-8d. The above experimental result 
shows that our earlier assumption, that f(/) should not change 
very rapidly, is indeed necessary. In order to emphasize this re- 
striction, it is a common practice to call the relationship obtained 
in Fig. 1-8a a static characteristic curve in contrast to the dynamic 
characteristic curve which corresponds to measurements at higher 
frequencies. Since the deviation of the measured characteristic 
curve from the static characteristic increases slowly with fre- 
quency, rather than abruptly, it is impossible to pick a definite 
frequency above which the static characteristic does not hold. 
Neither is it possible to find a single dynamic characteristic curve 
which would hold for all high frequencies. Hence, a certain 
amount of engineering judgment is involved in deciding whether 
a certain static characteristic curve can be used satisfactorily to 
solve a given problem. It is encouraging, however, to know that a 
large percentage of practical networks can indeed be analyzed by 
using only static characteristics. Moreover, even in cases when the 
static characteristic fails to give satisfactory solutions, we shall 
show in the future that we can often patch up the error by includ- 
ing “parasitic elements,” namely, elements which are undesirable 
but which are invariably present in the black box in minute 
quantities. For the above example, the parasitic element consists 
of the mass associated with the spring. At low frequencies, the 
mass, being quite small, has relatively no effect on the measured 
jx characteristic. However, as the frequency of the external force 
f(@ increases, the acceleration of the spring increases, and the 
inertia force due to the mass becomes appreciable and, in fact, in- 
creases as acceleration increases. The deviation of the dynamic 
characteristic in Fig. 1-85 and 1-8c from the static characteristic 
in Fig. 1-8a can therefore be attributed to the inertia mass of the 


spring. 


1-5-2 STATIC CHARACTERISTICS 
OF A TWO-TERMINAL BLACK BOX 


The above discussion clearly shows the significance of static char- 
acteristics of a black box. Since all characteristics to be considered 
in this book are assumed to be static characteristics, we shall hence- 
forth delete the adjective “static.” 
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Let us now return to the main theme of this section, namely, 
the characterization of a two-terminal black box. Clearly, the only 
way we can hope to achieve this is to perform some meaningful 
external measurements. The only quantities of interest to us are 
those which can be measured externally. For example, the terminal 
voltage v and the terminal current i are of primary interest because 
they can be readily measured. The charge g and the flux linkage 
gy are also of interest because they can be indirectly measured by 
integrating the measured current waveform i(f) and the measured 
voltage waveform v(t) in accordance with Eqs. (1-11) and (1-12), 
respectively. From these measurements, we shall then try to estab- 
lish a relationship, if there is any, between each pair of independ- 
ent variables. Since the members of the pair of variables i and g 
are related by Eq. (1-7), they are not independent. Similarly, the 
variables v and @ are related by Eq. (1-8) and are also not inde- 
pendent. The only remaining combinations consist, therefore, of a 
relationship between the following variables: 


1. Relationship between v and i 
2. Relationship between v and q 
3. Relationship between i and p 


4. Relationship between g and p 


The last relationship does not occur frequently in practice and has 
little practical significance. Hence, we shall restrict our attention 
throughout this book to only the first three cases. These correspond, 
respectively, to three basic types of two-terminal network elements, 
namely, a ftwo-terminal resistor, a two-terminal capacitor, and a 
two-terminal inductor. 

Our next step is therefore to plot the data in the v-i, v-q, and 
i- planes, in order to see if the points in any one of these planes 
can be connected to form a curve. In general, this may not 
be possible. For example, suppose the two-terminal black box 
happens to be a capacitance of 1 F. Then from elementary 
physics, we know that the relationship between v and i is i = 
1(dv/dt). But suppose we did not know that the black box contains 
a capacitance and proceeded to plot the data in the v-i plane. 
Clearly, it is impossible to expect that a curve can be found which 
passes through all data points in the v-i plane; in fact, if we take 
enough measurements, the data points will eventually fill the en- 
tire v-i plane. This is easily seen if we apply a voltage source of 
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the form u(t) = A sin ¢; since i = dv/dt, we obtain i(t) = A cos ¢. 
Hence at any time ¢ = fo, we obtain a point (A sin fo, A cos fo) in 
the v-i plane. Observe next that corresponding to each value of A, 
the above points form a circle of radius 4 since v2 + i2 = A2. If 
we vary the value of 4 from 0 to oo, we would eventually fill up 
the v-i plane with data points, and it would be impossible to find 
a curve passing through these points. On the other hand, if 
we choose to plot the points in the v-q plane, then these points can 
be connected by a smooth curve, namely, the line g = v. Therefore 
if a curve can be found which passes through all possible data 
points in either the v-i, the v-qg, or the i-p plane, then the two- 
terminal element is completely characterized by that curve. 


1-6 TWO-TERMINAL RESISTORS 


A two-terminal black box which can be characterized by a curve 
in the v-i plane is called a two-terminal resistor and will be denoted 
by the symbol shown in Fig. 1-9a. Observe that one edge of the 
symbol is darkened in order to distinguish between the two ter- 
minals. This is necessary because the v-i curve measured across 
the two terminals of a resistor is generally different from that 
measured across the same resistor but with the terminals inter- 
changed (see Prob. 1-1).1 


1-6-1 LINEAR RESISTORS 


Among the infinite variety of v-i curves there is an important sub- 
class which consists of straight lines passing through the origin as 
shown in Fig. 1-9b. Resistors of this subclass are called Jinear 
resistors and will be denoted by the standard symbol shown in 
Fig. 1-9c. Since the v-i curve of a linear resistor is a straight line 
through the origin, it can be described mathematically by i = Gu, 
or v = Ri. The constant G represents the slope of the line and is 
called the conductance. The constant R is defined as the reciprocal 
of G and is called the resistance. The practical unit of conductance 
is the mho. The practical unit of resistance is the ohm and will be 
denoted by ©. A linear resistor is therefore completely character- 
ized by one number, its conductance or its resistance. If the value 
of the resistance is positive, the linear resistor is said to be a posi- 
tive resistor. Otherwise, it is said to be a negative resistor. If R = 0, 
the linear resistor is said to be a short circuit. If R = 00, it is said 
to be an open circuit. 
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Fig. 1-9. Symbols for a two- 
terminal resistor. 


1In view of the nonsym- 

metrical nature of this 
symbol, we may avoid 
drawing voltage polarity 
and current direction signs 
beside the symbol provided 
we agree to assume that 
the darkened edge is the 
negative terminal and that 
the current enters the 
positive terminal. This 
convention will be fol- 
lowed in this book. 
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1This subtle difference is 
not universally recognized. 
In many books, the terms 
resistor and resistance are 
used synonymously. In this 
book, the term resistance 
refers only to a linear 
resistor. 


2To conform with the IEEE 
standard letter symbols for 
semiconductor devices 
WEEE Trans. Electron De- 
vices, vol. Ed-11, no. 8, 
pp. 392-397), we have 
chosen the uppercase letters 
V and J in favor of the 
lowercase letters v and i as 
used in the context. When- 
ever applicable, we shall 
also follow the latest IEEE 
standards for graphic 
symbols. 


wo 


In view of its relatively re- 
cent origin, the name and 
symbol for the constant- 
current diode are not uni- 
versally used. The same 
device is sometimes re- 
ferred to as a current- 
limiting diode, a currector, 
a field-effect diode, etc. A 
further discrepancy may 
be found in that portion 
of the v-i curve for nega- 
tive voltages. Depending 
on how the device is made, 
the v-i curve for v<0 
either approximates an 
open circuit (horizontal 
line), as will be assumed 
throughout this book, or a 
short circuit (vertical line). 
Fortunately, this discrep- 
ancy is usually not impor- 
tant because, as will be 
shown later, only the por- 
tion of the v-i curve in the 
first quadrant is actually 
of practical interest. How- 
ever, in any case, if the v-i 
curve for v < 0 approxi- 
mates a short circuit, it 
can always be transformed 
into the v-i curve shown 
in Table 1-1 by connecting 
a junction diode in series 
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It is important to differentiate between the terms resistor and 
resistance, the former refers to a black box, but the latter refers to 
a property associated with the black box.! 


Exercise 1: Explain why it is unnecessary to differentiate between the terminals 


of the symbol for a linear resistor. 


Exercise 2: A certain v-i curve is described by an equation v = 10/ + 5. Is this 
a linear resistor? 


1-6-2 NONLINEAR RESISTORS 


If a resistor is characterized by a v-i curve other than a straight 
line through the origin, it is called a nonlinear resistor. In this case, 
the resistor can no longer be described by a single number, and 
hence the entire v-i curve must be given. This may be specified 
either graphically by a curve or analytically by a mathematical 
relationship. For example, consider the set of practical two- 
terminal resistors listed in Table 1-1.2 Since these components are 
all commercially available, they have been given names and sym- 
bols.? Each resistor in this table is characterized graphically by a 
typical v-i curve usually supplied by the manufacturer. In some 
cases, it may be possible to derive a mathematical relationship 
which closely approximates a certain v-i curve. For example, from 
physical principles one can show that the v-i curve of a vacuum 
diode can be represented approximately by a % power law, namely,* 
p= kus (1-13) 
where & is a constant which depends on the physical dimensions 
of the internal structure of the diode. Similarly, a semiconductor 
junction diode can be represented approximately by an exponen- 
tial law, namely,® 
i = Io(e*” — 1) (1-14) 
where Jo and k are constants which depend on the physical param- 
eters of the diode. One can also sometimes derive an equation 
which approximates a v-i curve by interpolation and approximation 
techniques (see Appendix A). For example, the varistor shown in 
Table 1-1 can be represented approximately by the equation 

O= Oe 


(1-15) 
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where a and f are constants which can be determined numerically 
from the curve. In all cases, we must remember that any mathe- 
matical relationship is at best an approximation to the actual v-i 
curve. Moreover, most v-i curves cannot be represented by such 
simple expressions as those given above. Therefore, the most 
general and common method to specify element characteristics is 
to describe the curve in graphical form. 


1-6-3. CLASSIFICATION OF v-i CURVES 


In order to be able to use the nonlinear resistors effectively in a 
practical design, it is necessary to classify v-i curves into various 
categories. For example, the v-i curves of the first three resistors 
in Table 1-1 have one property in common; namely, for each pair 
of points (v,/1) and (v2,72) on the curve, we observe that whenever 
Vy > V2, then 4; > i. Such elements are said to be strictly mono- 
tonically increasing resistors. An examination of the v-i curves of 
the zener diode and the constant-current diode shows that they 
are not strictly monotonically increasing because if we pick a pair 
of points with voltages v1 > v2 along the horizontal portions of the 
v-i curve, then i(v;) } i(v2). However, these v-i curves have another 
common property; namely, i(v1) > i(v2) for any vy > v2. Such ele- 
ments are said to be monotonically (but not strictly) increasing 
resistors. The v-i curves of the tunnel diode and the remaining re- 
sistors below it are not monotonically increasing because each v-i 
curve has a portion having negative slopes (di/dv < 0). Such ele- 
ments are sometimes called negative-resistance elements. Another 
common characteristic of a negative-resistance element is that 
either the voltage is a multivalued function of current (more than 
one voltage corresponds to some given value of current) or the 
current is a multivalued function of voltage (more than one cur- 
rent corresponds to some given value of voltage). In the first case, 
the current is a single-valued function of the voltage (but not vice 
versa); that is, 
i = i(v) (1-16) 
and is therefore called a voltage-controlled resistor. In the second 
case, it is the voltage which is a single-valued function of current; 
that is, 


v= v(i) (ete) 
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with the constant-current 
diode. For more informa- 
tion concerning this device, 
the reader is referred to 
J. M. Carroll, “Microelec- 
tronic Circuits and Appli- 
cations,” pp. 234 and 235, 
McGraw-Hill Book Com- 
pany, New York, 1965; 
and J. M. Carroll, “Tunnel- 
Diode and Semiconductor 
Circuits,’ pp. 122-128, 
McGraw-Hill Book Com- 
pany, New York, 1963. 


4J. Langmuir, The Effect 
of Space Charge and Re- 
sidual Gases on Therm- 
ionic Currents in High 
Vacuum, Phys. Rev., vol. 2, 
pp. 450-486, 1913. 

5J. F. Gibbons, “Semi- 
conductor Electronics,” 
McGraw-Hill Book Com- 
pany, New York, 1966. 
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TABLE 1-1 Practical two-terminal resistors. 


Name Symbol 


v-i characteristic curve 


I 


Vacuum diode 


,J, ma 


se 
4 
= —10 


Selenium diode 


>V, volts 


i 
+ 
Semiconductor V 
(junction ) diode 
jk 
+ 
Zener (avalanche, = 
breakdown ) diode 
ih 


Constant -current 
diode 


> V, volts 


V, volts 


V, volts 


z 


PAI 


Name Symbol v-i characteristic curve 
AI, ma 
Varistor > V, volts 
Solion liquid 
diode 
at VeEVOILS 


Tunnel resistor 


Back diode 


Tunnel diode 


Ss | XN | — | << | ~ | 
S| — ~ I ~ 


0.4 


—100 


100 200 300 
lia 


+ = 
V, mv 
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TABLE 1-1 (Continued) 


Name 


Symbol v-i characteristic curve 


Four-layer diode 


Glow tube 


Trigger diode 


Superconducting 
tunnel junction 


4I, ma 
30+ 


+—> V, volts 


> V, volts 


V, volts 


++—> V, volts 


+ ——e + i et a 
= 0:60:14 0:2'70 0) 0.2 0:4 0:6 


1 More generally, any curve 
in the x-y plane is said to 
be an x-controlled curve 
if it is a single-valued 
function of x and a 
y-controlled curve if it is a 
single-valued function of y. 


and is therefore called a current-controlled resistor. For example, 
the tunnel diode is a voltage-controlled resistor but the glow tube 
is a current-controlled resistor. Observe that a strictly monotoni- 
cally increasing resistor is both voltage-controlled and current- 
controlled and can therefore be described either in the form 
of Eqs. (1-16) or (1-17). 
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Another important property shared by some v-i curves is 
their symmetry with respect to the origin. Such elements are 
called bilateral resistors because in this case the two terminals may 
be interchanged without affecting the v-i curve (see Prob. 1-1). 
For the resistors listed in Table 1-1, the varistor, the glow tube, 
the trigger diode, and the superconducting tunnel junction are the 
only bilateral resistors. The rest are nonbilateral. 


Exercise 1: It is sometimes convenient to describe a voltage-controlled resistor 
by an equation of the form i = G(v)v and a current-controlled resistor in the form 
v = R@)i. Find the functions G(v) and R(i) in terms of i(v) in Eq. (1-16) and v(i) 
in Eq. (1-17). Give a geometrical interpretation of G(v) and R(i). 

Exercise 2: Is a monotonically (but not strictly) increasing resistor both current- 


controlled and voltage-controlled? If not, under what condition is it voltage-con- 
trolled? When is it current-controlled? 


Exercise 3: A resistor which is neither voltage-controlled nor current-controlled 
is said to be a multivalued resistor. Give an example of a multivalued resistor. Can 
you describe a multivalued resistor in the form of Eq. (1-16) or (1-17)? Explain 
why. (See Appendix A.) 


1-6-4 v-i CURVES OF DC SOURCES AND IDEAL DIODES 


On many occasions we shall find it convenient to consider a dc 
voltage source and a de current source as nonlinear resistors. This 
interpretation is valid because, by definition, a de voltage source 
with terminal voltage E can be represented by a vertical line v = E 
as shown in Fig. 1-10a. Similarly, a de current source with terminal 
current J can be represented by a horizontal line i = J, as shown 
in Fig. 1-105. In the special case where E = 0, the v-i curve of Fig. 
1-10a becomes the v = 0 axis as shown in Fig. 1-10c. Since this 
coincides with the v-i curve of a short circuit, a voltage source 
with zero terminal voltage is equivalent to a short circuit. Similarly, 
when J = 0, the v-i curve of Fig. 1-10b becomes the i = 0 axis, as 
shown in Fig. 1-10d. Since this coincides with the v-i curve of an 
open circuit, a current source with zero terminal current is equiva- 
lent to an open circuit. Finally, a two-terminal resistor which does 
not exist in practice, but which is very useful conceptually, is the 
ideal diode whose symbol and v-i curve are shown in Fig. 1-lla 
and b, respectively. Analytically, an ideal diode is described by 


i—0 for all v < 0 
v=0 for alli > 0 (1-18) 
Dp =o 0 for all v andi 
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Fig. 1-10. The v-i curves of a 
dc-voltage source, a dc-current 
source, a short circuit, and an 
open circuit have one common 
property: they consist of either 
a vertical line or a horizontal 
line. 
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u Observe that the last constraint is introduced to eliminate any 
a point in the fourth quadrant from becoming a part of the v-i curve. 
It is also important to observe that an ideal diode becomes an 
open circuit for all v < 0 and a short circuit for all i > 0. 
Before we leave this section, we wish to emphasize that the 
class of practical nonlinear resistors is not restricted to those 
fa) listed in Table 1-1. In fact, when we reach Chap. 6, we shall 
be able to synthesize nonlinear resistors with almost any pre- 
scribed v-i curve of practical interest. 


~ 


Exercise 1: Find the v-i curve of the ideal diode but with its terminals inter- 
changed. Describe this curve analytically. 


Exercise 2: A time-varying independent source may be represented by a family 

of v-i curves with the time ¢ as a parameter. Sketch the v-i curves of a voltage 
(6) source with terminal voltage v,(t) = 2¢ and a current source with terminal cur- 

Fig. 1-11. The symbol andv-i rent i,(¢) = 10 sin at. 

curve of an ideal diode. 


i) 


1-6-5 SOME PRACTICAL APPLICATIONS 
OF TWO-TERMINAL NONLINEAR RESISTORS 


What are nonlinear resistors good for? How do we make use of 
their v-i curves to design practical electronic gadgets? Do certain 
types of v-i curves seem more appropriate for one application 
than another? These are some of the questions that will be an- 
swered in the latter part of this book, after we have built up 
enough theory to understand the basic principles involved in 
a practical design. However, to satisfy the impatient reader, we 
shall present in this section a qualitative description of some 
typical applications. Needless to say, this oversimplified treatment 
will become more quantitative and precise as the reader gains 
more ground in the subsequent chapters. 


Rectification In many practical applications such as electroplat- 
ing, the power supply must be restricted to a single-polarity volt- 
age or current source. Since the most economical power source is 
60-Hz sinusoidal voltage, it is desirable to transform this alternat- 
ing voltage into a single-polarity voltage. This conversion process 
is called rectification, and any network that carries out the desired 
transformation is called a rectifier. The simplest rectifier consists 
of an ideal diode in series with a linear resistor, as shown in Fig. 
1-12. When the input voltage v;(7) is positive, the diode becomes a 
short circuit and v,(t) = u;(). However, when the input voltage 
v,(t) is negative, the diode becomes an open circuit and u,(¢) = 0. 
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The result is that the output voltage becomes zero during every 
other half cycle and is therefore a single-polarity voltage. Of 
course, this rectifier is an idealized circuit since it uses an ideal 
diode which does not exist in practice. However, an examination 
of Table 1-1 suggests that a practical rectifier may be constructed 
by replacing the ideal diode in Fig. 1-12 by a vacuum diode, 
a selenium diode, or a semiconductor junction diode. 

The above procedure for arriving at a practical design by de- 
riving first an idealized network (which is usually much easier to 
come by) and then approximating it by a practical circuit is a 
universal principle of creative design. This principle is based on the 
intuition that if two networks differ from each other only slightly 
(e.g., the v-i curves of corresponding resistors differ only slightly), 
then the corresponding voltage and current waveforms of the two 
networks must also differ only slightly. Mathematically, this is 
analogous to the variation of a continuous function; namely, a 
small variation in the value of the independent variable produces 
a correspondingly small variation in the value of the dependent 
variable. Because of its practical importance, we shall call the 
above assumption the small-variation postulate. 


Frequency multiplication Another very common application of non- 
linear resistors is to convert a low-frequency signal into a high- 
frequency signal. The ability to do this is instrumental in virtually 
all communication systems ranging from the simplest walkie- 
talkie to the most complex telemetry systems between artificial 
communication satellites. Amazingly, the principle for obtaining 
frequency multiplication is based on a simple observation from 
high school trigonometry; namely, the nth power of a sine or 
cosine function contains higher-harmonic components. For exam- 
Demet acid Ie VMI ye COS* eo 1/8 1-92 (COS 24 54- 
% cos 4x, etc. Hence, if the v-i curve of a nonlinear resistor is de- 
scribed by a polynomial 


i= do + ayv + dou + agv? + +++ + Anu” (1-19) 


Fig. 1-12. An ideal rectifier 
converts a sinusoidal input vol- 
tage into a single-polarity out- 
put voltage. 
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1The design of filters is a 
very well-developed sub- 
ject and is usually given 
in a senior-level course 
called network synthesis. 
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then upon applying a voltage signal v = A sin wt, we obtain, with 
the help of various standard trigonometric identities, the expression 


i(t) = do + ax(A sin wt) + a2(A sin wt)? + 
a3(A sin wf)? + --- + a4,(A sin wf)” 
bo + 61 sin wt + by sin 2wt + b3 sin 3wt + --- + by, sin nwt 


+ C1 COS wt + C2 COS 2wt + cz CoS 3wt + --- + Cn COS nwt 
(1-20) 


Observe that although the voltage consists of a sinusoidal signal of 
angular frequency w, the resulting current contains a constant 
term bo, a component of the same frequency w, and a number of 
higher-harmonic components 2w, 3w,..., nw. In practice, any of 
these harmonic components can be extracted by interposing a net- 
work known as a filter which essentially suppresses all other com- 
ponents except the desired one.! In fact, we could even avoid the 
use of filters if we could obtain nonlinear resistors with suitable 
v-i curves. For example, to generate a third-harmonic signal, we 
apply a well-known trigonometric identity 


COS.3.% == 4 COS#) X13 COSEX (1-21) 
to obtain the desired v-i curve, 

i = 4v3 — 3v (1-22) 
Hence, if v = cos wf, then 

i(t) = 4 cos? wt — 3 cos wt = cos 3wt (1-23) 


which is the desired third harmonic. The next step then consists of 
finding a practical nonlinear resistor with a v-i curve which 
approximates Eq. (1-22). Unfortunately, no commercially avail- 
able resistor is close enough even as an approximation. Hence, it 
would be necessary to synthesize this v-i curve using commercially 
available resistors as building blocks. The principles and tech- 
niques for synthesizing arbitrary v-i curves will be given in Chap. 8. 


Exercise 1: Find the values of the coefficients bo, bi, bs,..., Dera Gi cin Coan nan On 
in Eq. (1-20) in terms of the constant 4 and the coefficients hi, Gilg GS bo a 9 Oho 
where n = 5. 
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Exercise 2: Using Eq. (1-21), find the desired v-i curve for converting a 100-volt, 
60-Hz sinusoidal voltage into a 10-amp, 180-Hz sinusoidal current. 


Exercise 3: Verify the trigonometric identity cos®> x = % cos x + %6 cos 3x + 


Ye cos 5x and find the desired v-i curve for converting a 1-ma, 1-kHz sinusoidal 
current waveform into a 1-volt, 5-KHz sinusoidal voltage waveform. 


Frequency mixing Given two sinusoidal waveforms with commen- 
surate angular frequencies w; and we (that is, the ratio w/w. is a 
rational number), we are frequently interested in generating a new 
sinusoidal waveform with a frequency given by (mw, + nw.), 
where m and n are any integers, including zero. Each new fre- 
quency corresponding to a given combination (m,n) is called a 
beat frequency and will be denoted by mn. One of the most 
common requirements in signal processing (e.g., a radio receiver 
or an electronic organ) is the generation of appropriate beat fre- 
quencies.! We shall now demonstrate that in order to generate 
beat frequencies, it is necessary to perform a nonlinear operation. 
Again, the basis for doing this is given by the well-known trigono- 
metric identities: 


sin x siny = % [cos (x — y) — cos (x + y)] (1-24) 
and 
sin x cosy = % [sin(x + y) + sin(x — y)] (1-25) 


To demonstrate how we generate beat frequencies, consider 
applying two voltage sources v; = A sin wf and ve = B sin wef in 
series with a nonlinear resistor with a v-i curve given by 7 = v®. 
The current i(¢) is given by 


i(t) = (A sin wt + B sin wet)? 
= A3 sin @yl + 3A2B sin? Wyt sin Wot 


+ 3AB? sin wf sin? wot + B? sin? wot 


If we now apply Eq. (1-25) and a number of standard trigonomet- 
ric identities, we obtain, upon simplification, the expression 


i(t) = (a4 sin wt + 6b, sin wet) + (a2 sin 3w tf + be sin 3wel) 
+ [a3 sin (we — 204)t + b3 sin (we + 20)t] 
+ [a4 sin (@1 _ 2we2)t -= bs sin (@4 + 2w2)t] (1-26) 


72 


1The beat frequency is also 
called a sideband frequency 
and the collection of all 
beat frequencies is usually 
called sidebands. The defi- 
nitions of beat frequency 
and sidebands are mean- 
ingful even if w; and we 
are not commensurate 
with each other. 
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Fig. 1-13. The voltage across 
the black box WN is constrained 
to nonpositive values by con- 
necting an ideal diode in par- 
allel with NV. 
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where the coefficients a;, b; are functions of A and B. Observe that 
in addition to sinusoidal terms having the same frequencies as the 
driving sources, the current i(¢) also contains the third-harmonic 
terms with frequencies 3w; and 3w,2 and the beat-frequency terms 
with frequencies (wz + 2w) and (w1 + 22). In the more general 
case where the v-i curve is described by a polynomial, we can ex- 
pect, in general, sinusoidal terms with harmonic frequencies mw 
and nw», as well as beat frequencies mw; + nw2. In practice, any 
one of these beat frequencies may be extracted through a filter. 
This principle is widely used in telephone systems. 


Exercise 1: Give an example of a pair of sinusoidal waveforms with incommen- 
surate (i.e., not commensurate) frequencies. Is the sum of these two waveforms 
periodic? 


Exercise 2: A speech synthesizer is an electronic system designed to simulate 
the human voice. An important component of this system is a mixer for generat- 
ing as many beat frequencies as possible. Assuming that the v-i curve of the re- 
sistor is described by a polynomial, what must the general form of the polynomial 
be in order to generate beat-frequency terms with m and n equal to O, +1, +2, 
and +3? 


Limiting Any nonlinear resistor R with a v-i curve containing a 
(nearly) vertical segment can be used to J/imit the voltage across a 
two-terminal black box connected in parallel with R. For example, 
we can limit the terminal voltage across the black box N shown 
in Fig. 1-13a to nonpositive values by connecting an ideal diode 
across N as shown in Fig. 1-135. This is because by definition, the 
voltage across an ideal diode is given by v < 0. 


Physical 
voltage source 
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Physical 
voltage source 


(b) 


A paradoxical situation arises when one questions what hap- 
pens if a voltage source with a positive terminal voltage (say v; = 
2 volts) is connected across the network shown in Fig. 1-135. By 
definition, the terminal voltage of this voltage source must remain 
constant regardless of the external network connected across it. 
But also by definition, the voltage across an ideal diode cannot be 
positive. The basic problem here is that we are connecting two in- 
compatible ideal elements in parallel, thereby rendering the 
definitions inconsistent. In other words, this paradox arises 
because of an overidealization. It is no different from many 
paradoxes of a similar nature, most notably among which is the 
paradox: “What happens if one connects a short circuit across a 
voltage source with a nonzero terminal voltage?” The best way to re- 
solve this type of paradox is to exclude all such incompatible con- 
nections. But how can we forbid anyone from making an 
incompatible connection in practice? The answer is that there is 
no such thing as an incompatible connection in practice because 
there are no such things as an ideal voltage source and an ideal 
diode. Any physical voltage source has a small internal resistance 
R, in series with it, as shown in Fig. 1-13c. Once we introduce Rg, 
the paradox disappears because whenever v,(t) becomes positive, 
the diode becomes a short circuit and the entire voltage appears 
across R;. Hence, the voltage across N can never be positive. 

The same principle can be applied to limit the voltage across 
N from exceeding a prescribed value Eo. For example, if we con- 
nect a zener diode with a constant voltage E, = Eo across N as 
shown in Fig. 1-14a, then from the v-i curve of the zener diode 
shown in Fig. 1-14b (observe that the reference polarity and direc- 
tions are opposite to those shown in Table 1-1) it is clear 
that 0 <v < Ep. This circuit is commonly used for overload pro- 
tection. For example, in a typical application, the black box 
N consists of a sensitive instrument (such as a voltmeter) whose 
maximum permissible voltage is equal to Eo. 
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Fig. 1-14. The voltage across 
N is limited to a maximum 
value equal to the constant 
voltage Eo of the zener diode. 
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Fig. 1-15. The current enter- 
ing N is limited to a maximum 
value equal to the constant 
current Ig of the constant- 
current diode. 


Fig. 1-16. Symbols for a two- 
terminal capacitor. 


q 
a >i 
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By analogous reasoning, any resistor R with a v-i curve con- 
taining a (nearly) horizontal segment can be used to /imit the cur- 
rent entering a black box connected in series with R. For example, 
if we connect a constant-current diode with constant current Jo in 
series with N as shown in Fig. 1-15a, then from the v-i curve of 
the constant-current diode shown in Fig. 1-155 it is clear that 
0<i< Jo (the resistor R, is introduced to avoid a similar 
paradox). 


Exercise 1: The maximum permissible range of voltages of a hypersensitive 
instrument is given by —10 < v < 5. Design an overload protection circuit and 
specify the v-i curve of any nonlinear resistor used in the circuit. 


Exercise 2: Explain what happens if i,(¢) > Jo in the circuit shown in Fig. 1-15. 
Replace the constant-current diode with an appropriate nonlinear resistor so as 
to limit the terminal current entering N to |i| < 20 ma. 


1-7. TWO-TERMINAL CAPACITORS 


A two-terminal black box which can be characterized by a curve 
in the v-g plane is called a two-terminal capacitor and will be de- 
noted by the symbol shown in Fig. 1-16a. Observe that one edge 
of this symbol is darkened for the same reason as it was for the 
resistor. 


1-7-1 LINEAR CAPACITORS 


An important subclass of capacitors can be characterized by a 
straight line through the origin of the v-g plane, as shown in 
Fig. 1-16b. This subclass is called linear capacitors and will be de- 
noted by the conventional symbol shown in Fig. 1-16c. A linear 
capacitor can be described analytically by 


gq = Cv (1-27) 
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where the constant C represents the slope of the straight line and 
is called the capacitance associated with the capacitor. The unit of 
capacitance is the farad and will be denoted by F. To find the cur- 
rent entering a linear capacitor, we substitute Eq. (1-27) for q in 
Eq. (1-7) and obtain 

f av(t) 

i(t) = C—— < 
(= cS (1-28) 
A linear capacitor is therefore completely characterized by one 
number, namely, its capacitance. Again, we would differentiate 
between the terms capacitor and capacitance. 


1-7-2. NONLINEAR CAPACITORS 


If a capacitor is characterized by a v-q curve other than a straight 
line through the origin, it is called a nonlinear capacitor. In this 
case, the capacitor can no longer be described by a single number, 
and hence the entire v-qg curve must be given. An example of 
a practical, nonlinear capacitor is the metal-oxide-semiconductor 
(MOS) capacitor whose v-g curve is shown in Fig. 1-17a. This 
nonlinear capacitor is used quite extensively in integrated circuits, 
where the conventional linear capacitor becomes impractical to 
fabricate. Although there are at present only a few practical non- 
linear capacitors available commercially, it is expected that more 
will become available in the near future. In fact, as will be shown 
in Chap. 3, it is possible to synthesize a capacitor with any pre- 
scribed v-g curve with the help of a new network component 
called the mutator. 

There are other reasons for studying nonlinear capacitors. 
One reason is that components of many physical and biological 
systems behave in a manner analogous to that of a nonlinear 
capacitor. Hence the study of such systems can often be achieved 
by constructing an electrical network model to simulate the be- 
havior of these systems. A simple example is the displacement-vs.- 
force curve of the nonlinear spring shown in Fig. 1-7a. This 
mechanical element is usually modeled by a nonlinear capacitor 
with a similar v-g curve, as shown in Fig. 1-17b. Another example 
is given by the volume-vs.-pressure curve of the ventilatory part of 
the human respiratory system. This biological component can be 
modeled by an analogous v-g curve as shown in Fig. 1-17c. 

We shall denote the v-q curve of a nonlinear capacitor by 


q = q) eed) 
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Fig. 1-17. The v-g curves of 
three typical nonlinear capaci- 


tors. 


(a) 
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Aq 


(b) 


Aq 
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if it is voltage-controlled, and by 
v = v(q) (1-30) 


if it is charge-controlled. For a voltage-controlled capacitor, the 
current entering the capacitor can be expressed in a form analo- 
gous to Eq. (1-28); thus 


dq(t) __dq(v) dv(0) 


Le cemnieabeisaib di 

or 

ie) = Coy) 2 (1-31) 
where 

Cv) = 4) (1-32) 


is called the incremental capacitance of the capacitor. Notice that 
the incremental capacitance is a function of the capacitor voltage 
and becomes a constant only in the case of a linear capacitor. 


Exercise 1: A typical nonlinear capacitor is characterized by the v-q curve 
q = kv3/2, where k is a physical parameter. (a) Find the incremental capacitance 
C(v). (b) If the applied voltage is given by v(t) = % cos? ¢, find the charge g(t) and 
the current i(t) = dg(t)/dt. (c) Calculate i(t) by using Eq. (1-31). 

Exercise 2: An abrupt-junction diode is a semiconductor p-n junction which be- 
haves like a capacitor, provided the voltage across the junction is less than 
0.5 volt. Its incremental capacitance is given by C(v) = k(¢ — v)~1/”, where k, 
¢, and n are constants which depend upon the parameters of the device. (a) Plot 
the incremental capacitance on logarithmic paper for the range —100 <v < 0.5 
volt. (Assume k = 80 x 10712, 6 = 0.5, and n = 2.) (6) What are the maximum 
and the minimum values of the capacitance (in picofarads or 10~12 F) within this 
range of applied voltage? (c) Do you have sufficient information to recover the 
v-g curve? If not, what additional information do you need? 


1-7-3. SOME PRACTICAL APPLICATIONS 
OF TWO-TERMINAL NONLINEAR CAPACITORS 


What are nonlinear capacitors good for? Can they do useful 
things which nonlinear resistors cannot? The answer to the 
second question is obviously yes, for otherwise we would not be 
studying them. In addition to being able to do a number of things 
described earlier for resistors, a nonlinear capacitor can do better 
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in certain cases. Although we do not yet have the background 
necessary to demonstrate this assertion, suffice it to say that both 
nonlinear resistors and capacitors are capable of generating higher 
harmonics. However, with an appropriate design, it is possible to 
extract more output power in any given harmonic component 
from a nonlinear capacitor than from a nonlinear resistor. This 
means that a nonlinear-capacitor-frequency multiplier has a higher 
efficiency than a nonlinear-resistor-frequency multiplier. In addi- 
tion to this application, a few of the many other useful functions 
are briefly described as follows. 


Frequency division In many practical systems, it is desirable to 
convert a given sinusoidal signal of frequency , into another 
sinusoidal signal of a lower frequency w2; namely, we = w/n, 
where 7 is an integer. In this case, the lower-frequency owtpet 
signal is said to be a subharmonic of the higher-frequency output 
signal. It can be shown that a nonlinear resistor cannot generate 
subharmonics. To demonstrate that a nonlinear capacitor can 
generate a subharmonic signal, consider a nonlinear capacitor 
whose incremental capacitance is given by 


Gaye - eee =| (1-33) 


2(1 — v?) 


If we apply a voltage v(¢) = sin wt across this capacitor, the cur- 
rent i(f) can be calculated from Eqs. (1-31) and (1-33); thus 


i(t) = eS ae (ce cos wf) 


2(1 — sin? wf) 
a (" — COS wt 
P\ 2 cos? wt 


= [ASO OF sin 1 (1-34) 


Hence, the output current is a sinusoid with frequency equal to 
half the original frequency. The phenomenon of subharmonic 
generation by a nonlinear capacitor has been utilized in many 
practical applications. One application consists of utilizing the two 
“distinct” frequencies as the two distinct states in designing a 
digital computer. Another interesting application consists of con- 
verting the high-frequency output of a laser beam into a lower- 
frequency signal. 


1/2 
) (@ COS wf) 


impat 
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Fig. 1-18. A nonlinear capaci- 
tor can be used as a tuning 
element by varying the dc volt- 
age FE across the capacitor. 


Foundations of nonlinear network theory 


Parametric amplifier Just as with nonlinear resistors, it is possible 
to generate beat-frequency components by applying two sinusoi- 
dal signals of frequencies w; and w2 in series with a nonlinear 
capacitor. It can be shown that if one of the two signals (say 
v1 = A sin w,f) is very weak while the other signal (say v2 = 
B sin wef) is very strong, it is possible to extract (with the help of 
filters) the signal with frequency w, and at the same time greatly 
amplify its amplitude, say v, = 1,000 A sin wt. The result is that 
we have an amplifier. For reasons that we are not equipped 
to elaborate here, this amplifier is called a parametric amplifier. It 
is widely used in artificial satellites because it has some definite 
advantages over conventional amplifiers. 


Electronic tuning Suppose we connect a voltage source v,(t) and a 
battery with terminal voltage E in series with a nonlinear capaci- 
tor as shown in Fig. 1-18a. For simplicity, let the v-g curve 
be given by g = % v3 as shown in Fig. 1-185. Then its incremental 
capacitance is given by C(v) = v?, as shown in Fig. 1-18c. Now in 
many electronic systems, such as a radio receiver, the signal v,(¢) 
is very small (say, a few millivolts) compared with the value of the 
de voltage E. Hence, for most practical purposes, the incremental 
capacitance 


Cv) = Cv) + E) = C(E) (1-35) 


can be considered to depend only on the value of E. In this case, 
Eq. (1-31) becomes 


i(t) = cE) 2S (1-36) 


Since C(E) is no longer a function of time, Eq. (1-36) is identical 
with Eq. (1-28) which describes a linear capacitor. The only differ- 
ence is that we can change the value of the capacitance by simply 
changing the value of E. This observation is of great practical im- 
portance. One immediate application is in the area of electronic 
tuning. The conventional way to tune a radio receiver from one 
station to another is to turn a knob which moves the tuning dial. 
Any one who opens up the cover of a radio receiver would recog- 
nize that this tuning knob is used to rotate the plates of an 
air capacitor, thereby changing the value of its capacitance. 
In other words, the standard tuning process consists of adjusting 
the value of a capacitor mechanically. This operation can now be 


Two-terminal network elements 


replaced by a nonlinear capacitor connected as shown in Fig. 
1-18a where the tuning is accomplished by adjusting the voltage 
E. This method is clearly far superior to the use of bulky air ca- 
pacitors. In fact, this technique of electronic tuning is fast becom- 
ing a standard method in electronic systems. 


Exercise 1: Find the incremental capacitance C(v) required to generate a 30-Hz 
subharmonic sinusoidal current waveform from an input voltage u(f) = 100 cos 
1207. HINT: Make use of the trigonometric identity 


ee 5 a Le =COSiac 
2 2 


Exercise 2: A common nonlinear capacitor used for electronic tuning is the 
varactor diode. \t is characterized by a v-g curve q(v) = —(%)Codo(1 — v/¢0)?’3, 
where Co and ¢o are constants which vary from device to device. When v = 0, 
the incremental capacitance was measured to be equal to 60 pF. (a) Derive the 
incremental capacitance C(v). (6) If ¢9 = 0.35, find the range of the input volt- 
age required to tune the capacitance from 5 to 100 pF. To operate the varactor 
as a nonlinear capacitor, the voltage must not exceed 0.35 volt. 


1-8 TWO-TERMINAL INDUCTORS 


A two-terminal black box which can be characterized by a curve 
in the i-p plane is called a two-terminal inductor and will be 
denoted by the symbol shown in Fig. 1-19a. The darkened edge 
of this symbol has the same significance as before. 


1-8-1 LINEAR INDUCTORS 


An important subclass of inductors can be characterized by a 
straight line through the origin of the i-p plane as shown in Fig. 
1-19b. This subclass is called /inear inductors and will be denoted 
by the conventional symbol shown in Fig. 1-19c. A linear inductor 
can be described analytically by 
g= Li (1-37) 
where the constant L represents the slope of the straight line and 
is called the inductance associated with the inductor. The unit of 
inductance is the henry and will be denoted by H. To find the volt- 
age across a linear inductor, we substitute Eq. (1-37) for » in 
Eq. (1-8) and obtain 


di(t) 
dt 


(2) ae (1-38) 
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Fig. 1-19. Symbols for a two- 
terminal inductor. 
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Fig. 1-20. The i-p curve of 
three practical nonlinear in- 
ductors. 


1Actually, this hysteresis 
loop is a valid description 
only under the assumption 
that the current waveform 
is sinusoidal. For other 
periodic excitations, the 
hysteresis loop becomes 
much more complicated. 
A complete characteriza- 
tion of elements described 
by hysteresis loops is a 
very difficult and still un- 
solved problem. 
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(a) 


A linear inductor is therefore completely characterized by one 
number, namely, its inductance. Again, we would differentiate be- 
tween the terms inductor and inductance. 


1-8-2. NONLINEAR INDUCTORS 


If an inductor is characterized by an i-p curve other than a 
straight line through the origin, it is called a nonlinear inductor. In 
this case, the inductor can no longer be described by a single 
number, and hence the entire i-p curve must be given. For example, 
Fig. 1-20a shows the i-p curve of a typical nonlinear inductor. 

Another common nonlinear inductor consists of a coil wound 
around an iron core. Its i-p curve (obtained by applying a sinusoi- 
dal current excitation) is shown in Fig. 1-205. This curve is a 
multivalued function of both 7 and and is commonly referred to 
as the hysteresis loop.1 Observe that starting at point a with i = 0, 
the flux linkage increases with i along the path a-b-c. Upon 
reaching point c when 9 attains its maximum value, the flux link- 
age » does not retrace the original path. Instead, it decreases with 
the current 7 along the path c-d-e-f’ Upon reaching point f when i 
attains its minimum value, the flux linkage returns to point a to 
complete the loop. The shape of the hysteresis loop depends on 
the type of material used for the core. For certain materials, the 
hysteresis loop is almost rectangular, as shown in Fig. 1-20c. 

We shall denote the i-p curve of a nonlinear inductor by 


Pp = i) (1-39) 
if it is current-controlled, and by 


i= (9) (1-40) 
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if it is flux-controlled. In the case of a current-controlled inductor, 
the voltage across the inductor can be expressed in a form analo- 
gous to Eq. (1-38); thus 


v(t) = an = agi) di(t) 


t ain) dé 
or 
o(t) = Le) “2 (1-41) 
where 
re) 2G) (1-42) 


di 


is called the incremental inductance of the inductor. Notice that for 
a linear inductor, the incremental inductance coincides with the 
inductance, as it should. 


Exercise 1: The i-p curve of a certain nonlinear inductor can be represented ap- 
proximately by the cubic equation m = 73. If the inductor is connected across a 
current source with terminal current i,(¢t) = sin ¢, find and sketch the incremen- 
tal inductance L(i) and the inductor voltage v(). 


Exercise 2: An inductor is said to be the ‘‘dual’’ of a capacitor, and vice versa, 
because there exists a one-to-one correspondence between the two elements. Ex- 
hibit a list of corresponding quantities. 


1-8-3. SOME PRACTICAL APPLICATIONS 
OF TWO-TERMINAL NONLINEAR INDUCTORS 


What are nonlinear inductors good for? Where are they used in 
practice? To answer these questions would again require more 
background than we have at present. However, it is instructive to 
describe a few simple applications. 


Frequency conversion Just as is true of capacitors, a nonlinear in- 
ductor is capable of generating both harmonics and subharmonics 
of a given sinusoidal signal. It can be shown to have the 
same efficiency as does a nonlinear capacitor. This property is 
widely used in telephone systems. 


Memory and storage Consider the rectangular hysteresis curve 
shown in Fig. 1-20c. Observe that when i = 0, p may assume 
either one of two distinct values (point a or point d) depending 
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on the previous history of the excitation current. These two 
distinct states can be used to represent the two states (0 and 1) in 
a digital computer. When many of these elements are combined 
properly, the result is a “memory” or “storage” device to store 
present information for future use. While there are many other 
candidates, this memory device has some significant advantages. 
One is that in both states 7 = 0, and hence no power is being con- 
sumed. Since hundreds and thousands of these elements are used 
in a practical computer, the saving in power cost is enormous. 


1-9 ENERGY AND POWER 


The energy flow into a two-terminal black box during any time 
interval (fo,f1) is by definition the time integral of power from fo 
to f1; namely, 


w(to,t1) = i} " y(t)i(t) dt (1-43) 


Since w(fo,f1) 1s a relative quantity depending on the time interval 
(¢o,¢1), it is convenient for us to define another related but absolute 
quantity by letting ¢) equal zero and 4 approach infinity, and then 
take the average of the energy flow over the entire infinite time 
interval; namely, 


P= lim “Hy (1-44) 

th hh 
Since the quantity Pay has the dimension of energy per second, it 
is called the average power. Substituting Eq. (1-43) into Eq. (1-44), 
we obtain the explicit expression 


Poe ime [eo at (1-45) 


hom 11 
To illustrate the use of this formula, let us calculate the average 


power entering a 4-Q linear resistor due to an applied voltage 
u(t) = 2 sin wt; thus 


Pay 


: (Pe : i 
lim © f" @ sin af) (2824) a (1-46) 


too hh 4 


pas lim (6 - S374) = 


t> 2% Ant, 
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In the case where the voltage v(t) and current i(f) are periodic 
functions with commensurate periods 7, and 7;, respectively, the 
power p(t) = v(‘)i(t) will also be periodic. However, the period of 
p(d) is not necessarily equal to 7, or T;. For the example considered 
in Eq. (1-46), T,.= T; = 2, but the period of p(t) is 1. If we 
denote the minimum period of p(t) by T, then 


P(t + nT) = v(t + nT)i(t + nT) = p(t) (1-47) 


In this case, it is more convenient to let 4) = nT and rewrite Eq. 
(1-45) in the equivalent form: 


lim Lo par 


Pay = (t)i 
a U(L)i(t) dt 
= l AH; 2T a. 
~ lim tl v(t)i(t) dt + [, v(t)i(t) dt 


cae j i est v(t)i(2) dt] 


= dom ao E le v(t)i(t) dr| 


iim nF =f U(t)i(t) dt 


Since the variable nm no longer appears in this integral, the limit 
operation is superfluous and can be removed. Hence, for periodic 
signals, the average power can be written in the following simplified 
but equivalent form: 


= =f v(di(t) dt = me ee) (1-48) 


where J is the minimum period of u(¢)i(¢). Applying this formula 
to the same example considered in Eq. (1-46), we obtain 


ly (3 : 2 sin at pig l 
Py = +f) Q sin op (292) ar = F 


as we should. 


Exercise: The voltage and current waveforms of a two-terminal black box are 
given, respectively, by v = sin (3.14)t andi = sin at. (a) Show that even though 
both v() and i(t) are periodic, the power p(¢) is not periodic. (b) For most practical 
purposes, p(t) is said to be ‘‘almost periodic.” Explain why. 
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Fig. 1-21. The instantaneous 
power absorbed by a nonlinear 
resistor at any time fo is equal 
numerically to the area of the 
rectangle formed by the v,/ axes 
and a vertex Q with coordinates 


(v(40),#(t0)). 


‘= 


(a) 
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The three expressions given by Eqs. (1-43), (1-45), and (1-48) 
are valid for any two-terminal black box. Let us now consider the 
special cases where the black box consists of a single nonlinear 
resistor, capacitor, or inductor. In so doing, we shall be able to de- 
rive a number of useful relationships. We shall also be able to 
draw some very important physical interpretations. Let us consider 
the three cases one at a time. 


Case 1: Two-terminal nonlinear resistor © Consider the nonlinear re- 
sistor shown in Fig. 1-2la and the three common types of vi 
curves shown in Fig. 1-210, c, and d. The v-i curve can be described 
in the functional form by i = i(v) if it is voltage-controlled, or by 
v = v(i) if it is current-controlled. A strictly monotonically in- 
creasing v-i curve can obviously be described by either 7 = i(v) or 
v = v(i). Accordingly, the instantaneous power flow p(t), energy 
flow we(to,f1), and average power Pr,, can be determined and are 
tabulated in Table 1-2 for these three cases. 

Observe that corresponding to any operating point Q at any 
time ¢, the instantaneous power pp(Z) is simply equal to the area of 
the shaded rectangles shown in Fig. 1-21. This power must, of 
course, come from the energy supplied by the external circuit con- 
nected across the resistor. From Table 1-2 we observe that the ex- 
pressions for pr(t), wr(to.f1), and Pr,, depend on two pieces of in- 
formation, namely, 


1. The v-i curve 


2. The voltage waveform v(f) or the current waveform i(f) 


Hence, in order to find out what happens to the power that enters 
the resistor, we must be given these two pieces of information. For 


hi hi 
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TABLE 1-2 Instantaneous power, energy, and average power flow in a nonlinear resistor. 
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Strictly monotonically Voltage-controlled Current-controlled 
increasing v-t curve v-i curve v-i curve 
= v(f)i(v(t)) : ‘ : 
pr(?) z aaah = vi(v(a) = i(Nv(i(d) 
= [" v@i(v(o) at = [° v@i(v(o) at = {" i@oti(a) at 
to to to 
Wr (to.f1) . 
= {.° oa) at 
ets l ty ; “7 Pea ies 1 ty 2 i oh 1 th A 
; = lim 7 f° o@ie(o) at = lim 2 f'x@i@o) at = lim 7 [@vG@) at 
Ray 


lim - il * i@eti(o) de 


ti 


example, suppose the v-i curve is represented by 7 = v3, and the 
voltage is given by u(t) = 2 sin wt. The instantaneous power can 
then be calculated; thus 


PRO) = 2 sin wf) sin wt) = 16(sin zt)4 


Observe that p(t) has a period T = 1. The energy flow during the 
time interval (0,71) and the average power due to the periodic sig- 
nal are given, respectively, by 


we(0,f) = 6t, — > sin 2aty — 4 (sin aty)%(cos at) 
T T 


and 


m= wal) = vA) = % (1-49) 


Equation (1-49) shows that even though the voltage v(¢) changes 
from positive to negative values periodically, there is a net positive 
average power flow entering the resistor. Since this power is not 
returned to the external circuit whenever the voltage returns to its 
initial value during each period, it cannot be recovered and is 
therefore said to be “lost” or “dissipated” in the resistor. Since 
energy cannot be destroyed, this loss of electrical energy in the re- 
sistor is merely transformed into heat energy. 

The average power for the above example is positive. Let us 
now consider another example where this is not true. Suppose the 
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v-i curve is represented by i = v? — 2 and suppose a constant 
voltage v = | volt is applied. The instantaneous and average 
power, respectively, are given by 


POPS eps aah ment Pay = = 0) 


Since the average power is negative, energy is being supplied 
(instead of being absorbed) by the nonlinear resistor to the external 
circuit. Since energy cannot be created, this nonlinear resistor 
must have an external power source (e.g., a battery) associated 
with it, and is therefore called an active resistor. Without an 
external power source, a nonlinear resistor can only absorb power; 
namely, pr(t) > 0. Such a resistor is said to be passive. It is easy to 
see that a nonlinear resistor is passive if, and only if, its v-i curve 
lies entirely in the first and the third quadrants. This follows from 
the fact that the instantaneous power is always nonnegative; 
namely, 


pat) = vid) > 0 (1-51) 


Clearly, in its original form, a physical resistor must necessarily be 
passive. This is true, for example, with the commercial resistors 
listed in Table 1-1. Any of these resistors can, of course, be trans- 
formed into an active resistor by connecting a battery in series 
with it. 


Exercise: The v-i curve of a certain nonlinear resistor is given by i = 10(v3 — 3v)ma, 
and the voltage excitation is given by v(t) = 10 sin ¢ volts. (a) Find the instantan- 
eous power p(t). (b) Find the energy flow we(0,4) for all ty > 0. (©) Find the 
average power by using Eq. (1-48) and check by using Eq. (1-45). (d) Is this non- 
linear resistor passive or active? Explain why. 


Case 2: Two-terminal nonlinear capacitor | Consider the nonlinear 
capacitor shown in Fig. 1-22a and the three typical types of v-g 
curves shown in Fig. 1-22b to d. The v-q curve can be described in 
the functional form by v = v(qg) if it is charge-controlled or by 
q = q(v) if it is voltage-controlled. A strictly monotonically in- 
creasing v-q curve can obviously be described by either v = v(qg) or 
q = qv). The energy flow we(~o,f1) into a capacitor during the 
time interval (/0,t1) is given by 


Woe : v(t) i) dt (1-52) 
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(a) 


(c) 


In the case where the capacitor v-g curve is either strictly mono- 
tonically increasing or charge-controlled, Eq. (1-52) can be written 
as 


1 de 
wets) = [e(q() LO at (1-53) 
By a standard change of variable, Eq. (1-53) becomes 


weltosts) = J"? 0(q) dg (1-54) 


In the special, but very important, case of a linear capacitor 
[¢ = Cv or v = (1/C)q], Eq. (1-54) can be reduced to 


— foe) 1 _ 1 (a4) 70 
weltoti) = Jo, C914 = 36 Min 
or 
wellosts) = sets) — 9°(t0) (1-55) 


Equation (1-55) can also be expressed in terms of v by substituting 
Guu Tord: 


wellosts) = S[v%(n) — eto) (1-56) 


Referring to Fig. 1-22, Eq. (1-54) can be interpreted as follows: 
The energy flow wo(to,/1) from fo to “4 into a charge-controlled 
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Fig. 1-22. The energy flow 
Wo(to,t1) from fo to “4 into a 
nonlinear capacitor is equal 
numerically to the shaded area. 
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nonlinear capacitor is equal numerically to the area under the 
v-q curve (bounded by the g axis and the lines g = q(‘o) and 
g = Gtx). This interpretation is significant because it shows that 
only three pieces of information are needed to determine w¢(fo,/1), 
namely 


1. The v-q curve 
2. The initial value of the charge at ¢ = fo 


3. The final value of the charge att = 4 


Since no information is required of the waveforms of q(t) and v(2), 
the energy we¢(to,t1) is said to be independent of the excitation 
waveforms. This property is very different from the resistor case 
where the complete voltage and current waveforms are required 
to compute wa(to,f1). Observe further from Fig. 1-22 that whenever 
the waveform v(f) returns to the same initial point, ie., when 
q(t1) = G(to), the energy we(to,f1) = 0. For example, Eqs. (1-55) 
and (1-56) are both equal to zero under this condition. Hence, un- 
like the resistor case, there must be some form of “energy-swapping” 
mechanism between a capacitor and the external circuit connected 
across it. To investigate this mechanism, let us calculate the average 
power using Eq. (1-45); thus 


Poyy = fim & [40 0(@) dg (1-57) 


reo Ly g(0) 


Now observe that except when q(/) goes to infinity, a case that 
cannot occur in practice, the value of g(¢1) will always be a finite 
number. This means that the area under the curve representing the 
integral in Eq. (1-57) will always be a finite number. But the value 
of t; in Eq. (1-57) must tend to infinity, therefore 


Poy = 0 (1-58) 


Since this equation is derived only under the assumption that the 
v-q curve be charge-controlled (this includes clearly the special 
case of a monotonically increasing curve), it is a very general re- 
sult. We can, therefore, conclude that the average power entering 
a charge-controlled nonlinear capacitor is zero. This condition is 
true for any capacitor current and voltage waveforms. In the 
special case where g(t) and vu(¢) are periodic, Eq. (1-57) can be 
simplified to 
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Se Par 
Ros. <7 jk (0) v(q) dq (1-59) 


But q(T) = q(0) for a periodic waveform of period T; therefore, 
Eq. (1-59) will integrate to zero, as it should. 

From the preceding discussion, we can now conclude that a 
charge-controlled capacitor does not dissipate energy. Any energy 
entering it must be stored inside the capacitor and may eventually 
be returned. Because of this interpretation, a capacitor is often re- 
ferred to as an energy-storage element. In the case of parallel-plate 
capacitors, it is possible to show, by electromagnetic field theory, 
that the energy is stored in the electric field between the plates. In 
view of this observation, the energy w¢(¢o,f4) in a capacitor is 
usually called the electric stored energy. 

What happens if the v-g curve is neither monotonically in- 
creasing nor charge-controlled? In this case, it is no longer pos- 
sible to describe the v-g curve by a function of g. It is not possible, 
therefore, to specify the area representing vdq uniquely. To 
investigate this more general case, a new approach is required.! 


Exercise 1: The v-g curve of a certais nonlinear capacitor is given by q = % v3. 
Let the terminal voltage be given by v(t) = e~*. (a) Find wc(0,h) for all 4; > O by 
determining first i(¢) = (dq/dv)(dv/dt) and then using Eq. (1-43). (6) Repeat (a) 
by determining first g(t) and then using Eq. (1-53). (c) Repeat (a) by using 
Eq. (1-54). (d) Let v(t) = E sin wt and verify that Po,, = 0. 

Exercise 2: Prove that the electric stored energy in a voltage-controlled capacitor 
is given by 


weltort) = gitiolts) ~ gltoo(to) — f"""" g(r) ao 


HINT: Apply the integration-by-part theorem. 


Case 3: Two-terminal nonlinear inductor Consider the nonlinear in- 
ductor shown in Fig. 1-23a and the three typical types of i- 
curves shown in Fig. 1-235 to d. The i-p curve can be described 
in the functional form by 7 = i(q) if it is flux-controlled or by 

= (i) if it is current-controlled. A strictly monotonically in- 
creasing i-p curve can obviously be described by either 7 = i(q) or 
gy = (i). The energy flow wz(¢o,t1) into an inductor during the 
time interval (fo,/1) is given by 


wy(to,l1) = i yw ak (1-60) 
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1This approach is called 
the parametric approach 
and is discussed in Appen- 
dix A. See also L. O. Chua 
and R. A. Rohrer, On the 
Dynamic Equations of a 
Class of Nonlinear RLC 
Networks, JEEE Trans. 
Circuit Theory, vol. CT-12, 
no. 4, pp. 475-489, Decem- 
ber, 1965. 


46 


Fig. 1-23. The energy flow 
wz(to,t1) from fo to ty into a 
nonlinear inductor is equal nu- 
merically to the shaded area. 
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AQ 


Applying analogous procedure as in the capacitor case, we find 
that when the i-@ curve is either strictly monotonically increasing 
or flux-controlled, Eq. (1-60) can be written as 


waltosts) = [tp dp (1-61) 


In the special case where the inductor is linear (g = Li), 
Eq. (1-61) can be simplified further to 


wultost) = 55 (9%) — FC) (1-62) 
or 
wallosts) = [7 %(4) — 10) (1-63) 


Referring to Fig. 1-23, Eq. (1-61) can be interpreted as follows: 
The energy flow wz(¢o,t1) from ¢o to f; into a flux-controlled non- 
linear inductor is equal numerically to the area under the i-p 
curve [bounded by the p axis and the lines m = G(to) and g = 
g(t1)|. This interpretation has the same significance as for the 
capacitor; namely, only three pieces of information are needed to 
determine w7(fo,f1): 


1. The i-g curve 
2. The initial value of the flux linkage at t = f 
3. The final value of the flux linkage att = 4 


By a similar procedure, we found the average power in any flux- 
controlled inductor is zero; thus 


Pr, = 9 (1-64) 
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This means that a flux-controlled inductor cannot dissipate energy. 
In view of this observation, the inductor is also called an energy- 
storage element. In the case where the inductor is made of coils 
around an iron core, the energy can be shown, by electromagnetic 
principles, to be stored in the magnetic field around the coil. 
Hence, the energy stored in an inductor is usually called magnetic 
stored energy. 


Exercise 1: Prove that Eq. (1-64) holds for a flux-controlled inductor. Verify this 
with i(t) = I cos wt and » = 23. 


Exercise 2: Prove that the energy stored in a current-controlled inductor is given 
by 


. ; (ty SN ire 
wrltortr) = p(t) — HOodieo) — [" p@ ai 


1-10 TIME-VARYING ELEMENTS 


So far, the v-i, v-g, and i-p curves characterizing a two-terminal re- 
sistor, capacitor, and inductor are assumed to remain unchanged 
for all times. These elements are said to be time-invariant. There 
exist some practical elements, however, whose v-i, v-q, or i-p 
curves vary as functions of time. Such elements are said to be 
time-varying resistors, Capacitors, Or inductors, respectively. 


Time-varying resistor The simplest example of a time-varying re- 
sistor is a potentiometer whose arm is being rotated by a motor 
as shown in Fig. 1-24a. At any time /, the potentiometer is simply 
a linear resistor with a straight-line v-i characteristic as shown in 
Fig. 1-24b. Hence, a time-varying linear resistor can be character- 
ized by 


l= R(t) 
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Fig. 1-24. An example of a 
time-varying linear resistor. 
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Fig. 1-25. An example of a 
time-varying nonlinear resistor. 
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where R(f) is the time-varying resistance representing the reciprocal 
of the slope of the straight line at any time ¢. For example, if the 
potentiometer has a resistance range of 0 to 1,000 ® uniformly dis- 
tributed around its rim and if the arm rotates at a speed of | rps, 
then the time-varying resistance is as shown in Fig. 1-24c. 

A time-varying resistor need not be linear. For example, con- 
sider a resistor characterized by 


i=v> + sint 


The v-i curve of this time-varying nonlinear resistor is shown in 
Fig. 1-25a as a function of time. Observe that this resistor can be 
constructed in practice by connecting a sinusoidal current source 
in parallel with a time-invariant resistor (Fig. 1-255) with the v’-/’ 
curve shown in Fig. 1-25c. In general, a time-varying nonlinear re- 
sistor can be characterized by a relationship 7 = i(v,f) if it is 
voltage-controlled, or v = v(i,t) if it is current-controlled. A review 
of the power and energy expressions derived in the preceding sec- 
tion would show that these expressions remain valid for the time- 
varying case. 

What are time-varying resistors good for? To give one simple 
application, let us consider the current waveform 


i(t) = [1 + f(O] sin wr (1-65) 


Equation (1-65) is called an amplitude-modulated waveform because 
the amplitude of the sine wave varies with time. This is the type 


sin t 


(c) 
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of signal that an AM radio transmitter sends out. In practice, (2) 
represents a slowly changing signal and sin w/ represents a rela- 
tively high-frequency sine wave known as the “carrier.” We are 
not equipped to explain why /(¢) cannot be transmitted directly, 
and why it must be “carried” by the sine wave. Suffice it to say 
that it takes a high-frequency waveform to traverse a long dis- 
tance in space. Our objective here is to show how we may recover 
the signal f(t) from Eq. (1-65). One possible method consists of 
applying this current to a time-varying linear resistor whose re- 
sistance changes at the same frequency as the carrier, namely, 


R(t) = 1 + sin wt 
The voltage drop across this resistor is given by 


u(t) = R(Di(2) 
= (1 + sin wl + fd] sin wt 


= %f+%+4+[1 +f] sin wot — ¥[1 + f(] cos 2wt 
(1-66) 


Observe that Eq. (1-66) contains four terms; the first term is the 
signal that we would like to recover, the second term is a de volt- 
age, the third term is the carrier-frequency term, and the last term 
is at twice the carrier frequency. Through the use of a “filter,” the 
last three components can be easily suppressed, thus leaving the 
desired signal f(¢). This recovering process is known as synchronous 
detection because the frequency of the time-varying resistance is 
synchronized at the same frequency as the carrier. 


Exercise 1: Sketch the amplitude-modulated waveform given by Eq. (1-65) with 
f( = sin t and » = 100. What can you say about the “‘envelope’’ of this 
waveform? 


Exercise 2: It is possible to rectify a sinusoidal current waveform i(t) = J sin ¢ by 
applying this current to an appropriate time-varying linear resistance R(?). Find 
R(t) so that the resistor voltage is a rectified version of the current waveform; 
that is, v(t) = i(t) whenever i(¢) > O, and v(t) = O whenever i(7) < O. 


Time-varying capacitor The simplest example of a time-varying lin- 
ear capacitor is the air capacitor consisting of a fixed set of plates 
in mesh with a movable set of plates which is being rotated by a 
motor. A time-varying linear capacitor is therefore characterized 


by 
g(t) = C(d)v(0) (1-67) 
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where C(f) is the time-varying capacitance. Unlike the resistor 
case, the expressions previously derived for the nonlinear capaci- 
tors do not apply in the time-varying case because when we 
differentiate g(¢) with respect to time, we obtain an additional 
term, namely, 


sit 2c 


(1-68) 


(=F = CO) —— + i) —— 


Since C(¢) is not a constant, the expressions given by Eqs. (1-55) 
and (1-56) are no longer applicable. Hence, to calculate the power 
or energy flow, we must resort to the original definitions. 

Just as for the resistor, a time-varying capacitor may be non- 
linear; in this case it is characterized by q = g(v,{) if it is voltage- 
controlled or v = v(q,4) if it is charge-controlled. Time-varying ca- 
pacitors are useful in the study of parametric amplifiers. They are 
also useful in the modeling of many time-varying physical and 
biological systems. For example, the mass of a rocket during lift- 
off decreases rapidly with time as the rocket fuel is burned. This 
time-varying mass can be modeled by a time-varying capacitor. 


Exercise 1: Find the average power Po,, entering a time-varying capacitor 
C(t) = 2 — cos wt and a terminal voltage v(t) = E sin wt. Interpret whether this 
energy is being absorbed, delivered, or stored. 


Exercise 2: Give an example for each of the following: (a) A time-varying linear 
capacitor, (b) a time-varying charge-controlled capacitor, and (c) a time-varying 
voltage-controlled capacitor. 


Time-varying inductor By exact analogy to the capacitor, a time- 
varying linear inductor is characterized by 


pt) = Lit) (1-69) 


where L(7) is the time-varying inductance. Since L(/) is no longer 
a constant, the expressions derived previously in the preceding 
sections are no longer valid. In particular, the inductor voltage is 
now given by 


_ me 


‘OVE a Gye en (1-70) 


A time-varying inductor may be nonlinear; in this case it is 


characterized by y = q(i,f) if it is current-controlled and i = K.1) 
if it is flux-controlled. 
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The analysis of a nonlinear network containing time-varying 
elements is a very difficult problem requiring advanced mathe- 
matics. Hence, we shall not consider any time-varying elements in 
the rest of this book. The above discussion is included mainly to 
emphasize the fact that most of the equations we derived in the 
previous sections are not valid for time-varying elements. 


Exercise 1: Give an example for each of the following: (a) A time-varying linear 
inductor, (b) a time-varying flux-controlled inductor, and (c) a time-varying 
current-controlled inductor. 


Exercise 2: Prove or disprove the assertion that if the current into a time-varying 
current-controlled inductor is periodic, then the instantaneous power P;,(f) is 
also periodic. 


1-11 CONCEPTS OF MODELING 


One of the most basic principles in scientific analysis is that 
of modeling. Engineers and scientists seldom analyze a physical 
system in its original form. Instead, they construct a model which 
approximates the behavior of the system. By analyzing the be- 
havior of the model, they hope to predict the behavior of the 
actual system. The primary reason for constructing models is that 
physical systems are usually too complex to be amenable to a 
practical analysis. In most cases, the complexity of a system is due 
in part to the presence of many nonessential factors. One basic 
principle of modeling consists, therefore, of extracting only the 
essential factors. 

To illustrate the process of modeling, let us consider the prob- 
lem of predicting the trajectory of a ballistic missile. This problem 
cannot be analyzed exactly because an exact analysis would re- 
quire inclusion of all possible factors that may affect the trajectory. 
Some of these factors may be the weight and shape of the missile, 
the amount of thrust, the atmospheric drag, the deformation of 
the missile during flight, the distribution of weights of the internal 
components, the wind velocity, the impurity of the fuel, and the 
color of the missile. From experience, we know that the first three 
factors have a more significant influence on the trajectory than the 
remaining factors. This leads us to replace the missile by a model 
which includes only the first three factors. Obviously, the pre- 
dicted trajectory based on this model is not going to be identical 
with that of the actual system. But as engineers, we are interested 
only in an “accurate” solution, not the exact solution. Hence, as 
long as the discrepancy between the predicted and the actual 
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Fig. 1-26. The static model of 
a tunnel diode must be refined 
for high-frequency analysis by 
the inclusion of appropriate 
parasitic inductances and ca- 
pacitances at appropriate loca- 
tions. 


Refined tunnel 
diode model 
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trajectories is tolerable, the model serves the purpose. Of course, 
in their desire to simplify analysis, engineers are often tempted 
to overidealize the model by stripping away some essential factors. 
In this case, the predicted solution may not be satisfactory. 

The point we are driving at is that as engineers, we analyze 
the model which approximates an actual system. A model is al- 
ways an idealization of a physical system. The more complex the 
model, the more accurate will the predicted solution be. Un- 
fortunately, the analysis will also become more complicated. 
Hence, a model is always a compromise between reality and simplicity. 

In the light of the above discussion, our definitions of a re- 
sistor, capacitor, and inductor must also be interpreted as models 
representing a physical device. For example, the v-i curve of the 
tunnel diode shown in Table 1-1 is a good model of a physical 
tunnel diode so long as the frequency at which we are operating 
is not very high. However, as the frequency increases, the static 
characteristic becomes less accurate, and a more realistic model 
must be found. For example, at very high frequencies, the con- 
necting wires begin to behave like an inductance, and the capaci- 
tance between the wires gradually becomes significant. These ele- 
ments are called “parasitic” or “stray” elements because they are 
invariably present, even though they are undesirable. A more 
realistic tunnel diode model must therefore include the parasitic 
elements such as the refined model shown in Fig. 1-26a. As the 
frequency gets higher, a still more complicated model such as 
shown in Fig. 1-265 may be chosen. 

In this book, we shall be primarily interested in low-frequency 
models. In Chap. 11 we shall learn some basic techniques for con- 
structing models of three-terminal devices in terms of two-terminal 
models. These low-frequency models can usually be refined for 
high-frequency analysis upon inclusion of appropriate parasitic 
elements. 


More refined tunnel 
ve diode model 


r — See 


——4 SE 


[eee ae SS SS 


Two-terminal network elements 


1-12 SUMMARY 


Four basic electrical variables 
Charge q in coulombs 
Flux linkage in webers 
Current 7 in amperes 


Voltage v in volts 


Universal relationships 


3. ag ae eee 
oS Br q= [ia 
_ ap ea 
oO = = p= [dar 


Simultaneity postulate The current entering one terminal of a two- 
terminal black box appears instantaneously at the other terminal. 


Usual reference direction Current arrow enters the positive terminal 
or leaves the negative terminal. Under this assumption, the power 
p(t) enters the black box whenever p(t) > 0. 


Power and energy relationships 


Instantaneous power: p(t) = vu(t)i(t) 


Energy flow from fp to 4: ~~ w(to,f1) = Ne U(t)i(t) dr 


Average power for arbitrary signal: f Ee a Vie A i) ” U(t)i(t) dt 
t 


how ly 0 


Average power for periodic signal with period T: 
PE (ae 
Roa ii v(t)i(t) dt 


Passive and active resistors A resistor is passive if, and only if, its 
v-i curve lies only in the first and the third quadrants. Otherwise, 
it is active. 


Energy dissipation and storage properties A passive resistor can only 
dissipate energy, that is, Pr(t) > 0 for all time. This energy is lost 
as heat. A charge-controlled capacitor does not dissipate energy. 
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Two-terminal network elements 


It stores electric energy and may be returned to its external circuit 
(Peay = 9). A flux-controlled inductor does not dissipate energy. It 


stores magnetic energy and may be returned to its external circuit 
Pr oe 0): 


Basic two-terminal elements (See Fig. 1-27.) 


PROBLEMS 


1-1 In order to demonstrate the importance of reference direction and 
polarity, consider the following: 

(a) Sketch the v-i curve of each of the two-terminal black boxes 
shown in Fig. Pl-la to e. (The element inside the black box 
is a tunnel diode whose V-J curve is given in Table 1-1.) 

(b) Give a simple rule for sketching the v-i curve of a resistor 
whose terminals have been reversed as in Fig. P1-le. 

(c) There exists a certain class of nonlinear elements in which it 
is unnecessary to distinguish between the two terminals. Such 
elements are called bilateral elements. All other elements are 
said to be nonbilateral. Give an example of a bilateral and a 
nonbilateral resistor, inductor, and capacitor. 

(d) Find the necessary and sufficient condition for a nonlinear re- 
sistor, capacitor, or inductor to be bilateral. 


(a) (b) (c) (d) 

1-2 Sketch the v-i curve of each of the two-terminal black boxes shown A DLEE 
in Fig. P1-2a to h. Refer to Table 1-1 for the V-/J curves of the 
corresponding elements. Fig. P1-2. 


(d) 
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Fig. P1-2 (Continued). 


1-3 


1-4 
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(f) (g) (h) 


The most accurate method for determining the v-i curve of a non- 

linear resistor in the laboratory is the point-by-point method. Each 

point (£,J) on the curve is obtained by applying a voltage v = E 

across the resistor and measuring the resulting current i = J. How- 

ever, this method is rather tedious, and for most practical purposes 
it is desirable to design a v-i “curve tracer” that can display the 

v-i curve directly on an oscilloscope. 

(a) Devise a simple circuit to carry out the above task using the 
ordinary 60-Hz ac line voltage and a Variac (variable voltage 
transformer) to provide the desired range of input voltage re- 
quired by the given resistor. You may use a linear resistor 
whose voltage drop can be used to sense the magnitude of the 
current in the nonlinear resistor. To avoid grounding problems, 
you may use a 1:1 isolation transformer. 

(b) Suppose that instead of using the line voltage as the energy 
source, we use the output voltage from a certain signal genera- 
tor whose frequency can be changed from 10 Hz to 100 MHz. 
Do you expect the same v-i curve to be traced on the scope 
at all frequencies? If not, what frequency range must be 
chosen so that the v-i curve will agree approximately with the 
static curves supplied by the manufacturer? 


It is sometimes convenient to define the dc resistance Rg. and the 
ac resistance Ra, at each point P of a v-i curve by 


Rac =~ 
1 |p 
dv 
Reve = 
dial. 


(a) Show that Rac = cot a, where a is the angle between the 
v axis and the straight line from the origin to point P. 

(b) Show that Rae = cot B, where £ is the angle between the 
v axis and the straight line tangent at point P. 

(c) Verify that for a passive resistor, the value of Rae is always 
positive. 

(d) Verify that the value of R,. may be either negative, zero, posi- 
tive, or even infinite for a passive resistor. 


1-5 


1-6 


1-7 


1-8 
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(e) Sketch the relationships Rae versus v and Rae versus v for the 
varistor type INXXS, the zener diode type INXX3, and the 
tunnel diode type INXX6. See Appendix D for the v-i curve 
of these elements. 

(f) Repeat (e) for the relationships Rae versus i and Rac versus i. 


Consider the definitions of the de resistance Rg. and ac resistance 

Rae given in Problem 1-4. 

(a) If the resistor v-i curve is strictly monotonically increasing, 
what can you say about the curves Rge versus v, Rae versus i, 
Rac Versus v, and Rae versus i? Are they monotonic, single- 
valued, or multivalued? 

(b) Repeat (a) for a voltage-controlled resistor. 

(c) Repeat (a) for a current-controlled resistor. 


It is sometimes convenient to define the dc conductance Ga. and 
the ac conductance Ga, at each point P of a v-i curve by 


Gac es 
U ip 

ed, 
Gace = dv f: 


(a) Show that Ga. = tan a, where a is the angle between the 
v axis and the straight line from the origin to point P. 

(b) Show that Ga. = tan B, where 6 is the angle between the 
v axis and the straight line tangent at point P. 

(c) Verify that for a passive resistor, the value of Ga, is always a 
finite, positive number. 

(d) Verify that the value of Ga- may be either negative, zero, 
positive, or even infinite for a passive resistor. 

(e) Sketch the relationships Gac versus i and Ga, versus i for the 
varistor type INXX5, the zener diode type INXX3, and the 
tunnel diode type INXX6. See Appendix D for the v-i curve 
of these elements. 

(f) Repeat (e) for the relationships Gace versus v and Gace versus v. 


Consider the definitions of the de conductance Gg. and ac conduct- 

ance Gace given in Prob. 1-6. 

(a) If the resistor v-i curve is strictly monotonically increasing, 
what can you say about the curves Gac versus 7, Gac versus 0, 
Gae versus i, and Ga. versus v? Are they monotonic, single- 
valued, or multivalued? 

(b) Repeat (a) for a voltage-controlled resistor. 

(c) Repeat (a) for a current-controlled resistor. 


If a sinusoidal voltage waveform v = A sin ot is applied across a 
nonlinear resistor characterized by a polynomial 


i = do + Gv + qv? + +++ + nv” 
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Fig. P1-10. 
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the resulting current will contain, in addition to the fundamental 
frequency term i = B sin wf, other higher harmonic terms. In 
many practical applications, these harmonic terms are usually 
filtered out, in which case it becomes meaningful to define the 
ratio between the amplitudes of the fundamental voltage and cur- 
rent components to be the average resistance Ray. 

(a) Find the average resistance Ray with n = 3. 

(b) Assuming do = a; = dz = a3 = 1, plot Ray versus the ampli- 

tude A. 
(c) What is the significance of the Ray-vs.-A curve obtained in (5)? 


If a sinusoidal voltage waveform v = A cos wt is applied across a 
voltage-controlled capacitor characterized by 
G = ao + ayv + agu? + +--+ 4+ ayv” 
the resulting current will contain, in addition to the fundamental 
frequency term i = B sin wf, other higher harmonic terms. In 
many practical applications these harmonic terms are filtered out, 
in which case the ratio between the amplitudes of the fundamental 
voltage and current components is usually called the describing 
function Ze. 

(a) Find the describing function Z¢ with n = 3. 

(b) Observe that unlike the average resistance in Prob. 1-8, the 
describing function Zc of a capacitor is a function of the fre- 
quency w. Assuming ao = a7¢= G2 = a3 = A= 1, plot the 
curve Zc Versus w. 

(c) What is the significance of the Z¢-vs.-w curve? 


The v-q curve of a practical, nonlinear capacitor with a barium 
titanate dielectric is shown in Fig. P1-10a. If the triangular voltage 
signal shown in Fig. P1-10 is applied across this capacitor, find 
the current waveform i(t). Assume that the capacitor is operating 
initially at point a of the hysteresis curve. Assume also that the 
locus must follow the arrow directions. 


u(t), volts 
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1-11 Based on the definition in Prob. 1-9, define an analogous describ- 
ing function Z, for a current-controlled inductor. Plot the Z,-vs.-w 
curve for the following cases (assume A = 1): 


(a) gsi 
(b) p=? 
(c) Vi 


(dq) p=1l+i+P? +P 


1-12 The i-p curve of an iron-core nonlinear inductor is usually charac- 
terized by a hysteresis loop as shown in Fig. P1-12a. 

(a) Ifa sinusoidal current i(7) = 8 sin ¢ amp is applied to this in- 
ductor, find the voltage u(t) for r > 0 and the average power 
Pay. (Assume that the inductor is operating at point a at 
i 0.) 

(b) Does this inductor dissipate or store energy? 

(c) Verify that the average power Pay is equal numerically to the 
area enclosed by the hysteresis loop. 

(d) To simplify analysis, we often approximate a hysteresis loop 
by a single-valued curve, such as the i-p curve shown in Fig. 
P1-12b. Repeat parts (a), (b) and (c) for this case and compare 
the solutions. 


hy, webers Aw, webers 


(a) 


1-13 For economic reasons, it is desirable to transmit more than one 
signal simultaneously over the same communication channel such 
as a long-distance telephone system. To be specific, let us suppose 
that two voice signals f1(¢) and fo(t) are to be transmitted from 
Chicago to Paris. Since the highest frequency of the human voice 
is about 20 kHz, it is not possible to transmit these signals directly 
(it can be shown by electromagnetic field principles that it takes a 
very high-frequency signal to propagate in space). In practice, our 
transmitter in Chicago can be designed to combine these signals 
into the following “amplitude-modulated” current waveform 


i(t) = fi) sin wt + fo(t) cos wt 


Fig. P1-12. 
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Fig. P1-14. 
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where sin wt and cos wf are very high-frequency (say 10 MHz) sine 

waves. This is the signal that will be received in Paris. Our prob- 

lem is to recover /f,(t) and /2(?) at the receiving end. 

(a) Show that f(t) can be recovered by applying i(f) to a time- 
varying linear resistor with R(‘) = 1 + sin wr and then sup- 
pressing the components with a frequency higher than w by 
means of a filter. 

(b) By a similar procedure, f(t) can be recovered. Find the 
appropriate time-varying resistance R(t) for accomplishing 
this. 


One method for transmitting a telegraph signal over long distances 
is to modulate the “phase” of a high-frequency sinusoidal signal 
called the carrier. To be specific, suppose we wish to transmit the 
letter A in morse code by closing and opening the telegraph key 
at appropriate intervals. Corresponding to this code, the output 
voltage u;(¢) shown in Fig. Pl-14a will be generated. In order to 
transmit this waveform over long distances, an apparatus can be 


(d) 


Ai (t) 


Receiver 


Uy (¢) 


>t 


(e) 


(f) 
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designed to change the phase of the carrier signal i,(f) shown 
in Fig. Pl-146 abruptly by 180° each time v,(t) changes its ampli- 
tude. For example, the resulting current waveform i(/) is shown 
in Fig. Pl-14c. This is the signal being transmitted and received, as 
shown in Fig. Pl-14d and e. Our problem is to decode the received 
current waveform i(/) so as to recover the message A. This can be 
accomplished by applying i(¢) (as a current source) to the time- 
varying circuit shown in Fig. Pl-14g so as to produce the output 
voltage v,(t) shown in Fig. P1-14f Observe that even though u(t) 
is not identical with v,(¢), the nature of the waveform is unmistak- 
ably similar to that of Fig. Pl-14g. Hence the above decoding 
scheme would accomplish our objective. 
(a) Specify the time-varying resistance R(t) for accomplishing 
this task. 
(b) What can you say about the frequency of R(¢) in comparison 
with that of the carrier signal i,(7)? 
(c) The above scheme for decoding the signal is known as the 
synchronous phase detection. Explain why. 
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1 The time-varying elements 
defined in Sec. 1-10 may 
also be interpreted as a 
controlled element with 
the time / as the controlling 
variable. However, unlike 
the other physical varia- 
bles, we have no control 
over the value of t. Hence, 
we shall exclude time- 
varying elements from the 
context of controlled 
elements. 


2-1 TWO-TERMINAL CONTROLLED ELEMENTS 


There exist many practical two-terminal resistors, capacitors, and 
inductors whose v-i, v-g, and i-p curves depend on some physical 
variable x. Such elements are called controlled resistors, controlled 
capacitors, and controlled inductors, respectively. The independent 
variable x is called the controlling variable and may represent a 
nonelectrical variable such as temperature, light intensity, pres- 
sure, force, or velocity, or an electrical variable such as volt- 
age and current. Actually, to be exact, all physical two-terminal 
elements are controlled elements in the above sense because every 
physical device is affected, to a certain extent, by temperature 
changes. In most cases, however, the temperature variation is un- 
desirable, and one of the goals of the manufacturer is to see to it 
that the temperature effect is minimized. In contrast with this, the 
controlled elements that we are studying in this chapter are 
specifically designed so that the controlling variable x produces a 
significant effect on the characteristic curves of these elements. In 
fact, we shall try to take advantage of the variation of the charac- 
teristic curves to design practical circuits. 


2-1-1 TWO-TERMINAL CONTROLLED RESISTORS 


A two-terminal controlled resistor is characterized by a family of 
v-i curves, each curve corresponding to a specific value of the con- 
trolling variable x. A controlled resistor may be represented 
mathematically by i = i(v,x) if it is voltage-controlled for all 
values of x, or v = v(i,x) if it is current-controlled for all values of 


x. A strictly monotonic controlled resistor can be represented 
in either form. . 
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A number of commercially available controlled resistors are 
listed in Table 2-1. The first two elements are called thermistors be- 
cause the controlling variable is temperature. The next three ele- 
ments (the phototube, the photodiode, and the solar cell) have 
light intensity as the controlling variable. The last element listed is 
called a cryotron and is controlled by an external current J, inde- 
pendent of the terminal variables J and V. 

Observe that the v-i curves of the controlled resistors listed in 
Table 2-1 are all nonlinear. With the exception of the solar cell, all 
elements listed in Table 2-1 are characterized by a family of 
v-i Curves in the first and the third quadrants only (in most cases, 
only curves in the first quadrant are shown). Therefore, these ele- 
ments are passive, nonlinear, controlled elements. The v-i curves 
of the solar cell fall in the fourth quadrant, and it is therefore an 
active, nonlinear, controlled element. We do not violate the con- 
servation of energy here because the solar cell does have a source 
of energy, solar energy. 

In many practical applications, we are interested in operating 
only in the linear region of the v-i curves. For example, consider 
the NTC thermistor curves near the origin (Fig. 2-la). The v-i 
curves in this region are enlarged as shown in Fig. 2-1b. Observe 
that these are straight lines, and hence the v-i curves can be rep- 
resented mathematically by 


p= RE OD 


where R(T) is the resistance of each curve at temperature T. For 
the NTC thermistor, the resistance-vs.-temperature curve assumes 
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Fig. 2-1. An NTC thermistor, 
when operated around the vi- 
cinity of the origin, can be con- 
sidered as a linear controlled 
resistor and can, therefore, be 
characterized by a resistance- 
vs.-temperature curve. 


4 R(T), 2 


R(T)=[R(T,) e 4/7] e 4/7 


ee ee 1 <7) <7; 


(a) (b) 


> T 


(c) 
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TABLE 2-1. Practical two-terminal controlled resistors. 


v-i characteristic curves 


NTC (negative- 


temperature- 
coefficient ) 
thermistor 


PTC (positive- 
temperature - 
coefficient ) 
thermistor 


Phototube 


AI, ma 
60 T = ambient temperature 
u in degrees Fahrenheit 
+ 
40 
V 
20; 
o 325h 
i i ps i 
0 20 40 60 80 Too V volts © 
AJ, ma 
I T =ambient temperature 
ug 150 in degrees Fahrenheit 
120 
60 
30 
0 20 40 60 80 Too > V volts 
I AT, wa 
+ | F =light flux in lumens F=0.1Im 
\W 


the general form shown in Fig. 2-1c. For this simple curve, the fol- 
lowing mathematical function has been found to be a good 


approximation: 


P= [R(To)e78/Toje8/t 


(2-2) 


where R(7o) is the resistance measured at some reference tem- - 
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Name Symbol v-i characteristic curves 
AI, wa 
F = light illumination in footcandles 
400}- F=3,000 fc 
Photodiode 
>V, volts 
AT, wa . ; see 
iL a F = light illumination in footcandles 
0) 200 400 600 800 
T T T T T T T at V, mv 
I a 500 fc 
a = 800 fc 
1,000 f 
Solar cell - —3 E 
(photocell ) hi Boouue 
_ = 2,000 fc 
<6 H—3,000ifc 
I, ma 
I,=Oma 
200 ma 
400 ma 
600 ma 
Cryotron > V, mv 
=1.0 1.0 


—400 
Ig= controlled current 
—600 Se a 
in milliamperes 
—800 


perature To (usually 298°K), and f is a constant which depends 
on the material of which the thermistor is made. 


Exercise 1: The parameters of a certain commercial NTC thermistor were meas- 
ured as follows: R(To) = 10k 2, B = 3,000, To = 298°K. (a) Sketch the R(T) 
curve as defined by Eq. (2-2) for the temperature range 300°K < T < 500°K. 
(b) Sketch the v-i curve with T in degrees Celsius as the parameter. 
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i 


P=P, 
i 
+ 
Metal plate 
ihe: P, 
Ps 
U Nonlinear SSS 7 
dielectric 
Metal plate P=pressure between 
= plates 
ry) (b) 


Fig. 2-2. A pressure-controlled 
nonlinear capacitor is charac- 
terized by a family of v-g curves, 
each curve corresponding to formula 

some applied pressure. 1 dR(T) 


a= — 

IOP) HF 
(a) Show that for the NTC thermistor, a = —8/T2. (b) Show that a can be inter- 
preted to be the percentage change in resistance per degree temperature 


change. (c) Calculate the a of the thermistor given in Exercise 1. Why do we call 
this a negative-temperature coefficient thermistor? 


Exercise 2: It is convenient to define a temperature coefficient a for R(7) by the 


Exercise 3: The resistance R(T) of a PTC thermistor operating at the low-voltage 
region is given approximately by 


R(T) =A + Ces? 


where A, B, and C are positive constants and T is the temperature in degrees 
Fahrenheit. (a) Sketch the general shape of the curve R(T). (b) Show that 
the temperature coefficient a (see Exercise 2) is given by 
Sale BC eBT 

Tree 


Exercise 4: The family of v-i curves of a photodiode can be represented approxi- 
mately by 


b= IE) -E I — ex) 


where J, and k are constants and J(F) is a function of the light illumination F. 
(a) Find the approximate values of J, and k, and sketch the curve J(F) for the 
photodiode type 1NXX10 given in Appendix D. (b) Show that when J(F) = 0, the 
photodiode reduces to a junction diode [see Eq. (1-14) of Chap. 1] with its ter- 
minals interchanged. 


Exercise 5: The family of v-i curves of a solar cell can be represented ap- 
proximately by 


i = Ie — 1) — I(F) 


where J, and k are constants and J(F) is a function of the light illumination F. 
(a) Find the approximate values of J, and k, and sketch the curve J(F) for the 
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solar cell type 1NXX11 given in Appendix D. (b) Show that when /(F) = 0, the 
solar cell reduces to a junction diode [see Eq. (1-14) of Chap. 1]. 


2-1-2 TWO-TERMINAL CONTROLLED CAPACITORS 


A two-terminal controlled capacitor is characterized by a family 
of v-g curves, each curve corresponding to a specific value of the 
controlling variable x. A controlled capacitor may be represented 
mathematically by q = q(v.x) if it is voltage-controlled, or v = 
v(q.x) if it is charge-controlled. A strictly monotonic controlled 
capacitor can be represented in either form. 

Although there are not many controlled capacitors presently 
available in commercial quantities, they do exist in various forms 
for special applications. For example, one can easily build a 
pressure-controlled nonlinear capacitor by sandwiching a non- 
linear dielectric material between a pair of metallic plates as 
shown in Fig. 2-2a. For each value of applied pressure, a different 
v-g curve is measured as shown in Fig. 2-25. 


2-1-3. TWO-TERMINAL CONTROLLED INDUCTORS 


A two-terminal controlled inductor is characterized by a family of 
i-p curves, each curve corresponding to a specific value of the con- 
trolling variable x. A controlled inductor may be represented 
mathematically by » = (7x) if it is current-controlled, or 7 = i(g,x) 
if it is flux-controlled. A strictly monotonic controlled inductor can 
be represented in either form. 

An example of a practical, controlled inductor is the toroidal 
coil shown in Fig. 2-3a. By applying a direct current through 
a separate coil, the i-p curve can be translated along a ver- 
tical direction as shown in Fig. 2-30. 
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Fig. 2-3. A toroidal coil be- 
comes a_ current-controlled 
nonlinear inductor by applying 
adc current through a separate 


winding. 
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Fig. 2-4. The basic door-open- 
ing mechanism consists of a 
phototube circuit and a beam 
of light. 2-2. PRACTICAL APPLICATIONS OF CONTROLLED ELEMENTS 


Controlled elements are widely used in the instrumentation and 
control industries. In almost all cases, they are used for “sensing” 
or “detection” purposes. For example, the familiar electric eye for 
actuating an automatic door-opening mechanism consists simply 
of a phototube and a beam of light as shown in Fig. 2-4a. 
For simplicity, let us connect a battery across the phototube 
as shown in Fig. 2-45. The light bulb is positioned so that the light 
beam produces a light illumination of x Im on the phototube at all 
times, except when it is interrupted by a person walking past the 
doorway. In the latter case, the light illumination at the photo- 
tube will be decreased to an insignificant value such as Fo. Accord- 
ingly, the v-i curve of the phototube will consist of either one of 
the two curves shown in Fig. 2-4c. Corresponding to an applied 
voltage E, a current i = J; will be measured if the beam is present. 
However, if the beam is cut off, the current will drop back to 
a small value i = Jo. Hence, if we connect a sensitive relay in 
series with the phototube, then the relay contact, which is previ- 
ously “open,” will become “closed” whenever the current drops to 
Io, thereby deenergizing the relay. The closing of the contacts will 
serve as a switch to turn on the motor for opening the door. In 
practice, phototube circuits are, of course, much more com- 
plicated, and we shall not be able to analyze them until after 
Chap. 6. 
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Another common application of a controlled resistor is the 
punch-card-reader mechanism shown in Fig. 2-5a. In view of its 
smaller size, the photodiode is chosen in favor of the phototube. 
Our objective is to transform the code represented by the presence 
or absence of holes in the computer card into a corresponding 
sequence of electrical signals. By installing a string of iden- 
tical photodiodes below the corresponding columns, it is easy to 
see that the circuit shown in Fig. 2-5a will indeed generate the de- 
sired signals. To be specific, let us assume that the card has four 
columns and five rows. Let us also assume that the card is being 
fed at a uniform speed so that row | will appear above the photo- 
diodes at t = 0 msec, row 2 at t = 1 msec,..., and row5 att = 
4 msec. It is easy to see that the waveforms of 74, iz, i3, and i4 will 
be as shown in Fig. 2-5b. 

There are many more practical applications of this nature. In 
fact, two-terminal controlled resistors are widely used in applica- 
tions which require the detection or sensing of temperature or 
light-illumination variations. For example, thermistors have been 
used for designing fire-protection devices, pyrometers, flowmeters, 
vacuum gages, etc. Two-terminal controlled capacitors are useful 
in applications which require the detection of small pressures, 
forces, or distances. For example, nonlinear controlled capacitors 
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Fig. 2-5. A punch-card reader 
consisting of a string of photo- 
diodes for sensing the light 
illumination and hence the 
presence or absence of a hole. 
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Fig. 2-6. The v-i curves of an 
x-controlled voltage source 
consist of a family of vertical 
lines, whereas those of an x- 
controlled current source con- 
sist of a family of horizontal 
lines. 
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using barium titanate dielectrics have been used extensively in the 
design of strain gages. Two-terminal controlled inductors are 
widely used in connection with those applications requiring an ex- 
ternal controlled current or magnetic-field intensity. For example, 
they are used extensively in the control of lighting effects in 
theaters and auditoriums. 

One could go on and list many other interesting applications. 
However, there is really only one concept involved in all these ap- 
plications. We ask ourselves first the question: “What is the 
physical variable to be controlled?” Once the variable x is chosen, 
we look for an appropriate controlled resistor having x as the con- 
trolling variable. We then design a basic circuit to transform the 
variations in x into corresponding variations in voltage or current. 
Finally, we try to optimize the circuit by introducing additional 
elements at appropriate locations. We shall be able to do all these 
after studying the materials in this book. 


Exercise 1: Discuss how a thermistor might be used in the design of the follow- 
ing gadgets: (a) thermometers; (5) liquid-level gages for indicating the level of 
liquids inside a closed tank; (c) flowmeters for measuring the number of gallons 
per second of liquids flowing through a pipe; (d) fire alarm indicators; (e) gas 
leakage detectors; (/) vacuum gages. 


Exercise 2: Discuss how a solar cell might be used in the design of the following 
gadgets: (a) photographic exposure meters; (6) automatic street lighting control: 
(c) pinhole or flaw detector in sheet metal or paper manufacturing; (d) remote 
flashlight switch for turning on and off a television set. 


2-3 CONTROLLED SOURCES 


We shall now define a special class of two-terminal controlled re- 
sistors characterized either by a family of vertical v-i curves (Fig. 
2-6a) or a family of horizontal v-i curves (Fig. 2-65). Since for each 
value of x the v-i curve reduces to that of a voltage source in the 
vertical case and that of a current source in the horizontal case, 
these elements are called x-controlled voltage sources and x-con- 
trolled current sources, respectively. It is important to observe that 
the v-i curves of an x-controlled voltage source are independent of 
the terminal current 7, and can be represented by 


DV = UX) (2-3) 


Similarly, the v-i curves of an x-controlled current source are in- 
dependent of the terminal voltage v, and can be represented by 


2) (2-4) 


Controlled elements 71 


= Voltage x Current 
transducer transducer 
© 
(a) (b) 
hv, t 
4 
y. Compensated transducer 
y: for producing a linear 
Up = U(X) OF ig =t,(x) Curve 


Actual . | 
transducer : 
curve 


> xX Nonlinear 
Transducer V correction 


7 network 
as Ideal 
7 
4 transducer 
y curve | | 


(c) (d) 


Fig. 2-7. (a) A voltage trans- 
ducer or (b) a current trans- 
ducer is usually characterized 
by (c) a nonlinear v-versus-x or 
i-versus-x curve. A nonlinear 
correction network may be de- 
signed to linearize this rela- 
tionship. 


Just as there is no such thing as an ideal voltage source or an 
ideal current source in practice, there is no such thing as an ideal 
x-controlled voltage source or an ideal x-controlled current source. 
Nevertheless, we shall find these elements to be extremely impor- 
tant for two reasons. First, the v-i curves of many practical con- 
trolled resistors consist of near-vertical-line segments or near- 
horizontal-line segments over some region of the v-i plane. Within 
this region, the controlled resistor can be considered to be a 
controlled source. For example, a large region in the first quadrant 
of a photodiode v-i plane and a large region in the fourth quadrant 
of a solar cell v-i plane can indeed be considered to be a light-con- 


trolled current source. Secondly, a controlled source, even if it does 
1The term transducer is 


not exist physically, can be combined with other network elements 
for obtaining a “realistic model” for practical devices. This impor- 
tant application will be demonstrated in Chap. 11. 


2-3-1 TRANSDUCERS 


When the controlling variable x of a controlled source is a non- 
electrical variable (e.g., strain, position, pressure, and temperature), 
the controlled source is usually called a transducer.! In particular, 
an x-controlled voltage source is called a voltage transducer (Fig. 
2-7a), and an x-controlled current source is called a current trans- 
ducer (Fig. 2-7b). The v-vs.-x or the i-vs.-x relationship of the 
transducer is generally nonlinear, such as the curve shown in 


sometimes used to denote 
any controlled element 
having a nonelectrical con- 
trolling variable. In this 
book we shall use the term 
transducer only if the de- 
vice can be modeled by a 
controlled voltage source or 
a controlled current source. 
Of course, no practical 
transducer is strictly a 
voltage source or a current 
source. However, in Chap. 
11 we shall learn methods 
for realizing a more realis- 
tic model. 
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Fig. 2-8. The symbols for (a) 
a voltage-controlled voltage 
source; (5) a current-controlled 
voltage source; (c) a current: 
controlled current source; and 
(d) a voltage-controlled current 
source. 
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Fig. 2-7c. It is usually desirable to have a linear transducer curve 
in practice. This can be achieved by designing a nonlinear correc- 
tion network (Fig. 2-7d) by the methods given in Chap. 8. 

In practice, transducers are usually built with controlled re- 
sistors as building blocks. However, there are some transducers 
which exist in their original form. For example, a phonograph 
cartridge is a pressure transducer which transforms the needle pres- 
sure into an electrical voltage. For high-fidelity reproduction, the 
pressure-voltage transducer curve must be as linear as possible. It 
is important, therefore, that we learn how to design the nonlinear 
correction network shown in Fig. 2-7d. 


Exercise 1: (a) Is a transducer a passive or an active element? If active, explain 
where the source of energy comes from. (5) Why is it desirable to have a linear 
transducer curve? 


Exercise 2: Can you suggest an application for each of the following types of 
transducers: (a) strain-to-voltage transducer; (5) position-to-voltage transducer; 
(c) angular-displacement-to-voltage transducer; (d) acceleration-to-voltage trans- 
ducer; (e) velocity-to-voltage transducer? 

Exercise 3: The relationship of a certain liquid-level-to-voltage transducer (such 
as a gasoline gage) is given by u(x) = x1/5 where x is the liquid level. (a) Sketch 
this relationship, and compare the movement of a voltmeter (connected across 
the transducer) when the tank is almost full and when the tank is almost empty. 
(b) If a nonlinear correction network is interposed between the voltmeter and the 
transducer as shown in Fig. 2-7d, find the relationship v, versus v of this network 
so as to obtain a linear output voltage v, versus x, namely, v, = kx, where kis a 
constant. 


2-3-2 SOURCES CONTROLLED BY ELECTRICAL VARIABLES 


The controlling variable x of an important class of controlled 
sources is itself an electrical variable, usually a voltage or a 
current. We shall be mostly concerned in this book with electrically 
controlled voltage or current sources of the following types: (1) a 
linear voltage-controlled voltage source whose terminal voltage is 
linearly related to a controlling voltage v;,, namely, v = kv,, where 
kK is a constant; (2) a linear current-controlled voltage source 
whose terminal voltage is linearly related to a controlling current 
iy, namely, v = ki,; (3) a linear current-controlled current source 
whose terminal current is linearly related to a controlling current 
iy, namely, i = ki,; and (4) a linear voltage-controlled current 
source whose terminal current is linearly related to a controlling 
voltage v,, namely, i = kv,. The symbols for these four types of 
controlled sources are shown in Fig. 2-8a to d, respectively. 
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(a) 


Current-controlled 
voltage source 


(5) 


Voltage-controlled 
current source 


The controlling voltage v, and the controlling current i, asso- 
ciated with the above controlled sources may represent the voltage 
across any terminal pair and the current in any wire, respectively.t 
In the trivial case, v,; and i, may pertain to a separate network 
whose values are known. In this case, the controlled source de- 
generates to an independent source. On the other hand, v, and i, 
may pertain to a separate network, such as a transducer, which in 
turn depends on a nonelectrical variable x. In many cases, the 
value of this variable x depends on the output voltage of the 
original network. In this case, the values of v, and i, are not 
known a priori. We shall even allow a controlled voltage source to 
depend on its own terminal current, namely, 


v= ki (2-5) 


In this case, observe that Eq. (2-5) is simply a relationship between 
the voltage and current of the same terminal pair and is, therefore, 
equivalent to a linear resistor with a resistance R = AQ. Similarly, 
if a controlled current source depends on its own terminal voltage, 
namely, i = kv, then the controlled source is equivalent to a linear 
resistor with a conductance G = k mhos. We shall find the above 
interpretation useful in circuit manipulation as well as in modeling. 

To avoid confusion, it is sometimes convenient to choose 
a more explicit symbol for the controlled sources by including the 
controlling terminals as shown in Fig. 2-9a for a voltage-controlling 
variable vz and in Fig. 2-9b for a current-controlling variable ip. 


Fig. 2-9. A more explicit sym- 
bol of a controlled source is 
needed when two or more con- 
trolled sources are intercon- 
nected. 


1 Some authors prefer to re- 
strict v; and i, only to 
those variables pertaining 
to the same network. We 
shall not find this restric- 
tion necessary in this book. 
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Observe that i,q = 0 in Fig. 2-9a because the controlled source is 
not supposed to draw any current from terminal c-d (which may 
belong to another part of the network). Similarly, Vea = 0 in Fig. 
2-9b because the wire connecting terminal c-d is a short circuit 
(which may represent the wire connected to one terminal of a two- 
terminal element). The above symbols are preferred in cases where 
two or more controlled sources are interconnected with one 
another. For example, consider the circuit shown in Fig. 2-9c 
consisting of a current-controlled voltage source in cascade con- 
nection with a voltage-controlled current source. The voltage 
across terminals a-b is 


U1 = Aly (2-6) 
The current entering terminal e is 

ES [PON (2-7) 
Applying Kirchhoff current law at terminal e, we obtain 

ip = —13 (2-8) 
Substituting Eqs. (2-8) and (2-7) into Eq. (2-6), we obtain 

Di eve (2-9) 


where k = —af. It is important to observe that Eq. (2-9) repre- 
sents the relationship describing a voltage-controlled voltage 
source. In other words, we have just proved that a voltage-con- 
trolled voltage source can be constructed by connecting a current- 
controlled voltage source in cascade with a voltage-controlled 
current source. Similarly, it is easy to show that a current-controlled 
current source can be constructed by connecting a voltage-controlled 
current source in cascade with a current-controlled voltage source. 

The above four types of linear controlled sources do not exist 
in their pure forms. However, they can be easily synthesized by 
appropriate circuits. A practical circuit realization for each is 
given in Appendix C. 


Exercise 1: (a) Show that a nonlinear current-controlled voltage source with a 
terminal voltage v = v(i,) is equivalent to a nonlinear resistor if the controlling 
current i, is equal to the terminal current 7. (b) Represent the nonlinear resistor 
v-i Curve 7 = v3 — 1 by an appropriate controlled source. 
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Exercise 2: We could enlarge the class of controlled sources by allowing the con- 
trolling variable x to be the time integral, or the time derivatives of some 
controlling voltage or current. (a) Represent a linear capacitor with capacitance 
C by a controlled source. (b) Repeat (a) for a linear inductor with inductance L. 
(c) Repeat (a) for a nonlinear capacitor with a v-g curve g = tanh v. 


Exercise 3: Synthesize a current-controlled current source with terminal current 
i = 10 iz by using a voltage-controlled current source and a current-controlled 
voltage source. 


2-4 A BASIC COMPOSITION TECHNIQUE 


As will be shown at various places in this book, certain types of 
characteristic curves have certain specific applications. With con- 
trolled elements, it often occurs that certain characteristic curves 
fit in very well for a particular design, but unfortunately, the con- 
trolling variable x is not what the design calls for. A basic tech- 
nique for overcoming this difficulty is to find a means to transform 
the undesirable variable x into the desired variable y. For example, 
suppose we wish to transform the curve z = f(x) into another curve 
Zz = g()). This can be done if we can find another relation x = h(y) 
such that 


z = f(y) =e) (2-10) 


Mathematically, the above procedure of taking the function of an- 
other function is known as a composition operation. We shall now 
demonstrate how this technique can be applied. 

Consider the cryotron listed in Table 2-1. The controlling 
variable for this element is the current Jc. Suppose instead of Io, 
we would like to use a voltage ug as the controlling variable. 
A simple way to accomplish this is to connect a voltage-controlled 
current source with a terminal current J¢ = k ug in place of the in- 
dependent current source as shown in Fig. 2-10a. The constant k 
can be chosen to be any desired scale factor. In other words, the 
resulting v-i curves shown in Fig. 2-105 are now controlled by the 
voltage ve to within a scale factor k. 

Another application of the composition technique involves 
the transformation of a nonelectrical controlling variable into an 
electrical variable. The most common example is that of trans- 
forming light illumination into a controlling voltage. This can be 
easily accomplished by connecting a voltage-controlled light- 
emitting source across the element. A highly efficient light-emitting 
source is the recently discovered light-emitting diode (or gallium 
arsenide diode). As an example, consider the task of transforming 
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Cryotron 


Fig. 2-10. A current-controlled 
cryotron is transformed into a 
voltage-controlled cryotron by 
means of a voltage-controlled 
current source. 


Fig. 2-11. An “‘optical’’ cou- 
pling technique for transform- 
ing a light-controlled photo- 
diode into a voltage-controlled 
diode. 
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I, =hvo Vo 


the light-controlled photodiode listed in Table 2-1 into a voltage- 
controlled diode. This is accomplished by the “coupling” technique 
shown in Fig. 2-lla. The resulting family of v-i curves shown in 
Fig. 2-11b are now being controlled by the voltage ve. This tech- 
nique is widely used in the integrated-circuit industry and is called 
the optical-coupling technique. There are two significant properties 
which make this technique very attractive. First, the physical 
dimension of the light-emitting diode and the photodiode can be 
made extremely small by modern integrated-circuit technology. In 
fact, it is so small that the user would not even realize that there is 
a miniature “light bulb” inside the package. Second, the controlling 
voltage ve is completely isolated from the photodiode terminals. 
This means that whereas vg can affect the v-i curves, the converse 
is not true. Hence, there is complete isolation between the input 
and output terminals. 

As a final application of the composition technique, consider 
the task of transforming a temperature-controlled thermistor into 
a voltage-controlled resistor. This is commonly done by placing a 
resistive heating element near the thermistor as shown in Fig. 2-12a. 
The heat produced by the controlling voltage ug is being transferred 
to the thermistor body primarily by radiation. This type of volt- 
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(a) 


age-controlled thermistor is known commercially as an indirectly 
heated thermistor. The above technique is often referred to as the 
thermal-coupling technique. It should be observed that an important 
difference exists between the optical-coupling technique and the 
thermal-coupling technique. In the former, the coupling can be 
assumed to take place instantaneously for all practical purposes. In 
other words, as soon as a voltage pulse is applied, a burst of light 
will be emitted at the same time. On the other hand, it takes time for 
the thermal coupling to occur. In other words, if a certain voltage 
waveform is applied at ¢ = 0 sec, it may take a few seconds for the 
ambient temperature of the thermistor to change to a new value. 
This behavior makes the thermistor useful only in applications 
where the time of reaction is not important. There are applications 
where this ‘‘delay” property is taken advantage of. For example, in 
many control applications it is desirable to have a long delay be- 
tween the time the controlled voltage is applied and the time when 
the reaction is to occur. For this type of application, the tempera- 
ture-controlled element is usually embedded at one end of a slab 
of heat-conducting material of length /. The heating element is 
embedded at the other end as shown in Fig. 2-12b. Knowing the 
heat-transfer coefficient of the slab and the desired time delay, the 
length / can be accurately calculated. 


Exercise 1: Suppose the relationship between the illumination F (in footcandles) 
and the controlling voltage vg in Fig. 2-1lais given by F = k vg, and suppose the 
voltage waveform u¢(Z) is given by 


28 volts ORS aGgnsec 
vot) = See volts I< <eSiusec 
see volts 5) <1 KD SEC 


Find the current i(t) when a 20-volt battery is connected across the photodiode 
type 1NXX10 given in Appendix D. 


(b) 


Fig. 2-12. A ‘‘thermal’’ cou- 
pling technique for transform- 
ing a temperature-controlled 
element into a voltage-con- 
trolled element with delay. 
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Exercise 2: Suppose the heating element of an indirectly heated NTC thermistor 
produces a heater-voltage-to-temperature relationship T= —k/In (v/100), 
v < 100 volts. Find the resistance-vs.-heater-voltage relationship of this thermistor. 


2-5 SUMMARY 


Two-terminal controlled element A two-terminal network element 
whose characteristic curve at any time of measurement depends on 
the value of some physical variable x. 


Three types of controlled elements 


1. Controlled resistor: characterized by a family of curves 7 = 
UX) OLD = Ov) 

2. Controlled capacitor: characterized by a family of curves 
G = Qux) Of Ui= OG) 

3. Controlled inductor: characterized by a family of curves 
Pi = O00) Ol tei Gs) 


Controlled sources A special class of controlled resistors whose 
family of v-i curves is composed of either vertical lines or horizon- 
tal lines. 


1. Vertical lines: v = u(x), independent of i. This type is called 
an x-controlled voltage source. 


2. Horizontal lines: i = i(x), independent of v. This type is called 
an x-controlled current source. 


Two classes of controlled sources 


1. Transducers: when the controlling variable is a nonelectrical 
quantity, for example, strain, position, velocity, acceleration. 


2. Electrical controlled sources: when the controlling variable is 


an electrical variable, for example, voltage, current, charge, 
flux linkage. 


Four types of linear electrical controlled sources 

1. Voltage-controlled voltage source, v = k vz 
2. Current-controlled voltage source, v = k i, 
3. Current-controlled current source, i = ki, 


4. Voltage-controlled current source, i = kv, 


Basic composition technique A controlled resistor which is con- 
trolled by a nonelectrical variable x can be transformed into an 


Controlled elements 


electrically controlled controlled resistor by devising some coupling 
mechanism for converting the variation in x into a corresponding 
voltage variation ve or current variation ic. Example: given 
v = u(i,x), choose x = f(v¢) to obtain v = v(i, f(ve)). This proce- 
dure for taking the function of another function is called a 
composition operation. 


Two common composition operations 
1. Optical coupling 


2. Thermal coupling 


PROBLEMS 


2-1 In the discussion of thermistors, it was shown that if the applied volt- 
age is small (normally less than 5 volts), the thermistor v-i curves 
are approximately linear. This makes it possible to define a resist- 
ance R(T) which depends only on the “ambient” temperature T. 
However, as the voltage increases, the power dissipation will 
gradually heat up the thermistor, thereby raising the temperature of 
the thermistor above its surrounding ambient temperature. This 
self-heating phenomenon (which may take a minute to reach an 
equilibrium) is mainly responsible for the nonlinearity of the v-i 
curves for large voltages. Conversely, for each v-i curve correspond- 
ing to an ambient temperature T, we can calibrate the amount of 
power dissipation at each point on the curve. This information is 
very useful for designing sensitive “power” measuring devices. In 
order to obtain this information easily, it is more convenient to plot 
the family of v-i curves on log-log papers. 

(a) Sketch the v-i curves of the NTC thermistor type INXX12 on 
a logarithmic paper. 

(b) Draw the constant-power curves P = vi on top of the v-i 
curves with the parameter P = 0.01, 0.1, 1.0, and 10 watts. 
Verify that these curves represent a system of straight lines and 
specify the slope of the lines. 

(c) Sketch the constant-resistance curve R = v/i on top of the v-i 
curves with the parameter R= 0.1, 0.5, 1.0, 5.0, and 10k «. 
Verify that these curves also represent a system of straight 
lines and specify the slope of the lines. 

(d) Repeat (b) and (c) on ordinary scales and compare the advan- 
tages and disadvantages between the two representations. 


2-2. Ifa current of sufficient size is passed through a thermistor in the 
nonlinear region of the v-i curve, the thermistor body temperature 
and consequently its de resistance R = v/i will depend on the rate 
of heat transfer from the thermistor to its surrounding. (See Prob. 
2-1.) For a fixed amount of power dissipation, a thermistor with an 
air environment will transfer heat slower than if the environment is 
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Liquid flowing 
down the pipe ~—» 


Christmas 
bulbs 


Fig. P2-2. 


(6) 


a liquid (assuming that both air and liquid are at the same ambient 
temperature). Consequently, the thermistor body temperature will 
be lower in the liquid than in the air. This property can be used to 
design liquid-level meters, flowmeters, etc. 


(a) 


Consider the closed tank shown in Fig. P2-2a whose wall 
is lined with a string of identical thermistors type INXX12 
and connected in series with an J = 4ma current source. The 
voltage developed across each thermistor can be monitored by 
a voltage-sensitive device such as a voltmeter or even a small 
light bulb. Assuming that the heat-transfer rate is such that the 


fhermistorthermometer equilibrium temperature is 25°F if it is immersed 


(b) 


(c) 


in the liquid and 75°F if it is in air, find the voltage that will 
be indicated by each voltmeter when the liquid attains a cer- 
tain level. 

The same principle will now be used to design a flowmeter for 
measuring the velocity of a liquid flowing through a pipe by 
inserting a thermistor as shown in Fig. P2-2b. Explain how to 
calibrate the scale of a voltmeter to indicate the flow in gal- 
lons per second directly? This scale will very likely be nonlin- 
ear. What should be done to linearize the scale? 

Another application of thermistors is given by the string of 
Christmas bulbs shown in Fig. P2-2c. Without the thermistors, 
the bulbs will not light whenever one bulb burns out, ie., be- 
comes an open circuit. With the thermistors connected, the re- 
maining bulbs will continue to light. Explain the principle 
involved. HINT: If each bulb is lighted, the voltage across 
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it will be small so that the thermistor is not heated, thereby 
exhibiting a very high resistance. 


2-3 Since a solar cell is a low-power active element, it is capable of 
supplying only a very small amount of power to its external load. 


2-4 


u,(t) 


(a) 


(b) 
(c) 


For a given light intensity, there is a point Q on the v-i curve 
for which maximum power is delivered to the load. Show that 
this point must satisfy the condition 


aoe 


dv i) 

Interpret geometrically the meaning of the above equation and 
give a procedure for locating the maximum-power point Q. 
Use the above procedure to find the maximum power that the 


solar cell type INXX11 is capable of supplying with a 350-fc 
input. 


In a certain biological control system, an artificial light source 
is used to control the output current of a INXX9 gas photo- 
tube connected in the simple circuit shown in Fig. P2-4a. The light 
source emits a modulated output luminous flux F as shown in Fig. 
P2-4b. 


(a) 


(b) 


If the output voltage of the voltage source v;(7) is as shown in 
Fig. P2-4c, determine the resulting current i(¢) through the 
phototube. 

Repeat (a) for the case when v,(Z) is as shown in Fig. P2-4d. 


Fig. P2-4. 
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Fig. P2-5. 


Fig. P2-6. 
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In a certain infrared experiment, a low-frequency square-wave cur- 
rent source i(t) as shown in Fig. P2-5a is desired. A simple way to 
realize this current source consists of focusing a narrow beam 
of light through the teeth openings of a rotating disk onto a photo- 
diode connected in the circuit shown in Fig. P2-5b. Design the com- 
plete system so that the current i(f) will be as specified. Use a 
photodiode type INXX10 and a disk with five evenly spaced teeth. 
Assume that a light source with an illumination of 3,000 fe is 
available. Find (a) the battery voltage E, (b) the angles 4; (of a 
space) and 6 (of a tooth), and (c) the rate of disk rotation in rpm. 


i (t), HANA 


(a) (b) 


Translucency is an important parameter in the manufacture of a 
certain plastic. It is necessary to monitor this parameter contin- 
uously. In order to do this the plastic sheet is passed between a light 
source and a solar cell type INXX11 as shown in Fig. P2-6. When 
the plastic is properly manufactured, the solar cell receives an 
illumination of 250 fc. However, the plastic processing varies and 
the solar cell may receive as much as 500 fe of illumination. These 
variations must be measured so that the processing may be re- 
turned to normal. A voltmeter connected across the solar cell acts 
as a detector. The voltmeter has an internal resistance of 20 Q and 
a maximum rating of 0.25 volt. Select the value of R to be con- 
nected in parallel with the voltmeter so that the voltmeter has 
its maximum deflection when the solar cell receives 500 fe. 


The black box shown in Fig. P2-7a is called an integrator because 
the output voltage v,(t) of the controlled voltage source is simply the 
integral of the input voltage vin(¢). For convenience, we usually de- 
note this integrator in practice by the symbol shown in Fig. P2-7b. 
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(a) Using an integrator, devise a simple circuit to display the i-p 
curve of a nonlinear inductor on an oscilloscope. You may use 
a Variac (variable voltage transformer) to provide the desired 
range of input voltage. You may use a linear resistor to sense 
the magnitude of current. To avoid grounding problems, you 
may use a |:1 isolation transformer. 

(b) Repeat (a) for the v-g curve of a nonlinear capacitor. 


Fig. P2-7. 


2-8 A light-controlled resistor can be used for designing many use- 
ful gadgets. 

(a) A circuit for turning on a house light automatically at dusk is 
shown in Fig. P2-8a. Assuming that the normally closed-relay 
contact will open as soon as the relay current exceeds 0.05 ma, 
find the battery voltage E so that the light bulb will turn on as 
soon as the daylight illumination level drops below 335 fc. You 
may assume the voltage drop across the relay to be negligible. 

(b) An automobile taillight failure warning circuit is shown in 
Fig. P2-8. The light illumination on the photodiode is derived 
from the taillight lamp. This circuit, if properly designed, will 
turn off the dashboard warning lamp whenever the taillight 
lamp breaks down. If the dashboard lamp requires at least 
0.5 ma to operate, how many footcandles of light from the tail- 
light lamp must reach the photodiode? 


Dashboard 


1NXX10 Light bulb 
lamp 


Tail-light 


switch INXX10 


110-volt 
(normally | line = E=12 volts 
closed when| voltage 


Tail-light 
lamp 


0) a! 


(b) 


Fig. 3-1. In the process of 
characterizing a multiterminal 
black box, one terminal is ar- 
bitrarily chosen to be the com- 
mon (ground) terminal. The 
voltages of the remaining ter- 
minals are then measured with 
respect to the common termi- 
nal. 


3 - terminal 
black 
box 


3 - terminal 
black 
box 


n- terminal 
black 
box 


~~. re 


Pf 


3-1 CHARACTERIZATION OF A MULTITERMINAL BLACK BOX 


Many devices have more than two terminals. Our object in this 
chapter is to learn how these multiterminal devices may be char- 
acterized so that we shall be in a position to use them effectively. 
The basic principles discussed in the preceding chapters for char- 
acterizing two-terminal devices are still applicable. A set of meas- 
urable independent variables is selected and a series of external 
measurements is taken with the objective of deriving a consistent 
relationship among the variables. Once this relationship is found, 
we have characterized the black box because from then on, any 
design using this device can be undertaken on the basis of this 
relationship alone, thereby obviating the need for further meas- 
urements. 

To discuss the selection of an independent set of variables, let 
us consider first the three-terminal black box shown in Fig. 3-la. 
The most obvious variables are the currents i, 72, and 73 entering 
the terminals, and the voltages vio, ve3, and v3; between terminals. 
However, as will be shown in the next chapter, the black box in 
Fig. 3-la can be considered as a supernode and the currents iy, io, 
and 73 entering this node must satisfy the Kirchhoff current law, 
namely, i; + i2 + is = 0. Hence, if we know the value of any two 
of these three currents, we can calculate the third, and therefore 
there is no need to measure all three currents. This observation is 
equivalent to saying that the three variables i,, i2, and i3 are not 
independent. Similarly, the three variables vy2, v23, and v3; are not 
independent because from the Kirchhoff voltage law, we have 
Vi2 + V23 + V3i = 0. Consequently, among the six variables shown 
in Fig. 3-1a, only two currents and two voltages are independent. 
For this reason, we may select any terminal to be the common 
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terminal (usually called the ground) and define the two currents 
ii, ig and the voltages v,, ve as shown in Fig. 3-16. In theory, 
there is no reason for preferring one terminal over another as the 
common terminal. In practice, however, such a preference may be 
desirable because the measurements may be easier and more 
accurately obtained.! To avoid ambiguity, it is of the utmost 
importance to specify the common terminal associated with the 
measured characteristics of a particular device. 

With the above precaution, let us investigate the type of 
measurements that may be taken. Just as in the two-terminal case, 
it is necessary to excite the black box by a voltage source or a cur- 
rent source. However, the response to these excitations need not 
be restricted to currents and voltages. Recall that it is possible to 
measure the charge q; entering terminal j by integrating the current 
i;, namely, 
git) = ["_ ia) dr (3-1) 
Similarly, we can measure the flux linkage qj; associated with each 
voltage v; between terminal j and the ground by integrating the 
voltage v;, namely, 


fies le? 


pA) = [0 ofr) ar (G-2) 


7 sil; 
Hence, among the variables of interest to us are vj, ij, gj, and qj, 
where j = | or 2. Any independent combination of these variables 
constitutes a valid set of measurements.” If a certain set of meas- 
urements leads to some consistent relationship, then the device is 
said to be characterized by that relationship. Among the several 
distinct combinations, the following three cases are of special 
practical importance: 


Case 1: Relationship involving only v1, v2; 11, iz 
Case 2: Relationship involving only 04, v2; 41, q2 


Case 3: Relationship involving only 14, i2; $1, p2 


In analogy to the classification of two-terminal elements, any 
three-terminal element which falls under case 1, case 2, or case 3 
is called a three-terminal resistor, a three-terminal capacitor, or a 
three-terminal inductor, respectively. 

It is now a simple matter to extend our definition to multi- 
terminal elements (n > 3). For the same reason as before, among 
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1This is especially true for 
transistors, where the char- 
acteristic curves can be 
more accurately, and more 
easily, measured if a par- 
ticular terminal, called the 
emitter, is chosen to be the 
ground terminal. This ter- 
minal is usually identified 
by the transistor manufac- 
turer in the form of ap- 
propriate markings. 


Observe that the combina- 
tion i; and gq; is not valid 
because these variables are 
already related by Eq. 
(3-1) and are therefore not 
independent. Similarly, the 
combination v; and qg; is 
not valid. 
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the n currents entering the terminals and the n voltages between 
terminals, only (n — 1) currents and (n — 1) voltages are inde- 
pendent. Hence, one of the terminals is chosen to be common, 
and the (n — 1) independent terminal currents and voltages are 
defined as shown in Fig. 3-1c. The corresponding element classifi- 
cations now take the following forms: 


1. N-terminal resistors, involving only vj, V2, ... , Un—1; 11, 12, - ++) In—1 

2. N-terminal capacitors, involving only 04, V2, ...,Un—13 91, Y25--+> 
Gn-1 

3. N-terminal inductors, involving only /1, 72,...,in—1; P1, P2,---> 
Pn-1 


3-2. THREE-TERMINAL RESISTORS 


A three-terminal resistor is characterized by two separate sets of 
measurements. One set of measurements is obtained by applying 
an independent source x2 (which may be a voltage source or a 
current source) across terminals b-c as shown in Fig. 3-2a, and 
measuring the vj-i; curve across terminals a-c of the resulting 
two-terminal black box. For each value of the independent source 
X2, a corresponding v-i curve is obtained. If enough measurements 
are taken, a whole family of vj-i; curves can be plotted, each 
curve corresponding to a given value of x2. For convenience, we 
shall usually refer to this set of measurements as the input-charac- 
teristic curves. An example of a hypothetical set of input-character- 
istic curves is shown in Fig. 3-2b, where the variables z1-y; may 
denote either vy-i; or i;-v;. Observe that the input-characteristic 
curves can be interpreted as the v-i curves of a controlled resistor 
with x2 as the controlling variable. As a matter of fact, there are 
some practical applications for which the output terminals b-c are 
connected across an independent source. In this case, the three- 
terminal resistor is used simply as a controlled resistor, and the set 
of input characteristic curves is sufficient for all design purposes. 
However, if the circuit connected across the output terminals b-c 
is not an independent source, which is usually the case, then the 
set of input characteristic curves does not completely characterize 
the three-terminal resistor. This is because we have no way of 
finding the value of x2 which applies at a particular time. To com- 
plete the characterization, we need to perform another set of 
measurements. 
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The second set of measurements is obtained by applying an- 
other independent source x; (which can be either a voltage source 
or a current source) across terminals a-c as shown in Fig. 3-2c, 
and measuring the v2-i2 curve across terminals b-c of the resulting 
two-terminal black box. An analogous set of v2-iz curves can be 
plotted with the value of x1 as a parameter. We shall usually refer 
to this set of curves as the output-characteristic curves. A hypo- 
thetical set of output-characteristic curves is shown in Fig. 3-2d, 
where the variables z2-y2 may denote either v2-i2 or i2-Ve. Observe 
that the output-characteristic curves of a three-terminal resistor 
can also be interpreted as the v-i curves of a controlled resistor. In 
this sense, a three-terminal resistor is completely equivalent to two 
controlled resistors. 


(d) 


Fig. 3-2. A three-terminal re- 
sistor is characterized by two 
sets of curves; each set can be 
interpreted as the v-i curves of 
a two-terminal controlled re- 
sistor. 


3-terminal 
resistor 


3-terminal 
resistor 


(a) Independent variable: v, (b) Independent variable : U, 
Controlling variable: v, Controlling variable: v, 
i, =t,(v,,%) Method 1 i, =1,(v,, 0) 


Voltmeter 
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resistor 


is oe variable: 7, (6) Independent variable: i, 
Controlling variable: i. Controlling variable: 7, 
v; =v, (7,, Py) Method 2 u, =U (75, t, Te) 
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(a) Independent variable: U (6) Independent variable: Lo 
Controlling variable: 7, Controlling variable: v, 
1, =1,(v,,7,) Method 3 Uy =Up(7y, Y, ) 


3-terminal 
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(a) Independent variable: Ly (6) Independent variable: Uy 
Controlling variable: U, te variable: 7, 
By = 0, (7, ¥,) Method 4 TiAl), i) 


Fig. 3-3. Four laboratory setups for measuring the characteristic curves of a three-terminal resistor. 
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3-2-1 FORMS OF REPRESENTATION 


In Fig. 3-2b, »; represents the dependent variable, z; the inde- 
pendent variable, and x2 the controlling variable. Similarly, in Fig. 
3-2d, ye, Z2, and x; represent the dependent, independent, and 
controlling variables, respectively. Since each of these variables 
may be either a voltage or a current, there are four distinct com- 
binations corresponding to the four laboratory setups shown in 
Fig. 3-3. In the first setup, the input-characteristic curves are ob- 
tained by measuring the current 7, corresponding to different 
values of v;, while keeping the value vy fixed at some value £2. The 
resulting points are plotted into a vj-i; curve, with ve = E> as the 
parameter. The procedure is repeated for different values of v2. To 
obtain the output-characteristic curves, we measure the current ig 
corresponding to different values of v2, while keeping the value of 
v; fixed at some value £). The resulting points are plotted into a 
Ug-i2 Curve, with vy = £j as the parameter. 


Exercise: Explain how the measurements are taken in the remaining three setups 
and sketch a hypothetical set of input- and output-characteristic curves in each 
case. 


In order to illustrate the different combinations, let us consider 
a hypothetical three-terminal resistor.1 Suppose the characteristic 
curves of this resistor have been measured by method | and are 
shown in Fig. 3-4a. In order to simplify our discussion, we have 
“contrived” these curves so that they may be represented mathe- 
matically by the following two equations: 


(3-3) 
(3-4) 


iy = (U1 + v2) 


Io = (v2 = M4)? 


Since the slope at each point of the curves has the unit of “con- 
ductance,” we shall refer to these sets of curves as the conductance 
representation. It is important to realize that each of the four 
methods of measurements given in Fig. 3-3 gives a complete 
characterization of the device. Therefore, for a given device, it is 
necessary to choose only one method, whichever is simpler, and 
from the resulting measurements we should be able to replot the 
points so as to obtain two new sets of curves corresponding to an- 
other method of measurement. 

In order to illustrate how one set of measurements can be con- 
verted into an equivalent set of measurements, let us repeat our 
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1The reader is strongly 
urged to think in terms of 
hypothetical devices, even 
though they may not be as 
motivating as real devices. 
After all, the transistor 
was just as hypothetical as 
many of our examples un- 
til its discovery in 1948! 
The effort to think more 
abstractly will be amply 
rewarded by the ability to 
analyze circuits containing 
new devices yet to be in- 
vented. 


2 In practice, it is generally 
not possible to find a rea- 
sonably simple mathemat- 
ical description. This is 
why the majority of prac- 
tical three-terminal devices 
is invariably described by 
two sets of characteristic 
curves. 
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(a) Conductance representation 
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(b) Resistance representation 
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(c) Conductance-resistance representation 


Fig. 3-4. A three-terminal resistor is completely characterized by any one of six distinct forms of representations. 
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(d) Resistance-conductance representation 
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(e) Voltage ratio - current ratio representation 
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(f) Current ratio - voltage ratio representation 


Fig. 3-4 (Continued) 
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experiment on the above device using the remaining three methods. 
If these experiments were carried out accurately on this device, we 
should obtain the sets of curves shown in Fig. 3-46, c, and d, 
respectively. For analogous reasons, these characteristic curves 
are called the resistance representation, conductance-resistance repre- 
sentation, and resistance-conductance representation, respectively. 
To show that we can derive the resistance representation from the 
conductance representation, let us solve for v1 and vs in terms of 
i; and ig in Eqs. (3-3) and (3-4). The result is given by 


vy = 2 (14 — 123) (3-5) 
5 (in3 + 11/3) (3-6) 


v2 


Equations (3-5) and (3-6), when plotted, must give the same sets 
of curves shown in Fig. 3-4b, because they pertain to the same 
device. 

By a similar procedure, we can solve for i; and v2 in terms of 
v1 and iz from Eqs. (3-3) and (3-4) to obtain the following con- 
ductance-resistance representation: 


hi = (201 + ig3)3 G-7) 
V2 = (i23 + 03) (3-8) 


Similarly, by solving for v; and iz in terms of 7; and v2 from Eqs. 
(3-3) and (3-4), we obtain the following resistance-conductance 
representation: 


Uy = (i? 2) (3-9) 
ECO re yu (3-10) 


Actually, we can solve for two more combinations from Eqs. 
(3-3) and (3-4) which do not have an experimental counterpart. 
For the first combination, we can solve for v, and i; in terms of v2 
and is to obtain 


— (V2 = in?) (3-11) 
iy = (—i23 + 2v2)8 (3-12) 
Since the slope of each point on the first set of curves represents a 


voltage ratio and that of the second set represents a current ratio, 
we shall refer to the above sets of relationships as the voltage ratio- 
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current ratio representation. The second combination is obtained 
by solving for v2 and 72 in terms of vy and 7;; thus 


02 = (—v1 + iS) (3-13) 
i (71/3 = 2v;)! 3 (3-14) 


In order to avoid ambiguity with the voltage ratio—current ratio 
representation, we shall refer to this combination as the current 
ratio—voltage ratio representation. Observe that the last two repre- 
sentations cannot be measured directly; they must be converted 
from the other four representations. 

Only six common forms of representation are given in Fig. 
3-4. Actually, there are other forms of representation which are 
Just as valid and, in fact, may be more appropriate for some 
applications. In particular, any two sets of measurements which are 
independent of one another would qualify. For that matter, any 
representation on the left column of Fig. 3-4 may be combined 
with any representation on the right column. For example, it 
is just as valid for us to represent the three-terminal resistor by 
Eq. (3-7) for its input-characteristic curves and Eq. (3-4) for its 
output-characteristic curves. 

The above examples show conclusively that whereas a three- 
terminal resistor may be characterized by at least six distinct 
forms of representations, these representations are not independent. 
If one representation is given analytically, then the remaining 
representations may be obtained by solving for the desired de- 
pendent variables in terms of the independent variables, provided 
such a solution exists. Even in the two-terminal case, we have 
seen many examples of v-i curves described by v = v(i) for which 
it is not possible to solve for i = i(v). This is because the latter 
may be a multivalued function of v. The same situation holds for 
three-terminal resistors. We may not be able to solve for vy and ve 
in terms of i; and i in the resistance representation if the variables 
v; and vz are multivalued functions of i, and i. For example, con- 
sider the representation 


i = (vy + U2)? (3-15) 
iz = v12 + v2! (3-16) 
It is easy to see that there are many values of (v1,02) which give the 


same (iz,i2). For example, v; = 1, vg = 1 and v1 = =, Sil 
both give i; = 4 and iz = 2. 
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There is a special type of three-terminal resistor which will be 
of some importance to us when the characteristic curves consist of 
a system of uniformly spaced straight lines. For this type of three- 
terminal resistor it is not necessary to plot the characteristic curves 
because they can be easily described by two linear equations. 
Corresponding to the six distinct representations given in Fig. 3-4, 
we now have the following simplified equations: 


Conductance representation 


iy = 21101 + Ziove + Ih 
ig = 2211 + 222V2 + Io 


Resistance-conductance 
representation 


Vy = Ayyiy + Ayov2 + Ey 


ig = hoyiy + he2v2 + I2 
Resistance representation 


F : Voltage ratio-current ratio 
i = Tae ryolo + Fy : 
: jut Tae representation 


Vo = reili + reoie + Eo (3-17) 
Vy = tywWe2 + hole + Fi 


nce-resi : : 
Conductance istance pica alle Fon 


representation 
iy = kyyvy + kizig + lh 
Vg = koyv1 + Koei2 + Ee 


Current ratio—voltage ratio 
representation 
V2 = Y1101 + Y12l1 + Ee 
ig = Y211 + Yeel1 + Lp 


A further special case occurs when the constants J;, 2, 4, 
and EF» in Eqs. (3-17) are zero. In this case, each of six sets of co- 
efficients gij, rij, Kij, hij, tj, OF Yij Completely describes the element. 
These coefficients can be easily calculated from the system of 
straight lines. For example, the g;; parameters can be found from 
Eq. (3-17); thus 


ly iy | 
i == Lee a 
g Vy |v2=0 g V2 1v,=0 
| ; (3-18) 
lo 12 
2S oo =a 
Uz Ive=0 V2 |v,=0 


Equation (3-18) says that to find gi, we look for the straight line 
with parameter vz = 0 and calculate its slope. Physically, referring 
to Fig. 3-3a, gi1 can be found by short-circuiting the output 
terminals and measuring the conductance across the input termi- 
nals. The remaining three parameters have a similar interpretation. 
For this reason, the g;; parameters are usually called short-circuit 
conductances. For a similar reason, the rj; parameters are usually 
called open-circuit resistances; the k, and hy parameters are usually 
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called hybrid parameters; the t; and yj; parameters are usually 
called transmission parameters. 


Exercise 1: Derive Eqs. (3-5) to (3-14) from Eqs. (3-3) and (3-4). 

Exercise 2: A three-terminal resistor is characterized by the following voltage 
ratio-current ratio representation: 

V1 = (v2 + i2)8 

iy = (v2 + i2)1/8 

(a) Find the remaining five representations. (4) Do all representations consist of 


a family of curves? If some representation reduces to only one curve, explain its 
significance. 


Exercise 3: The resistance representation of a certain three-terminal resistor is 
given by 

i 2i, — Zio a i 2 

Ve-= 1, + Ying + 4 

(a) Find the remaining five representations. (b) Sketch the characteristic curves 
in each of the six representations. 


Exercise 4: (a) Find the conditions on the characteristic curves so that the con- 
stants J;, I2, Ey, and E> are zero in Eqs. (3-17). (b) Give explicit formulas for 
evaluating the remaining parameters rj;, Ajj, hij, tj, and yi; in a form similar to 
Eq. (3-18). (c) Using these formulas, calculate the numerical value in each case 
for the resistor given in Exercise 3, and check your answers with those obtained 
in Exercise 3. 


Exercise 5: Repeat Exercise 3 for the following representation: 
vle— 1, + Zio 
vg = 24 a 4io 


If any representation fails to exist, give a geometrical interpretation and explain 
why. 


3-2-2 GRAPHICAL TRANSFORMATION OF REPRESENTATIONS 


The fact that a certain representation may not exist analytically 
does not imply that this representation cannot be obtained by 
other means. On the contrary, we can always use graphical tech- 
niques to replot a given set of characteristic curves into another 
set. As a matter of fact, this approach is more realistic because al- 
most all practical devices are described by two sets of curves, not 
by two simple equations. 

To illustrate the graphical approach, let us suppose it is 
desirable to convert the curves given in the conductance repre- 
sentation (Fig. 3-4a) into an equivalent set of curves in the 
resistance-conductance representation of Fig. 3-4d. Consider first 
the determination of the input-characteristic curves vy = 01(/1,02). 
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Fig. 3-5. The graphical proce- 
dure for obtaining the output- 
characteristic curves of the re- 


sistance-conductance __ repre- 
sentation consists of (a) draw 
the horizontal line i; =k in 
the vy-i; plane of the conduct- 
ance representation; (b) trans- 
fer the points of intersection 
into the v2-i2 plane; and (c) re- 
plot this curve with i; as the 
parameter. 


TA simple method for ob- 
taining these curves is to 
trace the curves of Fig. 
3-4a on transparent paper, 
flip the paper over, and 
reposition it so that the v; 
axis becomes the vertical 
axis. 


Since v2 is the controlling variable, we must assign specific param- 
eter values to ve and try to locate the points corresponding to this 
parameter value. These points can be found systematically by ob- 
serving that the constraint ve = k is satisfied by all points on the 
v-i curve corresponding to v2 = k in Fig. 3-4a. Hence, in this case, 
we need only to replot this curve with 7, as the horizontal axis and 
v; the vertical axis.! Repeating this procedure for different values 
of k would lead to the same characteristic curves shown in 
Fig. 3-4d. 

To obtain the output-characteristic curves, we observe that the 
controlling parameter is now 7;. Hence, for each parameter value 
k the constraint i; = A represents a horizontal line in the input- 
characteristic curves of Fig. 3-4a, as shown in Fig. 3-5a. The 
coordinates (v;,V2) of the points of intersection (such as a, b, c, d, 
e, and f) of this line with the input-characteristic curves can now 
be transferred to corresponding points in the v2-i2 plane as shown 
in Fig. 3-5b (points a’, b’, c’, d’, e’, and f’). If a smooth curve is 
passed through these points, we would obtain the desired ve-ic 
curve corresponding to the controlling parameter i; = k. This 
curve is replotted as shown in Fig. 3-5c. If the procedure is repeated 
for different parameter values, we would obtain the same output- 
characteristic curves shown in Fig. 3-4d. 


Exercise 1: Give the graphical procedure for obtaining the curves in the resist- 
ance representation from the curves in the conductance representation. Sketch 
one curve in each case and check your answer with that given in Fig. 3-4b. 


Exercise 2: Repeat Exercise 1 for the following cases: (a) conductance-resistance 
representation and (b) current ratio-voltage ratio representation. 


Exercise 3: Given the characteristic curves in the resistance-conductance rep- 


resentation, find the graphical methods for obtaining the remaining five 
representations. 
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3-2-3. TRANSFORMATION TO ANOTHER COMMON TERMINAL 


Our discussions and derivations in the preceding sections have 
been presented under the tacit assumption that terminal c of the 
three-terminal resistor in Fig. 3-2 is the ground terminal. In many 
practical problems, occasions arise wherein a different ground 
terminal is desired. We can certainly go to the laboratory and 
perform the same sets of measurements as before with respect to 
the new ground terminal. However, not only is this a time- 
consuming process, but on many occasions we do not have the de- 
vice on hand. For example, we may be using the character- 
istic curves supplied by the manufacturer, and we certainly would 
not want to buy the device and measure the curves (with respect 
to our new ground terminal) only to find out later that the result- 
ing characteristic curves are unsuitable. Since the same device is 
involved, there must be a way to transform the characteristic 
curves (with respect to our common terminal) into an equivalent 
set of characteristic curves with respect to another terminal. In- 
deed we can; in fact, all we need to do is to apply Kirchhoff volt- 
age and current laws. 

To show the procedure for obtaining the desired transforma- 
tion, let us consider the same three-terminal resistor of Fig. 3-2. 
For comparison purposes, this resistor is redrawn in Fig. 3-6a 
with its original voltage and current variables. The same resistor 
is shown in Fig. 3-65, but with a new set of voltage and current 
variables with respect to the new ground terminal b. In order to 
avoid confusion, we use primes to denote the new variables. The 
original resistor is characterized by Eqs. (3-3) and (3-4), which we 
reproduce here for convenience: 


i = (vy + V2) (3-19) 
Io — (v2 = Oi)~ (3-20) 
+ — 
Vy | 
-termi 3 - terminal 
oe “ee Oe iets resistor ) 
S \ ] “ 


(a) a (b) 
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Corresponding to 
each ground terminal, a dis- 
tinct set of voltage and current 
variables must be defined for 
a three-terminal resistor. 
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In order to transform to the new variables, we must express U4, Ve, 
i;, and ig in terms of vj, vs, 1, and is. Since the two resistors 
shown in Fig. 3-6 are identical, their corresponding voltages and 
currents must be identical. Hence, we can apply the Kirchhoff 
voltage law to obtain 


Uy = VY — U5 (3-21) 
A Kos (3-22) 


v2 


Similarly, since the Kirchhoff current law is applicable to the 
“supernode” discussed earlier, 71 + ig + i3 = 0. But = i; and 
iz = ig; therefore, we obtain 


ices (3-23) 
ip = —(i, + i) (3-24) 


Substituting Eqs. (3-21) to (3-24) into Egs. (3-19) to (3-20), we ob- 
tain, after some simplification, the following desired relationship: 


i = (ui — 2h) (3-25) 
i2 = (i)/3 — (4 — 2v3)8 (3-26) 


In most practical devices, the curves are given graphically. In 
this case, the same method applies; however, the procedure is 
much more tedious. To do this systematically, a table must 
be prepared for values computed from Eqs. (3-21) to (3-24). This 
task can be automated by writing a computer program for con- 
verting one representation into another. 


Exercise 1: Find the procedure for transforming the conductance representation 
of the three-terminal resistor shown in Fig. 3-6a into an equivalent conductance 
representation with terminal a as the ground terminal. Let i/ and i denote 
the currents entering terminals b and c, respectively. Let v/ and vy denote the 
voltage at terminals b and c, respectively. 


Exercise 2: By a strictly graphical approach, transform the characteristic curves 
of Fig. 3-4a into an equivalent set of curves in the conductance representation 
but with terminal b as the ground terminal. Check your solution by plotting the 
curves given by Eqs. (3-25) and (3-26). 


3-2-4 SOME PRACTICAL THREE-TERMINAL RESISTORS 


So far, for the sake of generality, we have considered only hypo- 
thetical elements. Actually, there are many practical three-terminal 
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resistors which are widely available commercially, some of which 
are listed in Table 3-1. Because they are practical devices, the 
three terminals of each device are usually identified by terms re- 
lated to internal construction. For example, for the vacuum triode, 
these terminals are called the grid, the plate, and the cathode. In- 
stead of using subscripts | and 2, we shall use letter subscripts for 
the terminal current and voltage variables. The characteristic 
curves of the triode are given in the conductance representation. 
Observe that whereas the output-characteristic curves are widely 
spaced, the input-characteristic curves are “packed” close to each 
other. Physically, this means that whereas the grid voltage Vg 
exerts a significant influence on the output-characteristic curves, 
the plate voltage Vp influences the input-characteristic curves only 
very slightly. In view of this property, we can usually approximate 
the input-characteristic curves by only one curve for most prac- 
tical purposes. Mathematically, this is equivalent to replacing the 
representation 71 = 14(U1,V2) by i; = i1(v1). As we shall see later, 
this approximation greatly simplifies the analysis procedure. 
The second three-terminal resistor listed is called a thyratron. 
Observe that the input-characteristic curves are given in the con- 
ductance-resistance representation, but the output-characteristic 
curves are given in the conductance representation. This particular 
representation is usually chosen by the manufacturer because the 
measurements can be more accurately taken. The next two ele- 
ments listed are called n-p-n and p-n-p transistors, respectively. In 
both cases, the terminals are called emitter, base, and collector. 
The only difference in their symbols is the direction of the arrow- 
head, Jeaving the emitter terminal for the n-p-n transistor and 
entering the emitter terminal for the p-n-p transistor. In both 
cases, the input-characteristic curves are given in the conductance 
representation, but the output-characteristic curves are given 
in the resistance-conductance representation. The characteristic 
curves for the n-p-n transistor in Table 3-1 are measured with the 
base as the common terminal. Hence, they are called the common- 
base characteristic curves. In contrast with this, the emitter of the 
p-n-p transistor in Table 3-1 is the ground terminal. Consequently, 
these characteristic curves are called the common-emitter charac- 
teristic curves. In view of our previous discussion, it does not 
matter to which configuration the characteristic curves belong; 
after all, given one, we can find the other if necessary.1 However, 
it turns out that for either the n-p-n or the p-n-p transistors, the 
common-emitter characteristic curves are easier to measure and 
are, therefore, the favorite form supplied by manufacturers. Just 
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1 See Appendix D for more 
n-p-n and p-n-p transistor 


characteristic curves 
both configurations. 


in 


100 


TABLE 3-1 A list of common three-terminal resistors. 
a aa a CS 


Input- Output- 
characteristic characteristic 
Name Symbol curves curves 
AT, ma 
30 
Vacuum 
triode 
Cathode 
0 100 200. 300 400 v, 
vol! 
Wi ma 
200) V, = Controlled grid 
r voltage in volts 
200+ 
Thyratron L 
V,=0 -5 -10 -15 
100+ —20 
1 1 - 
0 100 200 300 7 
Vy. 
vol” 
n-p-n 
transistor 
i ma 
12 Soe 04 
a _— 
Vor = Var 
p-n-p — 20 volts al volts 
transistor —10 volts 
5 volts 
—2 volts 
0 volts 
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Input- Output- 
characteristic characteristic 
71e Symbol curves curves 


hannel 
1-effect 
asistor 
FET ) 


hannel 
d-effect 
isistor 
FET ) 


junction 
asistor 


—207 volts 
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1This element is usually 
called the FET in practice. 
It is fast becoming a work- 
horse in electronic circuits. 
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as with the vacuum triode, the input characteristics of either the 
n-p-n or p-n-p transistors are usually approximated by a single v-7 
curve. 

The next two elements listed in Table 3-1 are called p-channel 
and n-channel field-effect transistors, respectively.t The three ter- 
minals are called the gate, the drain, and the source. ine 
usual characteristic curves supplied by the manufacturer are in 
the common-source configuration, as shown in Table 3-1. Observe 
that unlike the preceding cases, the input-characteristic curves of 
the FET consist of only one v-i curve. Physically, this means that 
the drain voltage and the drain current have no effect whatsoever 
on the input-characteristic curves. As we shall see later, this 
property is highly desirable for many applications. 

The next element in the list is called a unijunction transistor. 
The three terminals are usually called the emitter, the base B,, and 
the base Bz. Unlike the other elements, both the input and 
the output-characteristic curves are widely spread out. It is not 
possible, therefore, to approximate the input-characteristic curves 
by only one v-i curve. 

The last element in the list is called a silicon-controlled 
rectifier (SCR). The three terminals are usually called the gate, the 
anode, and the cathode. For most practical purposes, the input- 
characteristic curves consist of a single v-i curve. Observe also that 
above a certain value of anode current, the output-characteristic 
curves reduce to an almost vertical line. 

What are three-terminal resistors good for? They are capable 
of doing whatever a two-terminal resistor can do, and a lot more 
that a two-terminal resistor cannot do. This follows from the ob- 
servation that any three-terminal resistor can be used as a two- 
terminal controlled resistor by connecting an independent voltage 
or current source across two terminals of the three-terminal 
resistor. For example, as we shall see later, the silicon-controlled 
rectifier and the thyratron are normally used in this manner. 
In some cases, we may simply short-circuit or open-circuit the two 
terminals. For example, if we short-circuit the plate and the 
cathode terminals of the vacuum triode, the resulting input- 
characteristic curve is simply the V@-Ig curve corresponding 
to Vp = 0. But this is just the v-i curve of the vacuum diode 
shown in Table |-1. Similarly, we can obtain a first-quadrant v-i 
curve similar to that of the constant-current diode shown in 
Table 1-1 by short-circuiting the gate and source terminals of an 
n-channel FET. Hence, whereas a two-terminal resistor may be 
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msidered as a special case of a controlled resistor, a controlled 
:sistor may be considered as a special case of a three-terminal re- 
istor. Because of their greater generality, three-terminal resistors 
ire more versatile and flexible. Consequently, they are the most 
videly used in practice. 


=xercise 1: Show how to connect a transistor to obtain a two-terminal resistor 
vith a v-i curve similar to that of a junction diode. Do this for the following 
cases: (a) n-p-n transistor type 2NXX15; (6) p-n-p transistor type 2NXX16; 
.c) n-p-n transistor type 2NXX17A; (d) n-p-n transistor type 2NXX17B; (e) p-n-p 
transistor type 2NXX18A; and (/) p-n-p transistor type 2NXX18B. 


Exercise 2: Find the current leaving the base B, of the unijunction transis- 
tor type 2NXX21 when a 20-volt battery is connected across terminals By and 
By, with terminal £ left unconnected. 


Exercise 3: Find the voltage from the ‘‘drain”’ to the ‘‘gate’’ and the current leav- 
ing the ‘‘source”’ of a p-channel FET type 2NXX20. Assume that a 5-volt battery 
is connected between the drain and the source (positive polarity), and assume 
that the gate is connected to the source. 


Exercise 4: A three-terminal element is said to be passive if the sum of the 
instantaneous powers p(t) = viii + Voi is never negative. Otherwise, it is said 
to be active. (a) What restrictions must we impose on the locations of the charac- 
teristic curves in order for a three-terminal resistor to be passive? (b) Classify 
each of the resistors listed in Table 3-1 according to whether it is active or 
passive. 


3-3. THREE-TERMINAL CAPACITORS 


A three-terminal element was previously defined in Sec. 3-1 to be 
a three-terminal capacitor if it can be characterized by two sets 
of curves, or relationships, involving the variables vj, v2, qi, and 
gz. The same procedure for measuring three-terminal resistor 
characteristic curves is applicable here. However, instead of meas- 
uring the terminal currents /1 and iz, we measure their time 


integrals gi(t) = ils o ix(t) dr and qo(t) = ips io(t) dr. This can be 


achieved with the integrator to be described in Sec. 3-6-2. 

Just as for three-terminal resistors, there are several possible 
forms of representation. Since the principles are identical, only 
one form will be discussed here, namely, 


gi = 41(U1,02) (3-27) 
G2 = 42(V1,02) (3-28) 
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1Tn analogy with the capac- 
itance of a two-terminal 
linear capacitor, the co- 
efficients C,; and Cy» are 
usually called self-capaci- 
tances, whereas the co- 
efficients Cy2 and C2; are 
called mutual capacitances. 
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To find the currents i:() and i2(t) corresponding to any voltage 
waveforms v;(f) and v2(t), we apply the chain rule for differentia- 
tion to Eqs. (3-27) and (3-28); thus 


a a _ 0g1 doit) | 0g1 deo?) 3-29 
Cie avy dt us OV2 dt : : 
im _ go doi(t) , 2q2 dvo(t) 3-30 
CO ad oe doy mea sleepin! Cee 


In the special case where Eqs. (3-27) and (3-28) are linear func- 
tions of v; and v2, namely, 


gi(¥1,02) = Cyv1 + Cove 6-31) 
G2(U1,02) = Cov + Crave (3-32) 


the capacitor is said to be a linear capacitor, and Eqs. (3-29) and 
(3-30) simplify to! 


i(t) = Cir #0) + Cog OD (3-33) 
in(t) = Co4 a + Cx (3-34) 


Although three-terminal capacitors are not yet commercially 
available, the possibility of their future availability cannot be dis- 
missed. As a matter of fact, the parasitic capacitances between the 
three terminals of any practical element can be considered as 
forming a three-terminal linear capacitor. Although undesirable, 
this parasitic capacitor must be included in the analysis if its 
associated coefficients C11, Cy2, Co1, and C22 are significant. This 
situation usually occurs in the design of integrated circuits. 


Exercise 1: Devise a laboratory setup for measuring the characteristic curves of 
a three-terminal capacitor. 


Exercise 2: Discuss all possible forms for representing the characteristic curves 
of a three-terminal capacitor. 


3-4 THREE-TERMINAL INDUCTORS 


A three-terminal element is called a three-terminal inductor if it 
can be characterized by two sets of curves, or relationships, 
involving the variables i1, i2, pi, and gz. The measurement proce- 
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dure is analogous to that of the three-terminal resistor. However, 
instead of measuring the voltages vy and v2, we measure their 


time integrals p(t) = ibe 0x(T) dt and g(t) = es V2(T) dr. 


Among the various possible forms of representation, consider 
the following more common case: 


(3-35) 
(3-36) 


Qi = Gillie) 
G2 = P2li1,l2) 


To find the voltages v;(‘) and v2(t) corresponding to any current 
waveforms /;(f) and 72(f), we apply the chain rule, thereby obtaining 


dr _ opr din) | opr dia) 
dt di, dt Qi2 dt 
dpz _ Op. di(t) , dq dis(t) 
eres PAGE jin edi 


u(t) = (3-37) 


vo(t) = (3-38) 


In the special case of a three-terminal linear inductor, Eqs. (3-35) 
and (3-36) reduce to! 


G1 = Lyi + Lisle (3-39) 
ge = Leit1 + Leole (3-40) 
In this case, the inductor terminal voltages simplify to 
dix(t) di2(t) 
Lal. ligg =S= Ms 
vi(2) ae 12a, (3-41) 
ao dis(t) 
Vo(t) = Lo dt + L229 di (3 42) 


The most common example of a commercially available 
three-terminal inductor is that of a toroidal coil with a center tap, 
as shown in Fig. 3-7a. The corresponding sets of i-p curves 
are shown in Fig. 3-7b and c. 


Exercise 1; Devise a laboratory setup for measuring the characteristic curves of 
a three-terminal inductor. 


Exercise 2: Discuss all possible forms for representing the characteristic curves 
of a three-terminal inductor. 


105 


1 Jn analogy with the induct- 
ance of a_two-terminal 
linear inductor, the coeffi- 
cients L,, and Los are 
usually called self-induct- 
ances, whereas the coeffi- 
cients Ly2 and Lo; are 
called mutual inductances. 
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Fig. 3-7. A common three-ter- 
minal inductor characterized 
by two sets of parallel-spaced 
i-p Curves. 


Fig. 3-8. To characterize a 
four-terminal black box, three 
distinct laboratory setups are 
necessary; each setup involves 
as many sets of measurements 
as are necessary to include all 
desired combinations of pa- 
rameter values of the control- 
ling variables. 


4 - terminal 
resistor 
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3-5 MULTITERMINAL ELEMENTS 


Consider now an n-terminal black box with n > 3. Conceptually, 
the procedure for characterizing this black box is similar to the 
three-terminal case. For example, three distinct laboratory setups 
(Fig. 3-8) are necessary to completely characterize a four-terminal 
resistor. In each setup, the black box is converted into a two- 
terminal controlled resistor with two controlling variables. Since it 
is not possible to plot points in a four-dimensional space, it is 
necessary to fix the value of one controlling variable and measure 
a set of v-i curves with the second controlling variable as a param- 
eter. Therefore, many separate sets of curves are needed for each 
of the three setups. More generally, n — | distinct laboratory 
setups are required to completely characterize an n-terminal re- 
sistor. Each setup alone would involve as many sets of v-i curves 


i y. 4 w 4 < 
2 5 . \ ; ya U> SS 


4 - terminal 
resistor 


4 - terminal 
resistor 
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Cathode < 

= (a) 


as are necessary to include all desired combinations of parameter 
values of the controlling variables. It should be clear by now that 
it is in general impractical to completely characterize an n-terminal 
black box. However, we may partially characterize an n-terminal 
resistor by operating the resistor as a three-terminal controlled 
resistor. 


Exercise: Draw the laboratory setups necessary to completely characterize a 
five-terminal resistor. Explain how the measurements are to be taken. 


3-5-1 MULTITERMINAL RESISTORS OPERATING 
AS THREE-TERMINAL CONTROLLED RESISTORS 


Any n-terminal resistor can be converted into a three-terminal 
controlled resistor by connecting a voltage source or a current 
source from each of the remaining n-3 terminals to the common 
terminal. Once the terminal voltage of the voltage sources and the 
terminal currents of the current sources are fixed, the result- 
ing three-terminal black box is no different from an ordinary 
three-terminal resistor,! and can therefore be characterized by the 
procedures described in Sec. -34~The only precaution that we 
must observe is that any circuit “containing an n-terminal resistor 
(operating as a three-terminal controlled resistor) which is de- 
signed in accordance with a set of characteristic curves (usually 
furnished by the manufacturer) must be operated in practice with 
the same controlling voltages and currents for which these char- 
acteristic curves are measured. 

A commercially available four-terminal resistor which is 
usually operated as a three-terminal controlled resistor is the 
tetrode shown in Fig. 3-9a. The controlling terminal is called the 
screen grid and the remaining three terminals are called the con- 
trolled grid (no. 1), the plate, and the cathode, respectively. The 


Fig. 3-9. A tetrode, when oper- 
ating as a three-terminal re- 
sistor, can be characterized by 


two sets of characteristic 
curves by fixing the value of 
the screen grid voltage Vg,. 


1Jf the terminal voltage of 
a voltage source, or the 
terminal current of a cur- 
rent source, is set equal to 
zero, the corresponding 
terminal is simply short- 
circuited, or open-cir- 
cuited, with respect to the 
ground terminal. 
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characteristic curves corresponding to a typical screen grid voltage 
Vg, are shown in Fig. 3-9b and c. 

A commercially available five-terminal resistor which is usu- 
ally operated as a three-terminal controlled resistor is the pentode 
shown in Fig. 3-10a. The two controlling terminals are called the 
screen grid (no. 2) and suppressor grid (no. 3). The remaining 
three terminals are called the controlled grid (no. 1), the plate, and 
the cathode, respectively. The characteristic curves corresponding 
to a typical screen grid voltage Vg, and suppressor grid voltage 
Vg, are shown in Fig. 3-105 and c. 


3-5-2. MULTITERMINAL ELEMENTS 
WITH PRESCRIBED CONSTRAINTS 


There is a special, but very common, class of n-terminal black 
box which need not be operated as a three-terminal controlled re- 
sistor. This class of black box must possess certain prescribed 
constraints which allow a simple, yet complete, characterization to 
be possible. The prescribed constraints may take the following 
two common forms: (1) internal current and voltage constraints 
and (2) external port constraints. 


Internal current and voltage constraints This type of black box is 
usually characterized by the property that one (or more) terminal 
currents or voltages are constrained to be always (or to be exact, 
approximately) zero. In addition to this, the black box is usually 
constrained by some internal elements which behave like con- 
trolled sources, such that certain terminal voltages are independent 
Fig. 3-10. A pentode, when of their terminal currents. For example, a voltage-controlled volt- 
Operating as a three-terminal age source can be considered as a four-terminal black box in which 
resistor, can be characterized 8 a : SEEas as Ours cman AC Ox a wile 
by two sets of characteristic the current entering the controlling terminal is constrained to be 
curves by fixing the values of | zero, and the output voltage is constrained to be a function of the 


the screen grid voltage Vg, and : 
the suppressor grid voltage V«,. controlling voltage only. 


3- terminal 
: black box 


Plate 


G,° 
Controlled grid 
Cathode 
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A widely used four-terminal resistor with internal current 
and voltage constraints is the operational amplifier whose symbol 
is shown in Fig. 3-lla.t This resistor is characterized by the 
following three relationships: 


= 
a0) 
and 


A(v2 — Uj) if jvo —v4|<C E 
CA Te if (Ve — 01) > E (3-43) 
—AE if (v2 —= U1) < —E 


It is important to observe that the third relationship is independent 
of the terminal current i,. Moreover, since it depends only on 
V21 = (v2 — 01), the voltage difference between terminals 1 and 2, 
it is more convenient to plot this relationship in terms of (vz — 04), 
as shown in Fig. 3-115. This is clearly simpler than the usual pro- 
cedure of plotting v, versus v1, with v2 as a parameter, or vice 
versa. 

In most commercially available operational amplifiers, the 
value of A is at least 20,000, and the value of F is usually less 
than 0.5 mv. This means that the maximum magnitude of the out- 
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Fig. 3-11. An operational am- 
plifier is a multiterminal resis- 
tor with a simple relationship 
between the output voltage v, 
and the voltage v2; between 
terminals 1 and 2. 


1 When there is no ambigu- 
ity, it is a common prac- 
tice to delete the ground 
terminal from this symbol 
for simplicity. In any case, 
the terminal voltages v1, 
Ve, and v, are always meas- 
ured with respect to the 
ground terminal. 
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Fig. 3-12. An operational am- 
plifier can be modeled by three 
controlled sources. 


1The parameters A and E 
are usually called the volt- 
age gain and the satura- 
tion voltage, respectively. 
The amplifier is said to be 
saturated whenever |v2 — 
v;| > E because the out- 
put voltage ceases to vary. 


The voltages U1 1 Up, and vu, are 
measured with respect to ground 


put voltage of most transistorized operational amplifiers is less 
than 10 volts.1 In the less expensive type of operational amplifiers, 
there is only one input terminal, as shown in Fig. 3-11c. In this 
case, Vg = 0, and the output voltage relationship reduces to that 
shown in Fig. 3-I1d. 

An operational amplifier can be modeled by three controlled 
sources, as shown in Fig. 3-12. This is easily seen to be true 
because hi =i, = @). (7 =h = 0, and Ue =o) = Un SS OD — hic In 
practice, the operational amplifier is constructed by an appropriate 
circuit (containing transistors, FET, etc.) which need not concern 
us now. As a matter of fact, with the advent of integrated-circuit 
technology, the internal elements which made up the operational 
amplifier have now been miniaturized so that as far as the user is 
concerned, he could hardly tell the difference between this element 
and a transistor. In other words, from a black-box point of view, 
the operational amplifier is just another multiterminal resistor. 

The phenome 1al progress in integrated-circuit technology has 
opened up an entirely new era in nonlinear circuits. There are now 
many commercially available multiterminal black boxes which be- 
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long to the above category. Most of these elements are called 
logic elements because they are the building blocks of systems, such 
as digital computers, which perform logic operations. We shall 
briefly mention two common logic elements, the AND gate and 
the OR gate. 

The symbol of a four-terminal AND gate is shown in Fig. 
3-13a.1 This element is characterized by the relationships 


iy 
0 
and 
V1 whenever 0 < v1 < U2 
Oy = | os whenever 0 < U2 < vy (3-44) 


0) otherwise 


The third relationship can be represented by the curves shown in 
Fig. 3-13b. Observe that at any time 7, the output voltage is equal 
to the smaller of the two input voltages, provided v; and v2 are 
positive. Hence, if v; and ve consist of stepwise positive waveforms 
as shown in Fig. 3-13c, then the output voltage v,(7) will be 


Fig. 3-13. An AND gate is 
characterized by the property 
that the output voltage at any 
time ¢ is equal to the smaller 
of the input voltages at the 
same time. 


1 For simplicity, the ground 
terminal is not shown. In 
any case, the voltages are 
measured with respect to 
the ground terminal. 
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Fig. 3-14. An OR gate is char- 
acterized by the property that 
the output voltage at any time 
tis equal to the larger of the 
input voltages at the same time. 


positive only if both v; and v2 are positive. The conjunction AND 
is what gives the black box its name. An AND gate is, of course, 
not restricted to only four terminals. The synthesis of an n-terminal 
AND gate will be given in Chap. 10. 

The symbol of a four-terminal OR gate is shown in Fig. 3-14a. 
This element is characterized by the relationships 


ly 
ie 
and 
Vy whenever vy > V2 > 0 
Up = |\LSup whenever ve > v1 > 0 (3-45) 


0) otherwise 


The third relationship can be represented by the curves shown in 
Fig. 3-14b. Observe that at any time #, the output voltage is equal 
to the larger of the two input voltages, provided v; and v, are posi- 
tive. Hence, if v; and ve consist of stepwise positive waveforms as 
shown in Fig. 3-14c, then the output voltage v,(¢) will be positive 
whenever v1 or v2 is positive. The conjunction OR is what gives the 
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black box its name. An OR gate is, of course, not restricted 
to only four terminals. The synthesis of an n-terminal OR gate 
will be given in Chap. 10. 

We shall conclude this section with the interesting observation 
that when the characteristics of the AND gate (Fig. 3-135) and 
the OR gate (Fig. 3-14) are plotted on the same plane, the entire 
first quadrant becomes filled up with a system of uniformly spaced 
horizontal lines, with the 45° line dividing the two sets of curves. 
Intuitively, this suggests their functions to be complementary to 
each other. 


External port constraints This type of black box is usually con- 
strained by external two-terminal networks so that the current 
entering one terminal is equal to the current leaving another 
terminal. For example, consider the six-terminal black box and the 
three two-terminal networks N,, No, and N3, as shown in Fig. 3-15a. 
It will be shown in the next chapter that so long as Ny, No, and 
Nz are isolated from each other (i.e., no terminals inside Ny, No, 
and N3 are connected to the external networks), then ig = —iy, 
ic = —ig, and ie = —i;. This is equivalent to saying that the cur- 
rents entering terminals a, c, and e are equal to the currents leaving 
terminals b, d, and f, respectively. Any pair of terminals which 
satisfies this property is called a port. Hence, the six-terminal 
black box of Fig. 3-15a is also a three-port black box, and may be 
redrawn into the more explicit form shown in Fig. 3-15b. The 
significance of this interpretation is that instead of considering six 
current and six voltage variables, we need only three port-current 


6 - terminal 
black box 
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Fig. 3-15. A six-terminal black 
box can be constrained by 
three external two-terminal cir- 
cuits to obtain a three-port 
black box. 


An equivalent 
3 - port 


black box 


114 


Fig. 3-16. Two common n-port 
black boxes which satisfy the 
port constraint requirement 
automatically. 


+ 
+ 


(a) 
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variables and three port-voltage variables. In general, an n-terminal 
black box can be operated as an (n/2)-port black box provided 
the current entering one terminal of each port is equal to the cur- 
rent leaving the other terminal of the same port. One simple 
method to satisfy this port constraint requirement is to connect an 
isolated two-terminal network across each port of the black box. 

There are certain black boxes for which the port constraint 
requirement is automatically satisfied. An example of a two-port 
black box with this property is the two-port ideal transformer 
shown in Fig. 3-16a. This element is a simple model of an iron- 
core transformer consisting of two separate windings. The physical 
separation in this case guarantees that any current entering one 
terminal of each winding must leave the other terminal. A two- 
port ideal transformer is characterized by the relationship 


(3-46) 


where n = n1/ne is a constant called the turns ratio. 

Another n-port black box which satisfies the port constraint 
requirement automatically is the three-port ideal transformer 
shown in Fig. 3-165. This element is a simple model of a multi- 
winding iron-core transformer. Again, the physical separation of 
the windings guarantees that the current entering one terminal of 
each port leaves the other terminal of the same port. This element 
is characterized by the relationship 


: 1 F : 
iy = — —(Nel2 + nai3) 
Ay 
nN 
bo = — (3-47) 
ny 
n 
Ce ee 
ny 


Exercise 1: (a) Plot the output voltage characteristic curves v, versus v, of 
an operational amplifier with v2 as the parameter. (b) Repeat (a) for the v,-vs.- 
Ve Curves with v; as the parameter. 


Exercise 2: (a) Plot the characteristics of an AND gate in the v,-vs.-v2 plane, with 
v1 as the parameter. (b) Repeat (a) for an OR gate on the same plane. 


Exercise 3: A unity turns ratio two-port ideal transformer is usually called 
an isolation transformer. (a) Show how an isolation transformer can be used 
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ho; (t), volts 


(6) 


to guarantee any pair of terminals to be a ‘‘port’’ without altering the character- 
istics of any black box connected to it. (b) Show that any n-terminal black box 
(assume n is even) can be transformed into an (n/2)-port black box by using n/2 
isolation transformers. 


3-6 SOME PRACTICAL APPLICATIONS OF OPERATIONAL AMPLIFIERS 


In terms of practical applications, the operational amplifier is one 
of the most versatile black boxes ever conceived. An examination 
of the relationship shown in Fig. 3-115 shows that an operational 
amplifier is a nonlinear element if the magnitude of the voltage 
between terminals 1 and 2 exceeds the saturation voltage E. 
Otherwise, the operational amplifier will be operating in the linear 
region with the relationship v, = A(v2 — vi). Accordingly, there 
are two basic modes of applications: (1) nonlinear mode and 
(2) linear mode. 


3-6-1 OPERATIONAL AMPLIFIER USED AS A NONLINEAR ELEMENT 


For this type of application, the input voltages are applied directly 
across terminals 1 and 2 such that |v2 — v1| > E. Since the value 
of E for most practical operational amplifiers is less than 0.0005 
volt, the operational amplifier is most certainly operating in the 
nonlinear saturation region for all input voltages greater than 
several millivolts. In this case, the value of E can be assumed to 
be zero for most practical purposes. 

The simplest application of the operational amplifier operat- 
ing in the nonlinear mode is that of converting a sine wave into 
an “almost” square wave. The simple circuit shown in Fig. 3-17a 
shows that (v2 — v1) = ve — 0 = v(t). Hence, if v,(t) = V sin ot 
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Fig. 3-17. A simple sine-wave- 
to-square-wave converter. 


1 The operational amplifier 
was not used as exten- 
sively in the past as it is 
today, in spite of its ver- 
satility, because until the 
advent of integrated-cir- 
cuit technology, it was a 
relatively bulky and ex- 
pensive component. Both 
of these serious drawbacks 
have now been overcome, 
and the operational ampli- 
fier is fast becoming the 
workhorse of a large class 
of important linear and 
analog circuits, some of 
which will be discussed in 
this section. 
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voltage 
source ) 


(a) 


Fig. 3-18. A simple voltage 
comparator for producing a 
positive voltage whenever the 
input signal u;(t) exceeds a 
threshold level of V volts. 
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v. (t), volts Threshold level 


| 
| 
| 
| 
l 
| 
u, (t), volts 
| 


(6) 


volts, then v,(f) = AE volts whenever u;(t) > E, and v,(t) = —AE 
volts whenever v;(t) << £. In many practical operational ampli- 
fiers, the typical value of (AE) is 10 volts, and the output voltage 
corresponding to a 5-volt sine wave is therefore as shown in 
Fig. 3-176. Since laboratory square-wave generators are usually 
much more expensive than sine-wave generators, the above simple 
circuit will convert any sine-wave generator into a “poor man’s 
square-wave generator.” If the frequency of the square wave 
is unimportant, one can simply apply the line voltage and obtain 
a 60-Hz square wave. 

Another simple application of the operational amplifier op- 
erating in the nonlinear mode is that of a voltage comparator, or 
threshold detector. In many automatic control systems it is neces- 
sary to compare the instantaneous voltage of an unknown input 
signal v,(¢) with a fixed reference voltage v,(¢) = V volts. It is de- 
sired to design a circuit that will “react” in some prescribed 
manner as soon as v;(f) attains the reference voltage V. A simple 
circuit for achieving this function is shown in Fig. 3-18a. Since 
(v2 — v1) = v(t) — V, the output voltage v(t) will be positive 
(assuming E = 0) whenever v,(t) > V volts and negative whenever 
v(t) < V volts. A typical input signal v,(¢) and the corresponding 
output signal are shown in Fig. 3-185. Since the reference voltage 
V can be interpreted as a “threshold,” the circuit is also called a 
threshold detector. When v,(t) is obtained from the output of 
a transducer, a threshold detector is often used to provide a warn- 
ing signal whenever the value of some physical controlling variable 
reaches a dangerous value. For example, in a nuclear reactor, a 
pressure transducer connected with a threshold detector can be 
used to prevent a catastrophic explosion, which did occur in the 
past, by providing the operator with a warning signal as soon as 
the internal pressure builds up above some preset level. In prac- 
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tice, the operator is usually a mechanism which will turn off the 
reactor automatically whenever such a dangerous pressure thresh- 
old is exceeded. 


3-6-2 OPERATIONAL AMPLIFIER USED AS A LINEAR ELEMENT 


In order to operate in its linear region, the magnitude of the volt- 
age between terminals | and 2 of the operational amplifier must 
be less than the saturation voltage E, which is normally no larger 
than 0.0005 volt. Since the order of magnitude of input voltages 
used in applications involving operational amplifiers is usually 
much higher than 0.0005 volt, it is clear that in order to operate 
in the linear mode, the input voltages should not be applied 
directly to terminals | and 2. Instead, the operational amplifier is 
usually connected with a black box N; and a black box N, as 
shown in Fig. 3-19. The black box N; feeds the output voltage v, 
back into the input terminals, and is usually called the feedback 
network. The black box N, “couples” the input signals into ter- 
minals | and 2 of the operational amplifier, and is usually called 
the coupling network. The effect introduced by these networks is 
that the voltage v;2 between terminals | and 2 is no longer an in- 
dependent voltage, which would be the case if the input voltages 
were applied directly across these terminals, but depends on the 
output voltage v, and the networks N; and N.. In fact, since vy = 
A(v2 — V1) = —A0y2 in the linear region, 


U142 = eA) (3-48) 


because for most practical operational amplifiers the value of A is 
at least 20,000, and the magnitude of v, is less than 10 volts. 
Equation (3-48) is an extremely useful relationship to remember 
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Fig. 3-19. In order to operate 
in the linear mode, the opera- 
tional amplifier is usually con- 
nected to a feedback network 
N; and a coupling network N.. 


118 


Fig. 3-20. An operational am- 
plifier can be connected to 
function either (a) as a voltage- 
controlled voltage source with 
a positive controlling coeffi- 
cient or (b) as an isolation box. 


tThe adjective virtual is 
used to caution against our 
making the common mis- 
take of connecting ter- 
minals 1 and 2 together 
with an actual short cir- 
cuit, in order to simplify 
analysis. This is illegal be- 
cause a current will flow 
down this short circuit, 
thereby altering the orig- 
inal relationship J, = J). 
On top of this, vi. is not 
really zero; it is only ap- 
proximately zero when 
compared with the other 
terminal voltages. Observe 
also that viz = 0 would 
have rendered the cir- 
cuit useless because vy = 
— Av;2 would then be zero. 
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Isolation 
box 


(a) (c) 


because it greatly simplifies the analysis of circuits containing 
operational amplifiers. Since a zero voltage is analogous to a 
short circuit, Eq. (3-48) is usually expressed as follows: 


PRINCIPLE OF VIRTUAL SHORT CIRCUIT 


If the operational amplifier is connected to a feedback network 
N; and a coupling network N, such that the input voltages are not 
applied directly across terminals | and 2, then the voltage viz can 
be set equal to zero for purposes of analysis. 


The above principle will now be used to analyze the following 
practical circuits. 


Voltage-controlled voltage source with positive controlling coefficients 


Consider the circuit shown in Fig. 3-20a. Applying Kirchhoff cur- 
rent and voltage laws, we obtain 


KCL at terminal 1 


I, = I; (3-49) 
KVL at loop around terminals 4-1-5-3-4 
Rly + Rele — Vo = O (3-50) 


KVL at loop around terminals 1-5-3-2-1 


Role =O = hp = 0 (3-51) 
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Substituting Eq. (3-49) for J; in Eq. (3-50) and vy2 = 0 in Eq. (3-51), 
we obtain 


Uo = (Ry + Ree (3-52) 
O-= Role (3-53) 
Dividing Eq. (3-52) by Eg. (3-53), we obtain 

a= GEE), ass 


Since the input current i; = i: = 0, the resulting network is simply 
a voltage-controlled voltage source with a positive controlling co- 
efficient k given by 


R; +R 
i ES 7 
R, (3-55) 
Observe that in the special case where R; = 0 (short circuit) and 
R. = © (open circuit), the circuit reduces to that shown in Fig. 
3-206, and Eq. (3-55) reduces to k = 1. This circuit is now 
described by 


inane (3-56) 
Pea) 

and is called an isolation box because it serves no purpose other 
than to isolate the external circuit connected across the out- 
put terminals from (drawing any current) the circuit connected 
across the input terminals. We shall denote an isolation box by 
the symbol shown in Fig. 3-20c.1 


Voltage-controlled voltage source with negative controlling coefficients 
Consider the circuit shown in Fig. 3-21a. Applying Kirchhoff cur- 
rent and voltage laws, we obtain 


KCL at terminal 1 


I, = 1; (3-57) 
KVL at loop around terminals 4-1-2-5-3-4 
Ry; + 012 — Up = 0 (3-58) 
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1Tn practice, an isolation 
box is sometimes called 
an emitter follower or a 
cathode follower, depend- 
ing on whether the input 
terminal is connected with 
the emitter of a transistor 
or the cathode of a vacuum 
tube. This terminology 
comes from the interpre- 
tation that the output volt- 
age “follows” the input 
voltage (v, = uj) in a prac- 
tical isolation box. 
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Fig. 3-21. An operational am- 
plifier can be connected to 
function either as (a) a voltage- 
controlled voltage source with 
a negative controlling coeffi- 
cient or (b) as a phase inverter. 
The general symbol of a scal- 
ing circuit is shown in (c). 
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KVL at loop around terminals 1-6-3-5-2-1 
Ral eT en) (3-59) 


Substituting Eq. (3-57) into Eq. (3-58) and assuming v2 = 0, we 
obtain, upon dividing Eq. (3-58) by Eq. (3-59), 


a seh Uj (3-60) 


ope case (3-61) 


is not zero. However, if we choose the value of R, to be very large 
(say 1 MQ), then i; = O for most practical purposes, and the cir- 
cuit becomes a voltage-controlled voltage source with a negative 
controlling coefficient A given by 


(3-62) 


In the special case where Ry = R, > 1 MQ, the circuit reduces to 
that shown in Fig. 3-21b. This circuit is usually called a phase in- 
verter because the output voltage v,(t) corresponding to an input 
sinusoidal voltage is the same sinusoidal waveform inverted about 
the time axis; 1e., the phase is changed by 180°. Hence, between 


1 MQ 


(a) (c) 
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the two circuits shown in Figs. 3-20a and 3-21la, we can multiply 
or divide an input voltage u;,(¢) by either a positive or a negative 
constant. We shall refer to these two general circuits as a scaling 
circuit and shall denote it by the symbol shown in Fig. 3-21c.1 The 
constant k inside this symbol is the scaling constant. 


Differentiator If we replace the resistor R, in Fig. 3-21a with a lin- 
ear capacitor with capacitance equal to C farads, as shown in 
Fig. 3-22a, then applying the same procedure as before, we obtain 


Re (3-63) 
and 
v(t) = —4 Sina (3-64) 


If we differentiate both sides of Eq. (3-64) with respect to time, we 
obtain 


Ona Bt65 
CON = -1A0) (3-65) 
Dividing Eq. (3-63) by Eq. (3-65), we obtain 
KE = Sipe ee) (3-66) 


dt 
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Fig. 3-22. (a) An operational 
amplifier can be connected to 
convert an input voltage wave- 
form into an output voltage 
waveform proportional to its 
time derivative. (b) If a phase 
inverter is connected across the 
input terminals, the result is 
called a differentiator. The 
symbol of a differentiator is 
shown in (c). 


1Jn this symbol, and in 
several others in the fol- 
lowing pages, the ground 
terminal is omitted for 
convenience. In all cases, 
the voltages are measured 
with respect to a common 
ground. 
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Equation (3-66) shows that the output voltage is proportional to 
the time derivative of the input voltage. Since the input current 7 
is generally not zero, and since the constant of proportionality is 
negative, it is often desirable to connect the phase inverter circuit 
of Fig. 3-21b across the input terminal of this circuit, as shown in 
Fig. 3-226. The resulting black box is called a differentiator 
because 


dv;(t) 


v(t) = k oF (3-67) 
and 
i(t) = 0 ca) 


The constant k = R;C can be set equal to any desired value, in- 
cluding unity, by an appropriate choice of values for R; and 
C. The usual symbol of a differentiator is shown in Fig. 3-22c. In 
applications where the sign of k is immaterial, we can save one 
operational amplifier by choosing a very large resistance for Rj. 
In this case, the current J;, and hence J,, can be made arbitrarily 
small so as to satisfy the condition given by Eq. (3-68). 


Integrator If we replace the resistor R; in Fig. 3-21la with a linear 
capacitor with capacitance equal to C farads, as shown in Fig. 
3-23a, then applying the same procedure as before, we obtain 


wQ=Z fi haar (3-69) 
y= —R-l; (3-70) 


Solving for J; in Eq. (3-70) and substituting the result in Eq. (3-69), 
we obtain 


v6) = — aa [var (3-71) 


Equation (3-71) shows that the output voltage is proportional to 
the time integral of the input voltage. Since the input current i; is 
generally not zero, and since the constant of proportionality is 
negative, it is often desirable to connect a phase inverter across 
the input terminals of the circuit as shown in Fig. 3-23b. The re- 
sulting black box is called an integrator because 
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v(t) =k fos) dr G-72) 
and 

0 (3-73) 
The constant k ="R.C can be set equal to any desired value, in- 


cluding unity, by an appropriate choice of values for R, and 
C. Observe that the lower limit of integration in Eq. (3-72) must 
be set equal to — co because u,(f) may not be zero for ¢ < 0. In 
practice, it is common to connect a switch S across the capacitor 
as shown in Fig. 3-23b. When the integration is desired for 
all times ¢ > fo, the switch, which is normally closed, is opened at 
t = fo, and Eq. (3-72) reduces to 


Oa {| y(t) dr (3-74) 


The usual symbol of an integrator is shown in Fig. 3-23c. Observe 
that in applications where the sign of k is unimportant, we 
can save one operational amplifier by choosing a high resistance 
value for Rc (see Appendix C for a practical integrator circuit). 


Summing circuit Consider next the circuit shown in Fig. 3-24a, 
where the coupling network N, consists of a number of resistors 


Fig. 3-23. (a) An operational 
amplifier can be connected to 
convert an input voltage wave- 
form into an output voltage 
waveform proportional to its 
time integral. (b) If a phase in- 
verter is connected across the 
input terminals, the result is 
called an integrator. The sym- 
bol of an integrator is shown 


in (c). 
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(a) 


Fig. 3-24. (a) An operational 
amplifier can be connected to 
give an output voltage which 
is a linear combination of the 
input voltages; (b) If a phase 
inverter is connected across 
the output terminals, the re- 
sult is called a summing circuit. 
The symbol of a summing cir- 
cuit is shown in (c). 
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Phase inverter 


Ry, Ro, ..., Rm. Since viz = O, the voltage across each resistor R; 
is equal to u;,. Therefore, applying the Kirchhoff current law at 
the junction point of these resistors, we obtain 


i= - [Fo + hala daa 7 | (3-75) 
The output voltage is given as before by 

Dy el el (3-76) 
Substituting Eq. (3-75) into Eq. (3-76), we obtain 


= Lise. ire R; 
te | Reta tale to + sh | (3-77) 


Hence, apart from the negative sign, the output voltage is a 
“weighted” sum of the input voltages, with R;/R; as the weighting 
factor for each input voltage v;,. There are practical applications 
where this weighting feature is desirable. Observe that since 
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. Vi; 
le (3-78) 


it is desirable to choose a high resistance value for R; in order that 
ii, = 0. In practice, it is usually desirable to get rid of the negative 
sign in Eq. (3-77) as well as to have a pure summing operation. 
This can be achieved by choosing the same resistance values for 
all resistors (at least | MQ to ensure i;, = 0) and by connecting a 
phase inverter across the output terminals as shown in Fig. 3-245. 
In this case, it is easy to see that 


Vo = Ui + VQ + --: + Um (3-79) 
and 
eel) © Rel eR ere sy (3-80) 


This circuit is called a summing circuit and is usually denoted by 
the symbol shown in Fig. 3-24c. 

The various circuits shown in Figs. (3-20) to (3-24) are gen- 
erally referred to as analog circuits because they can be used to 
simulate physical systems described by analogous mathematical 
equations. It is easy to see that the basic mathematical operations 
which can be simulated are (1) multiplication and division of 
a variable by a positive or a negative constant, (2) differentiation 
and integration of a variable with respect to time, and (3) addition 
and subtraction of two or more variables which are functions of 
time. 

In order to illustrate the concept of simulation, consider the 
familiar spring-mass system and its driving force f(t) as shown in 
Fig. 3-25. If we assume a spring constant equal to k and a friction 
force proportional to the velocity (with coefficient of friction equal 
to ».), then from freshman physics we know that the equation of 
motion of this system is given by 


dx, dx is 3-81 
Ti pee (Daperel sn ee ash, (3-81) 
f(t) 
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Fig. 3-25. A typical spring- 
mass system under an external 
driving force f(/). 
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Our object is to investigate the resulting motion of this system 
corresponding to different values of m, p, and k. Equation (3-81) 
is an example of a linear differential equation, and may be solved 
by various mathematical techniques which need not concern us 
now. Suffice it to say that for the given triangular forcing wave- 
form f(), the analytical methods for solving this equation are 
rather tedious. It would be impractical, therefore, to repeat 
the methods for many different values of m, », and k. However, 
we can easily simulate this system if we represent x by the volt- 
age variable v and rewrite Eq. (3-81) into the following more 
convenient form: 


k 
oH 2d Ly (3-82) 


To simulate this system, we start by applying a voltage equal to 
d?v(t)/dt? at the input (point a) of an integrator, thereby obtaining 
the voltage du(t)/dt at point b. If we connect point b to the input 
of another integrator, the output voltage at point c will be v(t). Let 
us next connect a scaling circuit with a negative scaling coefficient 
—k, = —p/mand —kz = —k/m at points b and c, respectively. 
The corresponding output voltages at points e and d will be 
—(u/m)[do(t)/dt] and —(k/m)v(t), respectively. Applying these 
voltages and a voltage source with terminal voltage equal to 
(1/m) f(2) to the input terminals of a summing circuit, we obtain 
at point f the output voltage 


y= — LA _ Fy +f (3-83) 


Comparing Eq. (3-82) with Eq. (3-83), we observe that if we close 
the switch S, thereby making the voltage at point a equal to the 
voltage at point f, the resulting system would have exactly the 
same equations of motion as Eq. (3-82). Since this is an actual cir- 
cuit in operation, we can observe the voltage v(t) with the help of 
an oscilloscope. The resulting waveform for v(/) is obviously the 
desired solution. It is now a simple matter to adjust the value of 
the coefficients ky and ky systematically, each time observing the 
resulting waveform. A photograph of each waveform can be taken 
for comparison later. 

The above example is a simple demonstration of how to 
analyze nonelectrical systems by simulation. The circuit arrange- 
ment shown in Fig. 3-26 is called an analog computer. Although - 
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a d°v(t) 
at® 


v= O_o se be 


— Fig. 3-26. An analog simula- 
tion of the spring-mass system 


; yas of Fig. 3-25. 
the commercial analog computer is a much more sophisticated ma- 


chine, its principle of operation is basically the same. Essentially, 
a commercial analog computer is simply a collection of many 
identical analog circuits similar to those described earlier. Using 
these readily available units, the user can simulate many physical 
systems much more complex than the example above. 

Finally, we want to point out that there are certain practical 
problems associated with circuits containing operational amplifiers 
which we did not mention previously. The most serious problems 
are the offset voltage, the drift, and the frequency limitation. In 
the ideal operational amplifier, the output voltage must be zero 
whenever the input voltage is zero. In practice, however, a small 
“offset voltage” is usually present, and some means must be taken 
to compensate for it. Another practical problem is that the char- 
acteristics of the operational amplifier tend to drift with tempera- 
ture, time, and power supply voltages. The third problem is that 
most practical operational amplifiers do not work properly at very 
high frequencies. Again, this departure from the ideal perform- 
ance is caused primarily by parasitic elements. 


Exercise 1: Consider the square-wave converter shown in Fig. 3-17. To show that 
the steepness of the square wave depends on both the amplitude and frequency 
of the input waveform, plot one period of v,(f) corresponding to a 60-Hz sine 
wave with the following amplitudes: (a) 10 mv, (b) 5 mv, and (c) 1 mv. Assume 
that E = 0.5 mv and A = 20,000. 


Exercise 2: The threshold detector circuit shown in Fig. 3-18a is used aboard a 
spacecraft to detect an abnormal rise in cabin temperature. If the temperature 
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1A more detailed presenta- 
tion of these devices is 
given in L. O. Chua, The 
Rotator-A New Network 
Component, Proc. IEEE, 
Voll 55, no; 97 pp. 1566= 
1577, September, 1967; 
and L. O. Chua, Synthesis 
of New Nonlinear Net- 
work Elements, Proc. 
IUEIEJE,, VIN, Md, UNO, tsk, [80 
1325-1340, August, 1968. 
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transducer output voltage during a certain test flight is given by v(t) = 
10 — 10e-t cos wt volts, plot the output voltage v,(1) corresponding to a preset 
threshold voltage V = 10.5 volts. Find the time intervals for which the cabin 
temperature exceeds the threshold temperature. 


Exercise 3: Consider the scaling circuits shown in Figs. 3-20 and 3-21. Let the 
largest available resistance be equal to 10 MQ. (a) Find the maximum possible 
magnitude of the scaling coefficient k in each case. Assume that R, = 1 Mi. 
(b) Find the minimum input current i; flowing into a A = 1,000 and k = —100 
scaling circuit when v(t) = 10 volts. 


Exercise 4: Why is it desirable to have approximately zero input currents for the 
analog circuits described above? How can an isolation box be used to achieve 
this objective? 


Exercise 5: An alternate method for realizing a differentiator or an integrator con- 
sists of replacing one of the two resistors in Fig. 3-21a by an inductor. Show how 
this can be done and derive the necessary equations to support your answer. 


Exercise 6: (a) Find the function performed by the circuit shown in Fig. 3-20a when 
R; is replaced by a linear capacitor. (6) Repeat (a) with R, replaced by a linear 
capacitor. 


Exercise 7: Draw an analog circuit for subtracting two voltage waveforms v,(¢) 
and v2(Z). 


Exercise 8: Show that the two scaling circuits shown in Fig. 3-26 are superfluous 
if the summing circuit of Fig. 3-24a is used. Specify the corresponding weighting 
factors. 


Exercise 9: (a) Show that it is possible to generate a periodic triangular waveform 
of any frequency (within the operating frequency limits of the operational am- 
plifiers) by connecting the output of a sine-wave-to-square-wave converter across 
an integrator. (b) Find the relationship between the amplitude and frequency of 
the triangular output waveform and the sinusoidal input waveform. 


Exercise 10: Show that with the use of only one operational amplifier, two iden- 
tical resistors, and two identical capacitors, it is possible to design an integrator 
circuit whose output voltage is the time integral of the difference between two 
input voltage waveforms. 


3-7 SCALORS, ROTATORS, AND REFLECTORS: 
A CLASS OF USEFUL TWO-PORT RESISTORS! 


The functions performed by the operational amplifier circuits dis- 
cussed in the preceding section can be summarized in one state- 
ment: They transform input voltage waveforms (functions of time) 
into some desired output voltage waveforms (functions of time). 
It is important to observe that the independent variable of 
the transformation is always the time ¢. Since the input currents 
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Transformed 2 - terminal 
y black box 


ty ld 


2 - port 
resistor 


Transformed 
v-t Curve 


are assumed to be zero, the analog circuits can be arbitrarily con- 
nected in any desired manner without affecting the original func- 
tion performed by each circuit. 

There is another important class of networks which also per- 
forms certain transformations, but the independent variable is not 
time. This class of networks takes the form of a two-port black box, 
and is called a two-port resistor because each black box is charac- 
terized by two relationships in terms of the port variables vj, v2, 
ij, and ig. If we connect a nonlinear resistor across port 2 of 
a two-port resistor as shown in Fig. 3-27, the resulting two- 
terminal black box can be interpreted as a new nonlinear resistor 
because it will have a v,-i; curve different from the original 
v-i curve. In other words, the function performed by the two-port 
resistor is that of transforming a given v-i curve into a new Uy-/1 
curve. In this sense, we can generate many new nonlinear resistors 
from those that are presently available commercially. Of course, 
an arbitrary transformation is not likely to do us much good. 
What we need is to discover a few basic transformations from 
which all others can be obtained. Amazingly, only three types of 
transformations are necessary, namely, a scaling transformation, 
a rotation transformation, and a reflection transformation. In the 
scaling transformation, the abscissa or the ordinate of each point 
on the v-i curve is multiplied by a positive constant k, as shown 
in Fig. 3-28a. In the rotation transformation, the original v-i curve 
is rotated through an angle @ with respect to the origin, as shown 
in Fig. 3-28. Finally, in the reflection transformation, the original 
v-i curve is reflected (the mirror image) with respect to some 
straight line through the origin, as shown in Fig. 3-28c. It is pos- 
sible to find three types of two-port resistors for implementing the 
above transformations. Accordingly, they are called scalors, ro- 
‘ators, and reflectors, respectively. 
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Fig. 3-27. The v-i curve of a 
given nonlinear resistor is 
transformed into a new v-i 
curve by connecting the resis- 
tor across one port of a two- 
port resistor. 
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hi,, 7 hit 
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Original! curve 


Angle of rotation 


Fig. 3-28. A v-i curve may be 
(a) scaled with respect to the 
v axis or the 7 axis; (6) rotated 
with respect to the origin; or 
(c) reflected with respect to a 
line of reflection. 


{+ Throughout this section, 
the reference direction for 
iz and ig is assumed to 
enter the respective ports, 
as shown in Fig. 3-27. 


(6) 


3-7-1 SCALORS 


There are two types of scalors, voltage scalors and current scalors. 
As the name implies, a voltage scalor multiplies the voltage (ab- 
scissa) of each point on the v-i curve by a prescribed constant k,, 
while maintaining the same value of current at the same point. This 
requirement can be characterized by 


i Kyve2 (3-84) 
and 
ei (3-85) 


The negative sign in Eq. (3-85) is necessary in order to have 
iy = i.f We shall denote a voltage scalor by the symbol shown in 
Fig. 3-29a. Equations (3-84) and (3-85) can be easily synthesized 
by various controlled-source configurations. The reader can easily 
verify that the circuit shown in Fig. 3-29b and c constitutes two 
simple realizations. 

By analogous reasoning, a current scalor multiplies the cur- 
rent (ordinate) of each point on the v-i curve by a prescribed con- 
stant k;, while maintaining the same value of voltage at the same 
point. This requirement can be characterized by 


V1 = V2 (3-86) 
and 


Se ee (3-87) 


Multiterminal elements 


131 


v=(k,-1) Up 


(a) 


We shall denote a current scalor by the symbol shown in Fig. 
3-30a. It is easy to see that the circuit shown in Fig. 3-306 and c 
represents two simple realizations of a current scalor. 

The above basic controlled-source circuits can be synthesized 
in practice by various appropriate combinations of operational 
amplifiers or transistors. A practical circuit for each is given 
in Appendix C. For the sake of demonstration, the oscilloscope 
tracing of a typical v-i curve is shown in Fig. 3-3la. The cor- 
responding v,-i; curves obtained from a voltage scalor and a cur- 
rent scalor are shown in Fig. 3-31b and c, respectively. 

It is important to realize that a scalor is completely different 
from the scaling circuits described in Sec. 3-6. The independent 
variable for a scalor is either a voltage or a current, whereas the 
independent variable for a scaling circuit is time. Since two rela- 
tionships must be satisfied by a scalor, in comparison with only 
one in the scaling circuit, it is more difficult to realize a scalor in 
practice. 


3-7-2. ROTATORS 


From analytic geometry we know that the relationship required 
to rotate a point P with coordinates (v,/) into a point P’ with 


Fig. 3-29. A voltage scalor can 
be synthesized by either one 
or two controlled sources. 


Fig. 3-30. A current scalor can 
be synthesized by either one 
or two controlled sources. 


(a) 
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Horizontal scale: 
v= 2.5 volts per division 


Vertical scale: 
i=2 ma per division 


Fig. 3-31. (a) Actual oscillo- 
scope picture of a typical v-i 
curve, the curve being trans- 
formed (+) by a voltage scalor 
into a voltage-scaled v-i curve 
and (c) by a current scalor into 
a current-scaled v-i curve. 


1A negative 6, therefore, 
corresponds to a clock- 
wise angle of rotation. 
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coordinates (v1,i1) by 0° (in the counterclockwise direction) is 
given by 


vy = (cos Ov — (sin 8)i 


iy = (sin 6)v + (cos A)i 


Recasting these equations in terms of port current and voltage 
variables, we obtain 


Ui .= (COS A)v2 BF (sin Ais 
i, = (sin #)ve — (cos A)iz 


These equations assume that the v-i curve is drawn in the volt- 
ampere plane. In order to allow an arbitrary current scale, we 
multiply i; and iz in these equations by a scale factor R, thereby 
obtaining 


U1 = (cos Avg + (sin 6)(Riz) (3-88) 


i, — (sin 8) — (cos iz (3-89) 


Hence a rotator is completely characterized by Eqs. (3-88) 
and (3-89), where 6 is the desired counterclockwise angle of rota- 
tion and R is a scale factor.t In the volt-milliampere plane, 
R = 10°. We shall denote a rotator by the symbol shown in Fig. 
3-32a. Equations (3-88) and (3-89) can be synthesized either by a 
m-network configuration of linear resistors as shown in Fig. 3-32b 
or by a T-network configuration as shown in Fig. 3-32c. In order 
to verify these realizations, we need only to derive v; and 4 
in terms of ve and iy for each network and show that they agree 
with Eqs. (3-88) and (3-89). For example, consider the 7-network 
realization with conductances Gy, Go, and Gs. By inspection, 
— G40}, iy = G3(01 — U2), and i Gove. Applying Kirchhoff 
current laws to each of the two junction points, we obtain 


; Cal 
hi = Groh G3(V1 — U2) = (tan =) R Uz + (—cse 0) (01 _ U2) 
(3-90) 


; CY al 
— Gov2 = G3(v1 _ U2) = (tan “) R (Ob) = (—csc 0~) FO = U2) 


(3-91) 
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With the help of the trigonometric identity 
6 
tan -—- = (csc 0 — cot @) 


Equations (3-90) and (3-91) can be simplified to 


aeetcat A) + v1 + (csc 8) 4 Us (3-92) 


ig = (csc 4) 5 v1 — (cot @) R V2 


(3-93) 


Solving Eq. (3-93) for vy, we obtain Eq. (3-88). Substituting this 
expression for vy in Eq. (3-92), we obtain Eq. (3-89). This proves 
that the 7 network of Fig. 3-32a is indeed a realization for a 
rotator. The T-network realization in Fig. 3-32c can be verified by 
a similar procedure. 

Observe that, depending upon the values of 0, either one or 
two of the three linear resistors in both realizations may assume 
negative values. However, only one negative resistor is necessary 
to realize a rotator with any angle of rotation, provided we choose 
the 7 network whenever 0° < 6 < 180°, and the T network when- 
ever 180° < 6 < 360°. The negative resistor can be realized (over 
a limited range of voltages) in practice by various practical cir- 
cuits. A typical rotator realization using transistors is given in 
Appendix C. For demonstration purposes, an actual oscilloscope 
tracing of a typical v-i curve is shown in Fig. 3-33, together with 
various rotated v;-i, curves. 


Symbol of a rotator 


@ » i 
G,=G,=(tan57) p mhos 


1 
G, = —(csc 0) R mhos 


(a) (b) 
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Fig. 3-32. The rotator, whose 
symbol is shown in (a), can be 
realized in practice by (b) az 
network or (c) a T network of 
linear resistors. 


R,=R,=-(tan$)RO 


R,=(csc @)RQ 


(c) 
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Fig. 3-33. Actual oscilloscope 
tracings of a typical v-i curve 
and the transformed vj-i; 
curves corresponding to vari- 
ous angles of rotation. 
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v-i Curve eee by a v-i curve rotated by —135° 


3-7-3. REFLECTORS 


By a geometrical procedure similar to that used in deriving 
the rotator characteristics, we found that a reflector must be 
characterized by 


U1 = (cos 24)v2 — (sin 26)( Riz) (3-94) 


hi = (sin Ns + (cos 26)(i2) (3-95) 


The parameter 6 is the angle which the line of reflection (through 
the origin) makes with the horizontal axis. The constant R is 
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a scale factor having exactly the same significance as for the 
rotator. For example, if a v-i curve is to be reflected in the volt- 
milliampere plane, then R = 103. We shall denote a reflector by 
the symbol shown in Fig. 3-34a. By a procedure similar to that used 
for the rotator, it can be easily shown that a reflector can be 
realized by the circuits shown in Fig. 3-34b and c. Observe that the 
controlled source in Fig. 3-346 is controlled by the current i; in 
resistor Ry, whereas the controlled source in Fig. 3-34¢ is con- 
trolled by the current i in resistor R3. Observe also that only one 
negative resistor is needed if we pick the circuit in Fig. 3-34 for 
0° < @ < 90° and the circuit in Fig. 3-34c for 90° << 6 < 180°. A 
practical reflector circuit using transistors is given in Appendix C. 
For demonstration purposes, several oscilloscope tracings on the 
reflection of v-i curves are shown in Fig. 3-35. The bottom trace 
is that of an n-p-n transistor with its collector and emitter terminals 
connected across port 2 of a 45° reflector. Each curve in these 
tracings corresponds to a particular value of base current. It is in- 
teresting to observe that this “reflected” transistor can be con- 
sidered as a new three-terminal element. For this particular 
example, the almost vertical v,-i; curves can be used to simulate a 
current-controlled voltage source operating in the first quadrant. 

There are several angles of reflection which are of special 
practical importance, and the corresponding reflector has been 
given special names as follows: 


Gyrator When @ = 45°, Eqs. (3-94) and (3-95) can be recast into 
the form 


1y = Gv2 (3-96) 
p= — Gv, 


Symbol of a reflector 


(a) R,=(cot 0) RQ 
R,=(tan 6) RQ 
R,=—(csc 20) RQ 
k=2 (csc 20) R 


(b) 
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Fig. 3-34. A reflector can be 
realized in practice by a con- 
trolled source and three linear 
resistors. 


R,=(cot @) RQ 

R,=—(cot 0) RQ 

R,=—(csc 20) RQ 

k=2 (csc 20) R 
(c) 
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Fig. 3-35. Oscilloscope trac- 
ings of typical v-i curves and 
their reflected v1-i; curves. 
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v-t curve reflected 
about the 45° line 


Original v-i curve v-i curve reflected 
about the 120° line 


Lhd tC nee 
Original family Family of v-i curves 
of v-z curves reflected about the 45° line 


where G = I/R. The resulting two-port resistor is called a gyrator. 
The scale factor G in this case is usually called the gyration con- 
ductance. Observe that a gyrator has the effect of reflecting any v-i 
curve about the 45° line through the origin. Hence, a voltage- 
controlled nonlinear resistor becomes a current-controlled resistor 


and vice versa. The usual symbol for a gyrator is shown in 
Fig. 3-36a. 


Voltage-inversion negative-impedance converter (VNIC) When @ = 90°, 
Eqs. (3-94) and (3-95) become 
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U1 = —Ve 
(3-97) 


(i 


The resulting two-port resistor is called a voltage-inversion negative- 
impedance converter, or simply a VNIC. A VNIC has the effect of 
reflecting a v-i curve about the vertical axis. Hence, if a linear re- 
sistor with positive resistance R is connected across port 2 of a 
VNIC, the new v,-i; curve becomes a linear resistor with a nega- 
tive resistance —R. This is one simple method for obtaining a 
negative resistance in practice. We shall denote a VNIC by 
the symbol shown in Fig. 3-366. 


Current-inversion negative-impedance converter (INIC) When @= 180°, 
Eqs. (3-94) and (3-95) become 


alas (3-98) 
fy =="T9 
The resulting two-port resistor is called a current-inversion negative- 
impedance converter, or simply an INIC. An INIC has the effect of 
reflecting a v-i curve about the horizontal axis. Hence, it has the 
same capability as the VNIC for transforming a positive resistance 
R into a negative resistance — R. We shall denote an INIC by the 
symbol shown in Fig. 3-36c.1 

In addition to making available a much larger class of non- 
linear resistors, the scalor, rotator, and reflector play a much more 
fundamental role. They are building blocks for synthesizing non- 
linear resistors with almost any prescribed v-i curve. This property 
will be explored in detail in Chap. 8. 

The interested reader may find it instructive to build a scalor, 
a rotator, and a reflector from the circuits given in Appendix C. 
He will observe, among other things, that these circuits may under 
certain conditions become unstable; i.e., the circuit may burst into 
unwanted oscillations. The concept of stability will be discussed 
in Chap. 14. It will be shown there that the oscillation comes from 
the parasitic elements which are invariably present. Although 
there are means to stop the oscillation, if it occurs, they are be- 
yond the scope of this book. 


Exercise 1: (a) Find the equations describing a two-port resistor obtained by con- 
necting a voltage scalor in cascade with a current scalor. (b) Discuss the geomet- 
rical interpretation achieved by this new transformation. (c) Can you suggest 
some practical applications? 
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Fig. 3-36. The symbols for a 
gyrator, a VNIC, and an INIC. 


1 There are simple circuits 
using transistors for real- 
izing a VNIC or an INIC. 
A typical circuit for each 
is given in Appendix C. 
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Exercise 2: A @ = 90° rotator is also known as a negative-impedance inverter. 
(a) If a linear resistor with a positive resistance R is connected across this 
rotator, find the property of the new resistor. (b) Show that when two @ = 90° 
rotators are connected in cascade, the result is an ideal transformer with 
[if =a. 


Exercise 3: Verify that the T network shown in Fig. 3-32c realizes a 0° rotator. 


Exercise 4: Show that when a 67 rotator is connected in cascade with a 3 
rotator, the result is a (@; + 92)° rotator. Does the order of the interconnection 
matter in this case? 


Exercise 5: Verify that each of the circuits shown in Fig. 3-34 realizes a 0° 
reflector. 


Exercise 6: Show that a 6 reflector in cascade with a 63 reflector produces a 6° 
rotator. Find @ in terms of 8; and 62. Does the order of the interconnection mat- 
ter in this case? 


Exercise 7: Show that a 6{ rotator in cascade with a 65 reflector produces a 6° 
reflector. Find @ in terms of 6; and @5. Does the order of the interconnec- 
tion matter in this case? 


Exercise 8: Find the property exhibited by a @ = 135° reflector. Compare this 
property with that of a gyrator. 


3-8 MUTATOR: THE CHAMELEON BLACK BOX 


The two-port resistors discussed in the preceding section share the 
common property that each transforms a nonlinear resistor into 
another nonlinear resistor. If we liken the three basic network ele- 
ments, resistors, capacitors, and inductors, to three distinct species 
in the genetic sense, then the scalor, rotator, and reflector can be 
said to transform elements belonging to the same species. They 
stay within the same race, so to speak. 

We shall demonstrate shortly that it is possible to produce a 
mutation from one species into another with the help of a two-port 
black box called the mutator. For example, it is possible to con- 
nect a resistor across port 2 of a mutator and produce an inductor 
across port 1. Conversely, if an inductor is connected across port 
1 of the same mutator, a resistor is produced across port 2. For 
this reason, this class of mutators is called R-L mutators. The two 
other classes are the R-C mutators and the C-L mutators. An R-C 
mutator transforms a resistor into a capacitor, and vice versa. 
Similarly, a C-L mutator transforms a capacitor into an inductor, 
and vice versa. 


3-8-1 R-L MUTATORS 


In order to transform a resistor into an inductor, it is necessary 
that the coordinates (v,i) of each point on a v-i curve be transformed 
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into a corresponding point with coordinates (q,/) or (i,¢~), respec- 
tively. Assuming the resistor to be connected across port 2, we can 
define two types of R-L mutators: 


Type 1 R-L mutator In this case, we require m; = v and i; = 7. But 
UV = V2, 1 = —ig, and v; = d—p;/dt; therefore, the required relation- 
ship for a type 1 R-Z mutator is 


i) = dv, 
eget 

dt (3-99) 
4 = —l2 


The symbol for a type | R-Z mutator is shown in Fig. 3-37a, and 
a simple realization using controlled sources is shown in Fig. 3-37). 


Type 2 R-L mutator In this case, we require y; = 7 and i, = v. Sub- 
stituting the relationship 72 = —i, v2 = v, we obtain for a type 2 
R-L mutator the relationship: 


vy = —- — 


dt (3-100) 


i = Os 


The symbol for a type 2 R-L mutator is shown in Fig. 3-37c, and 
a simple realization using controlled sources is shown in Fig. 3-37d. 
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Fig. 3-37. Two types of R-L 
mutators and a_controlled- 
source realization for each. 
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Fig. 3-38. A type 1 R-L muta- 
tor is used (a) to transform a 
nonlinear resistor into a non- 
linear inductor having the same 
characteristic curve but differ- 
ent terminal variables and (b) 
to transform a nonlinear induc- 
tor into a nonlinear resistor 
having an identical hysteresis 
curve. 


1We have departed from 
our usual practice by plot- 
ting the v-i curve with 
voltage as the vertical axis 
in order to emphasize that 
the same curve is being 
transformed. 
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Both types of R-L mutators can be realized by circuits using 
transistors and operational amplifiers. A typical circuit for a type 
| R-L mutator is given in Appendix C. To demonstrate the prop- 
erty of an R-L mutator, two oscilloscope tracings are shown in 
Fig. 3-38a. The one on the right represents the v-i curve (with volt- 
age v as the vertical axis) of a typical nonlinear resistor connected 
across port 2 of a type 1 R-L mutator. The resulting i-p curve 
measured across port | is shown on the left (with the flux linkage 
g as the vertical axis). To demonstrate that the mutator works in 
both directions, a typical iron-core inductor is connected across 
port | of the same mutator as shown in Fig. 3-38b. The oscilloscope 
tracing on the left shows the hysteresis i-p curve (with @ as 
the vertical axis) of the inductor. The “almost” identical curve 
shown on the right is the v2-ig curve (with the voltage v as 
the vertical axis) measured across port 2 of the mutator.1 


3-8-2. R-C MUTATORS 


To transform a resistor into a capacitor, we may either transform 
each point on the v-i curve into a corresponding point on the v-g 
curve, or we may transform each point on the v-i curve into 
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Fig. 3-39. Two types of R-C 
mutators and a _controlled- 
source realization for each. 


a corresponding point on the g-v curve. Accordingly, we can 
define two types of R-C mutators (assuming that the resistor 
is connected across port 2): 


Type 1 R-C mutator In this case, we require vy = v and gy =i. 


Since v2 = vand ig = —i, a type 1 R-C mutator is characterized by 
U1 = v2 

ae dig (3-101) 
eed 


The symbol for a type 1 R-C mutator is shown in Fig. 3-39a, and 
a simple realization using controlled sources is shown in Fig. 3-39b.1 


Type 2 R-C mutator In this case, we require vj =7 and g; =v. 
Hence, a type 2 R-C mutator is characterized by 


O= —I2 
, — der (3-102) 
mibecde 


1A type 1 R-C mutator cir- 
: : p cuit using transistors and 
The symbol for a type 2 R-C mutator is shown in Fig. 3-39c, and operational amplifiers is 


a simple realization using controlled sources is shown in Fig. 3-39d. _given in Appendix C. 
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3-8-3. C-L MUTATORS 


To transform a capacitor into an inductor, we may either trans- 
form each point on the v-g curve into a corresponding point on 
the i-~ curve, or we may transform each point on the v-q curve into 
a corresponding point on the g-i curve. Accordingly, we have also 
two types of C-L mutators: 


Type 1 C-L mutator In this case, we require 7; = v and 1 = 4g. 


Since v2 = vand ig = —i,a type | C-L mutator is characterized by 
Se (3-103) 
11 = Ve 


The symbol for a type 1 C-L mutator is shown in Fig. 3-40a, and 
a simple realization using controlled sources is shown in Fig. 3-405. 
Comparing Eq. (3-103) with Eq. (3-96), we observe that a type 1 
C-L mutator is identical with a gyrator with a unity gyration 
conductance. 


Type 2 C-L mutator In this case, we require gi = v and iy = g. 
Hence, a type 2 C-L mutator is characterized by 


am 
dt 


iy => iL io(T) dt 


Ci 


(3-104) 


The symbol for a type 2 C-L mutator is shown in Fig. 3-40c, and 
a simple realization using controlled sources is shown in Fig. 3-40d. 

The significance of mutators is that they make it possible to 
synthesize a nonlinear inductor with a prescribed i-p curve or a 
nonlinear capacitor with a prescribed v-q curve, provided we know 
how to synthesize a nonlinear resistor having an identical v-i 
curve. In other words, the problem of realizing a nonlinear induc- 
tor or a nonlinear capacitor reduces to that of realizing a nonlinear 
resistor, a subject to be considered in detail in Chap. 8. 

Another area where a mutator could be useful is that of 
integrated circuits, where the present-day inductors are incompati- 
ble because of their prohibitive size. It is possible to simulate 
a linear inductor by connecting a linear resistor across port 2 
of an R-L mutator or by connecting a linear capacitor across port 
2 of a C-L mutator, also known as a gyrator. The above approach 
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is still in the research stage because of two basic practical problems. 
First, due to the presence of parasitic elements, the mutators can 
not yet be operated economically at very high frequencies. Secondly, 
just as for scalors, rotators, and reflectors, a mutator, and for that 
matter, any circuit using transistors and operational amplifiers, 
may become unstable under certain conditions. 


Exercise 1: A type 1 R-Z mutator can also be realized by a controlled voltage 


source with a terminal voltage equal to either (dv2/dt — v2) or ({' v41(t) dr — 1). 
= 09 


Find an appropriate circuit realization for each. 

Exercise 2: A type 2 R-L mutator can also be realized by two controlled current 
sources with terminal currents equal to ve and ie vi(t) dr, respectively. Find 
an appropriate circuit realization. 

Exercise 3: A type 1 R-C mutator can also be realized by a controlled current 
source with a terminal current equal to either (2 — di2/dt) or (i = I. ix(7) dr), 
Find an appropriate circuit realization for each. 

Exercise 4: A type 2 R-C mutator can also be realized by two controlled voltage 
sources with terminal voltages equal to iz and ie i;(t) dr, respectively. Find an 
appropriate circuit realization. 


Exercise 5: Find another circuit realization for a type 1 C-L mutator using two 
voltage-controlled current sources. 


143 


Fig. 3-40. Two types of C-L 
mutators and a_ controlled- 
source realization for each. 
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Exercise 6: Find another circuit realization for a type 2 C-L mutator using a con- 
trolled current source across port 1 and a controlled voltage source across 


port 2. 


3-9 SUMMARY 


Three basic classifications of multiterminal elements 


1. N-terminal resistor involving only terminal voltages v; and 
terminalecUrrents 1,) ual eee it 

2. N-terminal capacitor involving only terminal voltages v; and 
lemminal charsesia, J =. | 2ye ee. 


3. N-terminal inductor involving only terminal currents i; and 


terminal flux linkages g;, 7 = 1, 2,...,n 


A three-terminal resistor, capacitor, or inductor is characterized by 
two sets of curves measured with respect to an arbitrarily chosen 
ground terminal. 


Forms of representation The characteristic curves of a three-ter- 
minal resistor can be completely specified by at least six inde- 
pendent representations: 


Conductance representation Resistance-conductance 


: ; repr i 
T= Eee) epresentation 


ig = ig(v2,01) Vy = 04(71,02) 


: : Ig = I9(Vo,/ 
Resistance representation 2 (2,41) 


Voltage ratio-current ratio 


Vy = Vy (t4,/2) ; 
representation 


V2 = Ve(i2,/1) 
Vy = Vy(V2,/2) 


Conductance-resistance ; ; : 
14 = i1(U2,/2) 


representation 
Current ratio-voltage ratio 


ty = 11(01,/2) ; 
‘ representation 


v2 = Vo(i2,01) ( 
Ve = V2(V4,/1) 
ig = 12(V1,/1) 


The characteristic curves of a three-terminal resistor with 
respect to a given ground terminal can always be transformed into 
an equivalent set of curves with respect to another ground terminal. 

It is generally impractical to completely characterize a multi- 


Multiterminal elements 


terminal element because a prohibitive number of measurements 
may be required. To overcome this difficulty, a multiterminal re- 
sistor is usually operated in one of the following ways: 


ite 


As a three-terminal controlled resistor: all but three terminals 
are connected to independent voltage sources or independent 
current sources. 


. As an element with prescribed constraints 


a. Internal current and voltage constraints. Examples: opera- 
tional amplifier, AND gate, and OR gate. 

b. External port constraints: current entering one terminal of 
each port is constrained to leave the other terminal of the 
same port. A port may be created across any pair of ter- 
minals of a multiterminal black box by connecting the ter- 
minal pair across an isolated two-terminal black box or 
across a two-port ideal transformer. 


Practical applications of operational amplifiers 


ie 


Nonlinear mode: square-wave converter, voltage comparator, 
or threshold detectors. 


Linear mode: scaling circuit, isolation box, phase inverter, 
differentiator, integrator, and summing circuit. These functional 
circuits constitute the building blocks of analog computers. 


An important class of two-port resistors 


1. 


The scalor multiplies the abscissa or the ordinate of a v-i curve 
by a constant. 


a. Voltage scalor: b. Current scalor: 
V1 = Kyle OS os 
———1> n= Kile 


. The rotator rotates a v-i curve by a prescribed angle @ with re- 


spect to the origin. 


V1 = (cos O)ve + (sin 6)(Riz) 
iy = (sin 0)(v2/R) — (cos Piz 


_ The reflector reflects a v-i curve with respect to a straight line 


making an angle @ with the horizontal axis. 


V1 = (cos 26)v2 — (sin 26)(Ri2) 
iy = (sin 26)(v2/R) + (cos 20)iz 
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Mutator, the chameleon black box 


1. The R-L mutator transforms a resistor into an inductor, and 
vice versa. 
Type 1. (v,i) — (P1,/1) Type 2. (v,1) — (11,91) 
= dv» oe diz 
ee ae ne 
iy = —le ly = U2 
2. The R-C mutator transforms a resistor into a capacitor, and 
vice versa. 
Type 1. @,1) @ @,q) Type 2. (1)  (g,v) 
U1= Ve vy = —l2 
Sta lhe Ue pee 
een ET: 
3. The C-L mutator transforms a capacitor into an inductor, and 
vice versa. 
Type 1. (9) = G9) Type 2. (0,9) <> (@,i) 
= i pee 
vi = —12 1= i 
iy = Ue iy = iP ma in(t) dr 
PROBLEMS 


3-1 A three-terminal resistor is characterized by the equations 


iy + Vo — 033 = 0 
ig +01 = 0 


(a) Recast these equations into the six forms of representation 
given in the text. If the equations cannot be expressed in a 
particular form, we say the corresponding representation does 
not exist. Under what conditions may this situation occur? 

(b) Sketch the characteristic curves corresponding to the rep- 
resentations obtained in (a). 

(c) Based on the complexity of the curves obtained in (a), explain 
why a certain form of representation may be preferred over 
another in practice? 

(d) Obtain the characteristic curves in the resistance representa- 
tion graphically from the curves in the conductance rep- 
resentation in (b). 


3-2 The characteristic curves of most transistors are measured with re- 


spect to the common-emitter configuration shown in Fig. P3-2a. 


3-3 


3-4 


Multiterminal elements 


From the characteristics of the n-p-n transistor (type 2NXX17A) 
given in Appendix D, obtain the corresponding sets of curves for 
the common-collector configuration shown in Fig. P3-2b. 


Fig. P3-2. 


The common-base characteristic curves of an n-p-n or p-n-p tran- 
sistor can be represented approximately by the so-called Ebers- 
Moll equations, 


Tp = Ay1(ekVas = 1) + Ay2(ek¥cs = 1) 
Ig = Aoi(e*Ves — 1) + Ago(e*¥cx — 1) 


where k is a constant and 414, Ai2, 41, and Aoo are coefficients 

which depend upon the type and construction of the transistor. 

(a) Find the corresponding equations in the common-emitter 
configuration. 

(b) Repeat (a) for the common-collector configuration. 

(c) Find the appropriate sign of the coefficients 411, Aye, Aoi, 
and A» for an n-p-n transistor. 

(d) Repeat (c) for a p-n-p transistor. 

(e) Discuss any similarities or differences between the Ebers-Moll 
equations and Eq. (1-14) of a junction diode. Can you find a 
simple relationship between them? 


In the fabrication of large-scale integrated circuits, it is highly 
economical to produce many identical transistors and then to ob- 
tain from them other elements such as diodes. In the case of 
diodes, the transistor is operated as a two-terminal controlled re- 
sistor and may take the five basic forms shown in Fig. P3-4. 

(a) Obtain the vy-i; curve of each of these five configurations. 

Assume a p-n-p transistor type 2NXX16. 
(b) How should you redefine the references if the p-n-p transistor 


is replaced by an n-p-n transistor? 
Fig. P3-4. 


Not connected 


Lik 


(d) 


(a) 
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Fig. P3-5. 
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3-5 There is an important class of multiterminal black boxes, designed 


specifically for processing digital signals which can assume only 

one of two distinct levels, namely, vj = Eo or vj = Fy. See Fig. 

P3-Sa. It is traditional to attach a binary code of 0 or | to 

represent these two distinct states, respectively. In order to study 

the various possible state combinations, it is convenient to tabulate 
the state of the output voltage corresponding to the state of each 
input voltage as shown in Fig. P3-5b. This table is usually called 

a truth table. Construct the truth table to represent the following 

common logic circuits: 

(a) An AND gate. 

(b) An OR gate. 

(c) A black box characterized by v, = £1, whenever vi = v2 = Eo. 
Otherwise, vo = Eo. This logic circuit is usually called an 
INVERTING gate or a NOT gate. 

(d) A black box characterized by v, = E; whenever v; = Fj or 
ve = £;, but not both. Otherwise, v, = Eo. This logic circuit 
is usually called an exclusive OR gate. 

(e) A black box characterized by v, = Eo whenever v1 = v2 = Fj. 
Otherwise, v, = Eo. This logic circuit is usually called a 
NAND gate. 

(f) A black box characterized by vo = E; whenever vj = v2 = Ep. 
Otherwise, vy = Eo. This logic circuit is usually called a NOR 
gate. 


q eee eee 
od |e ae Input Output 
| signal signal 
ree 
U 
i Oe aclees eka aa 
| 
24 fie Gl ey ed, 0 0 
Ny | | | | | | 
] | | 
E, 0 I 
1 
Eee oes 0 
Lathe ee ; 
| | 
at 1 1 4 1 4 1_y + 
(a) (b) 
3-6 


A two-port ideal transformer can be approximately realized in 
practice by a suitable interconnection of a voltage-controlled volt- 
age source and a current-controlled current source. Draw the ap- 
propriate circuit and specify the relationship between the control- 
ling coefficients so as to obtain a turns ratio equal to n1/no. 


3-7 


3-8 


3-9 


3-10 
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The equation of a rocket in motion can be approximately rep- 
resented by the following differential equation: 


dtx dx a*x dx : 
is ae — | a Pg oF a2 2 of ‘ae — do = //@) 


where do, @1, a2, a3, and a4 are positive coefficients which can be 
adjusted by the ground control to keep the rocket in proper opera- 
tion. The problem is to study the effect of these parameters on the 
performance of the rocket. Although an actual rocket could be 
launched for this purpose, it is extremely costly to do so. Show 
how you may obtain the information by an appropriate analog 
circuit. 


The analog circuits discussed in the text generally require two 
operational amplifiers to perform pure “subtraction” or pure 
“addition.” The following circuits require only one operational 
amplifier for the same task. 

(a) Show that the circuit in Fig. P3-8a is characterized by 
Ue = k(v2 — v1), where k = Ro/Ry. This circuit is also known 
as a differential input amplifier. Explain why. 

(b) Show that the circuit in Fig. P3-8b is characterized by 
Uo = V1 + V2, provided Ro = 2Rj. 


(a) 


(a) Show that when an inductor is connected across port 2 of a 
voltage scalor, the resulting two-terminal black box is also an 
inductor having the same i-@ curve, but with its flux linkage 
multiplied by the constant igs 

(b) For a current scalor, show that the same i-p curve is ob- 
tained, but with the current multiplied by the constant kj. 

(c) Show that an analogous property holds for a capacitor. 


(a) Show that an analogous two-port black box called an L ro- 
tator may be defined to rotate the /-p curve of a nonlinear 
inductor. 
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Fig. P3-14. 


2 - port 
resistor 


3-13 


3-14 


(b) 


(a) 


(b) 


(c) 


(b) 


(c) 


(a) 


(b) 


(c) 


(d) 
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Show that an L rotator can be realized in practice by either 
a m network or a T network containing three linear inductors. 
Show that an L rotator can also be realized by connect- 
ing either port of a rotator across port R of an R-L mutator. 


Show that an analogous two-port black box called a C rotator 
may be defined to rotate the v-g curve of a nonlinear capacitor. 
Show that a C rotator can be realized in practice by either a 
a network or a T network containing three linear capacitors. 
Show that a C rotator can also be realized by connecting 
either port of a rotator across port R of an R-C mutator. 


Show that an analogous two-port black box called an L re- 
flector may be defined to reflect the i-p curve of a nonlinear 
inductor. 

Show that an L reflector can be realized by the same reflector 
circuits given in the text, provided the resistors are replaced 
by inductors. 

Show that an LZ reflector can also be realized by connecting 
either port of a reflector across port R of an R-L mutator. 


Show that an analogous two-port black box called a C reflec- 
tor may be defined to reflect the v-g curve of a nonlinear 
capacitor. 

Show that a C reflector can be realized by the same reflector 
circuits given in the text, provided the resistors are replaced 
by capacitors. 

Show that a C reflector can also be realized by connect- 
ing either port of a reflector across port R of an R-C mutator. 


Show that a two-port resistor may be transformed into a two- 
port inductor or a two-port capacitor by the circuit shown in 
Fig. P3-14a, where X stands for L in the inductor case and C 
in the capacitor case. 

Show that the circuit shown in Fig. P3-14b is equivalent to 
the three-terminal linear inductor defined by Eqs. (3-41) and 
(3-42). 

In practice, this three-terminal inductor is called a pair of 
mutual inductance if L1z = Lz: = M. Find the relationships 
between Li1, Loo, M and Ry, Ro, R3. 

Based on the observation that an R-L mutator can be syn- 
thesized without using any inductor, discuss the possible ap- 
plication of this mutual inductance in integrated circuits. 


(a) 
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Verify that the two-port black box Ns is obtained from the cascade 

connection between N; and No as shown in Fig. P3-15. 

(a) Ni = type 1 C-L mutator, No = type 2 R-C mutator, N3 = type 
1 R-L mutator. 

(b) Ny = type 1 C-L mutator, No = type 1 R-C mutator, N3 = type 
2 R-L mutator. 

(c) Ny = type 1 C-L mutator, N2 = type 2 R-L mutator, N3 = type 
1 R-C mutator. 

(d) Ny = type 1 C-L mutator, No = type 1 R-L mutator, N3 = type 
2 R-C mutator. 

(e) Ny = voltage scalor with k, =n, Ne = current scalor with 
k, = 1/n, N3 = two-port ideal transformer. 


The rotator, the reflector, and the scalor can be considered as 
special cases of a more general two-port resistor called the /inear 
transformation converter (LTC). The LTC is characterized by 


Vy = Ave — Biz 
ly = Cue — Dio 
AUD) — IHC ==) 


(a) Find the coefficients A, B, C, and D for the rotator, the 
reflector, and the scalor. 

(b) Prove that any prescribed LTC can be synthesized by con- 
necting in cascade a @; reflector, a current scalor with coeffi- 
cient K;, a voltage scalor with coefficient Ky, and a 45 rotator, 
in the above order. Find the relationship of 64, 62, K;7, and Ky in 
terms of the prescribed coefficients A, B, C, and D. 


A multiplier is a four-terminal element (consisting of two input ter- 
minals, one output terminal, and a common ground terminal) 
characterized by i; = 0, ig = 0, and up = vyv2. 

(a) Show that a squaring circuit characterized by i; = 0, iz = 0, 
and v, = v;2 can be synthesized using only one multiplier. 

(b) Using the squaring circuit from (a) and an integrator, synthe- 
size a mean-squaring circuit characterized by i, = 0, fg = 0, 
and v,(f) = ie v;2(7) dr. 

(c) Show that a circuit for finding the square root of an input sig- 
nal (v, = \/v;) can be synthesized using only two linear 
resistors, an operational amplifier, and a multiplier. 

(d) Show that a divider circuit characterized by i, = 0, iz = 0, and 
Vp = U1i/v2 can be synthesized using only two linear resistors, 
an operational amplifier, and a multiplier. 


Fig. P3-15. 


1To these we may add the 
class of independent sources, 
which may be interpreted 
as a special case of two- 
terminal resistors, and the 
class of controlled sources, 
which may be interpreted 
as a special case of four- 
terminal, or two-port, re- 
sistors. There are occasions 
where it is more conven- 
ient to regard these sources 
as a separate set of ele- 
ments. We shall find both 
interpretations useful in 
this book. 


? This is necessary in order 
that the reader may know 
exactly the conditions un- 
der which a particular 
method is valid. By so 
doing, the reader will be 
in a better position to solve 
new problems that may 
confront him in the future. 


4-1 CLASSIFICATION OF NONLINEAR NETWORKS 


So far, we have been concerned primarily with the classification 
of n-terminal black boxes where n > 2. Regardless of the number 
of terminals n, we have found it convenient to define only three 
basic types of lumped network elements, namely, n-terminal 
resistors, n-terminal capacitors, and n-terminal inductors.t The 
main reason for this three-way classification is that most practical 
devices either belong to one of these types or may be modeled by 
an appropriate combination of these elements. We have also dis- 
cussed various practical applications of each type of elements. 
Since little background is assumed of the reader at this stage, only 
simple applications were discussed. Even then, we have found it 
necessary in many occasions to somewhat idealize the circuits. 
The reader will discover many more practical applications by the 
time he finishes this book. It is hoped that these exciting applica- 
tions will provide the reader with enough motivation to embark 
on a serious study of nonlinear network theory. In the hope 
of providing sufficient generality to the principles and methods, 
we have found it necessary at times to inject a certain amount of 
formalities which may not be as motivating as concrete, but less 
general, examples.? 


Our first formal task is to state a number of important 
definitions. 


DEFINITION OF NETWORKS AND SUBNETWORKS 


A network is any interconnection of the three basic types of net- 
work elements and sources, which may be both independent and 
controlled. A network is said to be /inear if it contains only linear 
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Equations of motion 


elements (in the sense defined previously) and sources. Otherwise, 
it is nonlinear.’ On many occasions we shall find it useful to parti- 
tion the network elements in a network N into two or more 
groups, where the elements in one group may be connected to ele- 
ments in another group only through external wires. That part of 
the network containing any particular group of elements is called 
a subnetwork, 


DEFINITION OF RESISTIVE AND DYNAMIC NETWORKS 


A network is said to be a resistive network if it contains only 
n-terminal resistors and sources.” Otherwise, it is called a dynamic 
network. 


The reason for the above classification is a very fundamental 
one. As will be demonstrated shortly, the governing equations de- 
scribing any resistive nonlinear network are nonlinear functional 
(algebraic or transcendental) equations. In contrast with this, the 
equations describing any dynamic nonlinear network are nonlin- 
ear differential equations. Since these two types of equations are 
solved by entirely different techniques, it is only logical to analyze 
these types of networks separately. Since resistive networks are 
more fundamental than dynamic networks, we shall study this 
class of networks first. The importance of resistive-network 
analysis as a prerequisite to the analysis of dynamic networks can 
be seen by noting that all part 2 (Chaps. 5 to 12) of this book is 
addressed only to resistive networks. Although certain simple dy- 
namic networks could have been discussed earlier, or even mixed 
in with the discussion on resistive networks, we have found it more 
satisfactory from a pedagogical point of view to postpone all dis- 
cussion of dynamic networks until part 3. 

Our main purpose in this chapter is to formulate a systematic 
method for writing the governing equations describing a nonlinear 
network. In analogy to mechanics, we shall henceforth refer to the 
governing equations as the equations of motion. 


4-2. LAWS OF ELEMENTS AND OF INTERCONNECTION 


The three basic network elements are completely specified by a 
curve, or sets of curves, relating the variables voltage and current 
for a resistor, voltage and charge for a capacitor, and current and 
flux linkage for an inductor. We can interpret the elernent- 
characteristic curves as constraints or “laws” that must be satisfied 
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1Since almost all networks 
to be considered in this 
book are nonlinear, we 
shall usually omit writing 
this adjective. 


2Recall that the class of 
n-terminal resistors in- 
cludes a large variety of 
special cases such as con- 
trolled resistors and n-port 
resistors. In particular, a 
resistive network may con- 
tain ideal transformers, 
scalors, rotators, reflectors, 
gyrators, and negative im- 
pedance converters. 


3 For reasons that will soon 
be obvious, a resistive net- 
work is sometimes called 
a memoryless network or 
an instantaneous network. 
In contrast with this, a 
dynamic network is often 
called a network with 
memory. 
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by the element at all times. Hence, we shall refer to the element- 
characteristic curves as the laws of elements. 

The laws of elements pertain only to individual elements. 
When these elements are interconnected to form a network, there 
are some governing laws that all elements in the network must obey. 
We shall refer to these laws as the /aws of interconnection. In 
lumped-network theory, the laws of interconnection consist of the 
following: 


1. Kirchhoff voltage law (KVL): The algebraic sum of voltages 
around any closed loop of a lumped electrical network is zero 
at all times. 


2. Kirchhoff current law (KCL): The algebraic sum of currents 
entering any node of a lumped electrical network is zero at all 
times. 


It must be emphasized that the laws of elements and the laws 
of interconnection are distinct and completely independent laws. 
Perhaps a simple example from freshman physics will help to 
make this distinction clear. Consider a mechanical system consist- 
ing of a stiff spring coil A with one end fixed against the ceiling 
and the other tied to one end of a smaller spring coil B. A mass 
M is attached to the other end of spring B. In order to predict the 
motion when the mass M is given an initial displacement and then 
released, it is necessary to write the equations of motion describ- 
ing the system. In order to do this, we must know first the charac- 
teristics of each of the two springs, which in this case are given by 
the well-known Hooke’s law. But Hooke’s law pertains only 
to each spring and is independent of the entire system. In other 
words, regardless of how the springs are interconnected, each 
spring must independently satisfy Hooke’s law at all times. In 
order to complete the equations of motion describing the system, 
we need some other laws which govern the interconnection of 
mechanical elements, namely, Newton’s laws of mechanics. It is 
clear, therefore, that for our example, Hooke’s law corresponds to 
the law of elements and Newton’s laws correspond to the law of 
interconnection. Both are needed to write the complete equations 
of motion of the system. 

The fundamental problem in nonlinear network theory is to 
determine the voltages across all network elements and the cur- 
rents through all network elements which simultaneously satisfy 
the laws of elements and the laws of interconnection. We shall call 
such a set of voltages and currents the solution of the network. 


Equations of motion 


When the laws of elements and the laws of interconnection are ap- 
plied to a given network, the resulting equations are called the 
equations of motion. 


4-2-1 EQUATIONS OF MOTION PERTAINING 
TO THE LAWS OF ELEMENTS 


The general form of equations describing the laws of elements has 
already been discussed in the preceding chapters. For nonlinear 
elements these equations are also nonlinear and are, therefore, 
difficult to describe analytically. Nevertheless, it is useful to 
denote these relationships symbolically by functional notations. 
For example, the laws describing a two-terminal resistor, capacitor, 
and inductor can be represented in the following general forms:1 


Resistor: “fr(0;,4;) = 0 (4-1) 
Capacitor: f¢(v;,q;) = 0 i= oe (4-2) 
Inductor: fy (7,p;) = 0 0; = oo (4-3) 


It is important to observe that the variables in each of the above 
equations pertain only to a particular element. Since each equa- 
tion involves a different set of variables, it is impossible to derive 
one equation from the remaining equations. Mathematically, this 
statement is equivalent to saying that the equations of motion 
pertaining to the laws of elements are always independent of one 
another. Another important observation is that whereas the laws 
of resistors are always functional equations,’ the laws of capacitors 
and inductors involve time derivatives of gq; and q; and hence are 
functional-differential equations; i.e., each element must be de- 
scribed by both functional equations and differential equations. 


4-2-2 EQUATIONS OF MOTION PERTAINING 
TO THE LAWS OF INTERCONNECTION 


It is clear from the statements of KVL and KCL that the equa- 
tions arising from the laws of interconnection are independent of 
the type of elements in the network. In other words, it does not 
matter whether a certain element across a pair of nodes is a resis- 
tor, a capacitor, an inductor, or a source. Only the network con- 
nection diagram, the topology, need be specified in order to ob- 
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1The same general form 
applies to n-terminal ele- 
ments, where n > 2. The 
only difference here is that 
each element is now de- 
scribed by (nm — 1) equa- 
tions. Each equation is 
generally a function of 
2(n — 1) variables, namely, 
v;, lj for resistors, v;, g; for 
capacitors, and jj, ~; for in- 
dirctorssyath jes eer 
n—1. 


2 Any operation which does 
not contain time-derivative 
or integral terms is said to 
be a functional equation. 
In particular, a functional 
equation is said to be an 
algebraic equation if it 1s a 
polynomial equation. Oth- 
erwise, it is a transcenden- 
tal equation. 
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(c) 


Fig. 4-1. For the purpose of ob- 
taining the equations pertain- 
ing to the laws of interconnec- 
tion, each two-terminal element 
or source may be replaced by a 
line segment called a branch. 
By convention, the positive ter- 
minal is assumed to be at the 
tail end of the branch arrow 
and need not be indicated ex- 
plicitly. 
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tain the equations corresponding to the laws of interconnection. 
This observation is particularly useful when the network contains 
only two-terminal elements and sources. Here it is convenient to 
replace each two-terminal element (Fig. 4-1a) in the network by 
a short line segment called a “branch” or an “edge” of the 
element as shown in Fig. 4-1b. As usual, each terminal of the 
branch is called a node. Observe that each branch must indicate 
the original reference direction for i; and the original reference 
polarity for v;. It is common practice, however, to draw only an 
arrow in each branch, as shown in Fig. 4-lc, and to follow 
the convention that the node at the tail end of the arrow is always 
the positive terminal. 

If each two-terminal element of a network N is replaced by 
a branch, the result is called a network graph or simply a graph. 
To demonstrate that the equations pertaining to the laws of inter- 
connection can be written directly from this graph, let us consider 
the typical bridge network shown in Fig. 4-2a and its net- 
work graph as shown in Fig. 4-26. The laws of interconnection 
can now be obtained as follows: 


KVLequations Corresponding to each of the following closed loops, 
we obtain one equation: 


Loop formed by KVL equation 


imaEMES Il, 2, Dy 7/ Dyes Pp SOs Sora (4-4a) 
Branches 3, 4, 2 Ds + U4 — Op = 0 (4-46) 
Branches 3, 8, 2 5 St i> =O (4-4c) 
Branches 4, 8 v4 + vg = 0 (4-4d) 
Branches 4, 6, 5 —v4 + vg + U5 = (4-4e) 
Branches 8, 6, 5 Vg + Ue + U5 = O (4-4f) 
Branches 3, 6, 5, 2 v3 + vg + U5 — Vo = O (4-4¢) 
Branches 1, 3, 6, 7 vy + v3 + Ve — 07 = 0 (4-4h) 


Etc. Etc. 


KCL equations Corresponding to each of the following nodes, we 
obtain one equation: 


Node KCL equation 
a ly — tg —i3 = 0 (4-5a) 
b ig —ig —ig +ig = 0 (4-5b) 
c ig + ig + is — ig = 0 (4-5c) 
d ioe total (4-5d) 
© Lie i—a) (4-Se) 


Equations of motion 


(a) (b) 


It should now be clear that the equations arising from the laws 
of interconnection are always /inear algebraic equations (whose co- 
efficients are either plus or minus 1) and it is a simple matter to 
write these equations. However, the trouble with the above equa- 
tions is that there are too many of them. Many of the equations 
are redundant in the sense that they can be derived from other 
equations in the set. For example, Eq. (4-4d) can be obtained by 
subtracting Eq. (4-4c) from Eq. (4-45), and therefore it is redundant. 
Similarly, Eq. (4-5e) is also redundant because it can be obtained 
by adding Eqs. (4-5a) to (4-5d). 

The above examples clearly point out the need to have a sys- 
tematic procedure for writing an “independent” set of KVL and 
KCL equations. In order to do this, we must study some elemen- 
tary concepts of network topology. 


Exercise 1: Obtain Eqs. (4-4) and (4-5) directly from the network shown in Fig. 
4-2a. What is the advantage of using the network graph? 

Exercise 2: The v-i curves of two nonlinear resistors in a network are given by 
by = iy3 andi = ve — v25. (a) Recast these into the form of Eq. (4-1). (b) Are these 
equations independent? Explain why. 

Exercise 3: Consider the system of two equations x; + 2x2 = 4and 2x; + 4x2 = 8. 
(a) Are these equations independent? (b) Solve for the value or values of x1 and 
X». (c) How many solutions do these equations possess? From this answer, ex- 
plain why it is necessary to have independent equations. 


4-3 INTRODUCTION TO NETWORK TOPOLOGY 


Let N be a network containing only two-terminal network elements 
and independent sources. Let G be the network graph associated 
with N. We shall assume that N is a connected network in the sense 


Fig. 4-2. A typical bridge net- 
work and its associated net- 
work graph. 


1Tt is possible to include 
multiterminal elements as 
well as controlled sources 
in a more general discus- 
sion of network topology. 
However, this would in- 
volve certain complexities 
beyond the intended level 
of this book. When such 
elements are allowed, the 
network graph usually 
consists of several separate 
subgraphs which are phys- 
ically disconnected. Be- 
cause of this, some of the 
results to be derived in this 
section may not be ap- 
plicable in the more gen- 
eral case. 
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1 According to this method, 
which has its foundation 
in mathematical logic, any 
proposition which claims 
to be true for all cases 
i = ih, ys eo6 etc. can be 
proved by verifying two 
steps: (1) Show that the 
proposition is indeed true 
form = 1. (2) Assume next 
that the proposition is true 
for m = k. Show that this 
assumption implies that 
the proposition is also true 
form=k + 1. 
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that it consists of only one piece; i.e., there is no physical separa- 
tion. A network graph corresponding to a connected network is 
said to be a connected graph. Clearly, it is possible to move from 
one node of a connected graph to any other node via a path made 
up entirely of branches of the graph. Throughout this section, we 
shall let n denote the total number of nodes and b denote the total 
number of branches in the network graph G. 


DEFINITION OF TREE AND COTREE 


A set of branches of a network graph G is said to be a tree of G 
if the branches connect all nodes of G but do not form any closed 
loop. Any branch belonging to a tree T is called a tree branch. 
Branches that do not belong to a given tree are called Jinks. All 
the links of a given tree form what is called a cotree T,. Therefore, 
there is a definite cotree associated with every tree. 


It is clear from the definition that there are in general many 
distinct trees for any network. For example, some of the possible 
trees of the network graph in Fig. 4-2b are shown in Fig. 4-3. The 
cotree corresponding to 7; then consists of branches 3, 4, 5, and 7. 
Similarly, the cotree corresponding to the tree J consists of the 
branches.2, 4, 7,.and 8, etc. 

Based on the above definition, we can derive several impor- 
tant properties that are valid for any connected network contain- 
ing only two-terminal elements and independent sources. 


PROPERTY 1 


Let G be a network graph with n nodes and b branches. Let T be 
any tree of G and T; be the corresponding cotree. Then T contains 
exactly (n — 1) tree branches and T, contains exactly b — (n — 1) 
links. 


In order to prove this property, we must appeal to a method 
called mathematical induction.’ Since each branch must have at 
least two nodes, the first step (corresponding to m = 1) is to verify 
that a two-node network graph contains exactly one tree branch. 
This is obviously the case, for were there two tree branches con- 
necting the two nodes, there would be a loop which is excluded 
by the definition of a tree. For the second step, let us suppose that 
it is true that a k-node network graph contains exactly (k — 1) tree 
branches. If we add one more node to this graph, we must add one 
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more branch to the original tree, for otherwise, no connection 
would exist from this node to the nodes connecting the tree 
branches. Again, it is not possible to add more than one tree 
branch without creating a loop. Hence, our new tree for the 
(A + 1)-node network graph has exactly (k — 1) + 1=k tree 
branches. This verifies that the first proposition of property 1 is 
true for all cases. Since G has a total of b branches, the remaining 
b — (n — 1) branches must be links. This proves property 1. 


PROPERTY 2 


The n — I tree-branch voltages corresponding to any tree of a net- 
work without controlled sources are independent of one another; that 
is, it is impossible to express any tree-branch voltage as a linear 
combination of the other tree-branch voltages. 


This property follows from two observations. (1) Since none 
of the tree branches is a controlled source, there cannot exist any 
relationship between two or more tree-branch voltages other than 
possibly a constraint that may be imposed by KVL. (2) Since by 
definition the tree branches do not form any closed loop, it is im- 
possible to write a KVL equation that involves only the tree- 
branch variables. Hence, it is impossible to find any relationship 
among the tree-branch variables; consequently, it is impossible to 
solve for any tree-branch voltage in terms of the remaining tree- 
branch variables. 


PROPERTY 3 


The b — (n — 1) link currents corresponding to any cotree of a net- 
work without controlled sources are independent of one another. 


The proof of this property is very similar to that of property 2. 
First, we observe that since none of the links is a controlled 
source, there cannot exist any relationship between two or more 
link currents other than possibly a constraint that may be imposed 
by KCL. Next, we observe that, by definition, a tree must connect 
all nodes. This is equivalent to saying that it is impossible to find 
a node connected only by links, since one of the branches must 
necessarily be a tree branch. But since KCL pertains to all branches 
terminating in a node, it is impossible to obtain a KCL equation 
containing only link currents. Hence, property 3 follows from 
reasons similar to those given earlier. 
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(d) Tree th 


Fig. 4-3. Four of the many dis- 
tinct trees of the network graph 
shown in Fig. 4-26. 
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Exercise 1: (a) Find all trees of the network graph in Fig. 4-2b other than those 
already given in Fig. 4-3. (b) List the cotrees corresponding to each tree obtained 
in (a). (c) Verify that property 1 is satisfied by each tree obtained in (a). 


Exercise 2: Verify that properties 2 and 3 are satisfied by the network graph of 
Fig. 4-2b. 


4-3-1 CRITERIA FOR WRITING INDEPENDENT KVL EQUATIONS 


Our objective in this section is to formulate some criteria for 
writing a system of independent KVL equations. As usual, we let 
T be any tree of a network graph G. Since the tree branches con- 
nect all nodes but do not form closed loops, it is clear that the ad- 
dition of any one link will immediately establish a closed loop 
formed by that link and one or more tree branches. Any such closed 
loop formed by the tree branches and exactly one link is called a 
fundamental loop. 

For example, corresponding to the tree 7; shown in Fig. 4-3, 
we obtain one fundamental loop corresponding to each link; 
hence, corresponding to link 7, we obtain loop 1, 2, 8, 6, 7. Ob- 
serve that loop 1, 3, 6, 7 is not a fundamental loop because it has 
more than one link, namely, 3 and 7. Since there are exactly 
b — (n — 1) links in any network graph in accordance with prop- 
erty 1, it is clear that there are exactly b — (n — 1) fundamental 
loops in any network graph. We are now ready to state a funda- 
mental theorem which shows us how to write a set of independent 
KVL equations. 


INDEPENDENT KVL EQUATION CRITERIA 


Let G be any network graph containing n nodes and b branches. 
Let T be any tree in G. Then the maximum number m of independ- 
ent KVL equations that can be written is equal to b — (n — 1). 
Moreover, these m independent equations can always be written by 
applying KVL to the b — (n — 1) fundamental loops associated with 
the tree T. 


We shall prove the first assertion by the method of contradic- 
tion. Let m = b — (n — 1), and suppose that it is possible to write 
M independent KVL equations, where M > m. Let us consider 
the first m equations. Clearly they must be independent, too. 
These m equations would in general contain b unknowns, namely 
V1, V2, ..., Up. Since m < b, we do not have enough equations to 
solve for the unknowns. However, in view of property 2 we know 
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the n — | tree-branch voltages are independent, which means that 
we can assume any value for these voltages without violating the 
laws of interconnection. Suppose we let the tree-branch voltages 
be v1, Vo, . . . , Un_1 and consider the remaining m link voltages to 
be the unknowns. Our m independent equations would then con- 
tain exactly m unknowns, and we can solve for any of the 
link voltages uniquely in terms of the n — | tree-branch voltages. 
But we have used only m of the M equations. This means that the 
remaining M — m equations must automatically be satisfied by 
the solutions we obtained earlier using the m equations, and there- 
fore they can be derived from the m equations. This is a contra- 
diction to our original assumption. Hence, we have shown that 
there cannot be more than m independent KVL equations. 

The above criteria would finally be proved if we show that we 
can actually write m independent KVL equations. If we choose 
the loops according to the criteria, then, since each of the 
b — (n — 1) fundamental loops contains exactly one of the 
b — (n — 1) links, it is clear that the KVL equation corresponding 
to each fundamental loop would contain one link voltage which is 
missing in all other equations. In other words, each of the m 
equations contains one link voltage variable that is not present in 
the other equations. It is therefore impossible to derive one equa- 
tion from the rest, because at least one variable cannot be 
accounted for. This proves that the set of m KVL equations is in- 
deed independent and completes the proof. 

The above criteria can be simplified somewhat if the network 
is planar, i.e., if the network graph can be drawn on a plane with- 
out any branches intersecting except at nodes. A network which 
does not satisfy this property is said to be nonplanar. To illustrate 
the difference between a planar and a nonplanar network, con- 
sider first the bridge network shown earlier in Fig. 4-2. This net- 
work is clearly planar because its graph has no intersecting 
branches. The lattice network shown in Fig. 4-4a looks like a non- 
planar network, but do not be fooled by what appear to be inter- 
secting branches. This network is planar because its graph can be 
redrawn in planar form as shown in Fig. 4-4b. However, the net- 
work shown in Fig. 4-5 is nonplanar because it is impossible to 
draw its graph on a plane without intersecting branches. 

If a network is planar, then its graph can be stretched 
(imagine that the branches are made of rubber bands) into some- 
thing that resembles a fish net. This leads us to define a mesh of a 
planar network to be a closed loop which encloses no branches in 
its interior. Observe that the term mesh is defined only for planar 
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Fig. 4-4. A lattice network is 
planar because its graph can 
be drawn on a plane without 
intersecting branches. 
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(a) (b) 


networks and that while every mesh is a loop, not every loop is a 
mesh. For example, consider the planar graph of Fig. 4-2b. The 
loop formed by branches 2, 3, 4 is a mesh, but the loop formed by 
branches 2, 3, 8 is not because it contains branch 4 in its interior. 
The significance for defining meshes is that it leads naturally to 
the following simple criteria. 


INDEPENDENT KVL MESH EQUATION CRITERIA 


A planar network with n nodes and b branches contains exactly 
b — (n — 1) meshes. Moreover, the KVL equations written around 
these meshes are independent. 


The first part of the criteria can be proved rigorously by ap- 
plying the principles of mathematical induction similar to the way 
we did earlier in proving property 1. The second part of these 
criteria can be proved by the method of contradiction. Since the 
details are quite lengthy, although not difficult, we shall leave the 
proof for the problems. 


Exercise 1: Find the b — (m — 1) fundamental loops associated with each of the 
four trees shown in Fig. 4-3. 


Exercise 2: (a) Obtain the set of independent KVL equations associated with the 
tree 7) of Fig. 4-3. (6) Add a KVL equation (written around another loop) to the 
equations already obtained in (a). Show that these equations are not independent 


by following the steps given in the proof of the independent KVL equation 
criteria. 


Exercise 3: (a) Verify that the networks shown in Figs. 4-2 and 4-4 have exactly 
b — (n — 1) meshes. (b) Show that the choice of these meshes is not unique by 
redrawing the associated graphs into as many distinct configurations as possible. 
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4-3-2. CRITERIA FOR WRITING INDEPENDENT KCL EQUATIONS 


Our objective here is to formulate an analogous set of criteria for 
writing a system of independent KCL equations. Before we do 
this, it is necessary to introduce the concept of a cut set. 

Given a network graph G, a cut set is a set of branches of G 
having the property that if we cut each branch in the set once (as 
if with scissors), the graph becomes separated into two disconnected 
subgraphs, and if we leave any one branch of the set uncut, the 
graph remains connected in one piece by that branch. 

For example, consider the graph shown in Fig. 4-2b. The set 
of branches {3,4,8,6} is a cut set, since cutting these branches 
once separates the graph into two subgraphs. Similarly, the set of 
branches {3,4,8,5,7} is also a cut set. However, the set of branches 
{3,4,6} is not a cut set because the graph is still connected by 
branch 8. The set of branches {1,2,3,4} is not a cut set, but for a 
different reason. Even though cutting all four branches results in 
two separate subgraphs, it is not a cut set because it includes one 
more branch than is necessary to separate two subgraphs. Only 
the three branches {1,2,3} which would still separate the graph 
into two subgraphs is a cut set. From this, we can conclude that 
the set of branches connected to any node is automatically a cut 
set. 
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Fig. 4-5. An example of a non- 
planar network. 
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Fig. 4-6. The branches belong- 
ing to a cut set can always be 
redrawn to show the two sub- 
graphs G’ and G” explicitly. 


1 We assume here that care 
has been taken to ensure 
that current entering each 
node is consistently as- 
sumed to be positive or 
negative. This is necessary 
for the “cancellation” re- 
quired in the latter part of 
the proof to take place. 


Foundations of nonlinear network theory 


Positive orientation —»- 
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Branch Harare ogiiged Ak MA 


If we actually “cut” the branches belonging to a cut set, then 
these branches would be separated into two separate subgraphs. 
For convenience, we shall arbitrarily call them the first subgraph 
and the second subgraph. We shall next define a positive orientation 
for the cut set to be from the first subgraph to the second subgraph. 
If the current in any branch belonging to this cut set is in the 
same orientation, it is said to be positively directed. Otherwise, it 
is negatively directed. With these preliminaries we are now in a 
position to derive a more general form of Kirchhoff current law. 


GENERALIZED KIRCHHOFF CURRENT LAW 


The algebraic sum of all branch currents belonging to a cut set is 
zero. The sign of each current is assigned in accordance with the 
rule given above. 


To prove this important result, let the branches {b1,be, . . . bx} 
be a cut set of an arbitrary network graph. In view of the definition 
of a cut set, we can always redraw the network graph in the form 
shown in Fig. 4-6 to indicate explicitly that the cutting of branches 
{bi,...,b,} results in separating the network into two subgraphs 
G’ and G”. Let us arbitrarily define the positive orientation of this 
cut set to be from G’ to G”. To be specific, let us suppose that the 
subgraph G” contains m nodes, where m > 1. When m = 1, 
the subgraph G” would simply be a node connecting the branches 
{b1,...,bx}, and the theorem is automatically satisfied since KCL 
is then applicable at the node. If m > 1, then there will be more 
than one node inside G” which connects not only the branches 
{b1,...,bx}, but also other internal branches. Suppose, corre- 
sponding to each internal node in G”, we write the KCL equation 
at that node.t This would give us m KCL equations. Observe now 
that each variable i; corresponding to an internal branch of G” 
would appear in exactly two of the m KCL equations and with 
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opposite signs. This must be so because each internal branch of G” 
must be connected between two internal nodes x and y of G’”. The 
current corresponding to this branch is directed either from node 
x to node y or vice versa, but in any case the KCL equations 
written at node x and at node y would each contain i; with opposite 
signs. The variables that will appear only once in the above set of 
KCL equations will be the currents ip,, ip,,..., i,. Hence, if we 
add the corresponding sides of all the m KCL equations, the 
internal currents in the left side of the resulting equation would 
cancel each other out, leaving the equation 


h, Shee =, = 0 


This is equivalent to saying that the algebraic sum of currents in 
all branches of any cut set is zero. Hence, the result is proved. 

Observe that the generalized KCL includes the original version 
as a special case. Actually, it is sometimes useful to imagine each 
of the two subgraphs G’ and G” in Fig. 4-6 as a “supernode.” In 
this case, the generalized KCL can be simplified as follows: The 
algebraic sum of all branch currents entering a supernode is zero. 

We have seen earlier that a network can have many distinct 
cut sets. Although the generalized KCL is valid at each cut set, not 
all equations obtained this way are independent. The key to the 
criteria we are looking for lies in the recognition of a special class 
of cut sets known as the fundamental cut sets. A cut set corre- 
sponding to a tree T of a network graph is said to be a fundamen- 
tal cut set if the branches belonging to the cut set contain only 
one tree branch of T and if the rest of the branches are links. 

To illustrate the difference between a fundamental cut set and 
an ordinary cut set, consider again the network graph shown in 
Fig. 4-2b. If we pick the tree 7 in Fig. 4-3 again, then the set of 
branches {1,7} is a fundamental cut set. Similarly, the sets {7,2,3}, 
{7,5,8,4,3}, and {7,5,6} are also fundamental cut sets, since each 
contains only one tree branch of 7;. Observe, however, that the set 
of branches {1,2,3} is not a fundamental cut set corresponding to 
the tree 7; because it contains two tree branches, | and 2. 

In view of property | discussed earlier, it is clear that, corre- 
sponding to any tree, there are exactly n — | fundamental cut sets 
in any network graph. Or another way of saying it is that there 
are as many fundamental cut sets as there are branches in a tree. 

We are now ready to state a fundamental result which shows 
us how to write a set of independent, generalized KCL equations. 
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INDEPENDENT KCL EQUATION CRITERIA 


Let G be a network graph containing n nodes and b branches. Let 
T be any tree in G. Then the maximum number of independent 
generalized KCL equations for G isn — 1. Moreover, these n — 1 
independent equations can always be written by applying the gener- 
alized KCL to the n — I fundamental cut sets associated with the 
gee HE 


This important result can be proved in a manner very similar 
to the way the independent KVL equation criteria were proved. 
Hence, we shall leave the details of the proof for the problems. 


Exercise 1: (a) List all the cut sets of the graph shown in Fig. 4-2b. (b) Redraw 
each of the cut sets obtained in (a) into the form of two subgraphs shown in 
Fig. 4-6. (c) Verify that each subgraph can be considered as a supernode for the 
purpose of applying KCL. 


Exercise 2: (a) Find all fundamental cut sets of the network graph shown in Fig. 
4-2b corresponding to each of the trees To, T3, and T, listed in Fig. 4-3. 
(b) Verify that there are exactly n — 1 fundamental cut sets in each case. 


4-4 EQUATIONS OF MOTION FOR RESISTIVE NETWORKS 


The materials in the preceding section have been presented on 
rather formal grounds because of their generalities. To offer some 
relief from this overdose, we shall now be more specific. In partic- 
ular, we shall consider several representative types of networks in 
their order of complexity. Our objective in this section is to go 
through these networks in great detail and show how to obtain an 
independent set of equations of motion for each network. In order 
not to distract our line of thought from this main objective, we 
shall go as far as simplifying the equations to a reasonably com- 
pact form, but we shall not solve them. The means for solving 
these equations will be discussed in Sec. 4-5. 


4-4-1 NETWORKS CONTAINING ONLY TWO-TERMINAL 
RESISTORS AND INDEPENDENT SOURCES 


The materials on network topology are clearly applicable to this 
class of networks. We shall consider two examples. 
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Fig. 4-7. A voltage stabilizer 
network and its associated fun- 
damental loops and fundamen- 
EXAMPLES tal cut sets. 


1. Consider the simple network shown in Fig. 4-7a. The only non- 
linear element is a varistor with a v-i curve represented by 
v = 50i1/3, where v is in volts and 7 is in amperes- M¢\ Lrampeves , 
An inspection of this v-i curve in Fig. 4-75 reveals that for 
a certain range of currents the voltage varies only slightly. Be- 
cause of this property, this circuit is usually used in practice 
with R» as the load resistor. Since the same voltage v appears 
across Ry, the load voltage is thereby stabilized against any 
undesirable fluctuation in the input source voltage E. As such, 
this circuit is usually called a voltage-stabilizer network. In order 
to design this circuit properly, it is necessary to solve for the | Een aie 
voltage vs corresponding to each value of E. Our first step is to niques, we shall find m any 
write the equations of motion describing this network.? short cuts for solving this 


: : : : ie roblem. However, our 

The graph of this network is eae in) Pig.74-7c. The ae ec penane 
equations of motion consist of two parts: the systematic methods for 
writing a system of inde- 

pendent equations. There- 


Equations from the laws of elements fore, we shall do it the 
hard way. 

Element |: OT eas (4-62) * Observe that it is impor- 

; ? tant to choose the same 

Element 2: v2 = Rois (4-00) unit for all current and 

Element 3: Somat (4-6c) voltage variables when 


writing the equations of 


Element 4: v4 = 30i41/2 (4-62) motion. 
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1 Unless specified otherwise, 
we shall pick the direction 
for which a fundamental 
loop is traced to be along 
the reference direction of 
the link in the loop. Simi- 
larly, the positive orienta- 
tion of each cut set will be 
taken identical with the 
reference direction of the 
tree branch in the cut set. 


Foundations of nonlinear network theory 


Equations from the laws of interconnection 


Since the graph has three nodes and four branches, n = 3, 
b = 4. Hence from the independent KVL equation criteria, we 
can write two independent equations by choosing two funda- 
mental loops. Similarly, from the independent KCL equation 
criteria, we can write two independent KCL equations by 
choosing two fundamental cut sets. To do this, we must first 
pick a tree, say branches 2 and 3. The remaining branches | and 
4 are therefore links. For our first fundamental loop, we pick 
link 1 and close the loop around tree branches 2 and 3, as 
shown in Fig. 4-7d. For the second fundamental loop, we pick 
link 4 and close the loop around tree branch 2, as shown 
in Fig. 4-7e. To obtain our first fundamental cut set, we pick 
tree branch 3 and form a cut set with link 1, as shown in Fig. 
4-7f. To obtain the second fundamental cut set, we must pick 
tree branch 2 with links 1 and 4, as shown in Fig. 4-7g. The 
following independent equations from the laws of interconnec- 
tion are now easily obtained:! 


Fundamental loop KVL equations 
Branches 1, 2, 3 Uns — 03 — 0) (4-7a) 
Branches 4, 2 U4 — Vo = 0 (4-7b) 
Fundamental cut set KCL equations 
Branches 3, 1 ig + iy = 0 (4-7c) 
Branches 2, 1, 4 ig —1y + ig = 0 (4-7d ) 


Equations (4-6) and (4-7) together constitute a system of eight 
independent equations in terms of eight branch variables. In 
theory, these eight equations are the equations of motion of the 
network. In practice, however, it is always desirable that we try 
to eliminate as many variables as possible from these equations, 
so that the resulting equations will be simpler to solve. We can 
usually eliminate immediately at least half of the unknowns by 
substituting the equations from the laws of elements in terms 
of the respective variables into the laws of interconnection. 
Hence, substituting Eq. (4-6) into Eq. (4-7), we obtain the fol- 
lowing four equations in four variables: 


Ryiy + Roi = /f (4-8a) 
Rotor SOT: (4-8) 
aS aah (4-8c) 


ig = (4 — 14) (4-8d) 
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We can usually reduce these equations further by an appropriate 
grouping of equations containing similar variables, thereby 
hoping that some of the variables can be solved in terms of the 
rest. From Eq. (4-8) we notice that the variable i; is present 
only in Eq. 4-8c. Hence, Eqs. (4-8a), (b), and (d) may be 
grouped together. A closer look at these equations suggests that 
iz can be eliminated if we substitute Eq. (4-8d) into Eqs. (4-8a) 
and (6); thus 


Ry + Roly — 4) = E (4-9a) 
Ro(ty — i4) = S50i41/3 (4-95) 
These equations contain only two variables; consequently, it is 
even easier to see if any further elimination is possible. An in- 
spection of these equations immediately suggests that we solve 
for i, in terms of i4; thus 
Ro ) ( E 

= |(_—__-_ re 4-10 
a= (ae) 8+ ae noes 
Substituting Eq. (4-10) for 7 in Eq. (4-96) and rearranging the 
terms, we obtain, after some simplification, the relationship 


es (A+*% 
eR: RiR> 


Equation (4-11) contains only one variable iz. In some very 
special cases a further elimination may be possible, and the 
solution for ig found analytically. Unfortunately, it is safe to 
say that a complete analytical solution does not exist for most 
practical networks of interest. In fact, even for this simple net- 
work, Eq. (4-11) is just about as far as we can go. Other 
nonanalytical techniques must, therefore, be used to solve 
Eq. (4-11) for is. The solution will be presented in Sec. 4-5. 
Once i4 is found, it can be substituted back into Eq. (4-10) to 
obtain the solution for 71. Substituting the values of 7; and ig 
into Eqs. (4-8c) and (4-8d), we obtain the solutions for iz and 
in. Finally, the respective voltages v1, ve, and v4 can now 
be calculated from Eq. (4-6). 


. Consider next the more complicated network shown in Fig. 4-8a. 
This type of network is used in many important automatic con- 
trolled applications. The elements consist of a 50-kQ linear 
resistor R,, two identical monotonic resistors! Ry and Rg 
characterized by v2 = i23 and ug = ig? (Fig. 4-85); two identical 
neon bulbs R3 and Rs with current-controlled v-i curves 
v3 = f(i3) and vs = f(is) (Fig. 4-8c); a tunnel diode with a 


) (50i41/3) (4-11) 
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1A resistor is said to be 
monotonic if it is charac- 
terized by a strictly mono- 
tonically increasing v-i 
curve. 
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(a) 


(d) (c) (d) 


Fig. 4-8. A nonlinear bridge 
network containing both cur- ; P ‘ 
rent-controlled and voltage- voltage-controlled v-i curve i, = g(v4) (Fig. 4-8d); and two 


controlled resistors. independent sources. 
The equations of motion, as usual, must consist of two 
parts. 


Equations from the laws of elements 


Element 1: UII 01y (4-12a) 
Element 2: Ve = Ip (4-125) 
Element 3: v3 = f (is) (4-12c) 


Element 4: in = 804) (4-12d) 


Equations of motion 


Element 5: Us = f (is) (4-12e) 
Element 6: Ve = ig? (4-12/) 
Element 7: v7 = 40 (4-122) 
Element 8: ig =710 (4-12h) 


Equations from the laws of interconnection 


A comparison between the present network and that shown 
earlier in Fig. 4-2a shows that their network graphs are identical. 
Referring to this graph in Fig. 4-25, we found n = 5, b = 8, 
b —(n— 1) = 4, and (n — 1) = 4. Hence, applying the independ- 
ent KVL and KCL equation criteria, we know there are exactly 
four independent KVL equations and four independent KCL 
equations. To write these equations, we arbitrarily pick the tree 
T; consisting of branches 1, 2, 8, 6 (Fig. 4-3). The following 
equations corresponding to each fundamental loop and cut set 
(with respect to the tree 7;) can be easily obtained by 
inspection: 


Fundamental loop KVL equations 
Branches 7, 6, 8, 2, 1 U7 — Ve — Vg — Vg —0, = 0 = (4-13a) 
Branches 3, 8, 2 U3 — Ug — Ve = 0 (4-135) 
Branches 4, 8 vg + vg = 0 (4-13c) 
Branches 5, 8, 6 Us + vg + Vg = 0 (4-134) 
Fundamental cut set KCL equations 
Branches 1, 7 i +i7=0 (4-13e) 
Branches 2, 3, 7 iby oe tia 22 fi == 10) (4-13f) 
Branches 8, 3, 4, 5, 7 hey AG ie 1 = hy i SU) (4-13g) 
Branches 6, 5, 7 ig —i5 + i7 =O (4-13h) 


Equations (4-12) and (4-13) constitute a system of 16 inde- 
pendent equations in terms of 16 branch variables. As usual, 
we can immediately eliminate half of these variables by sub- 
stituting Eq. (4-12) into Eq. (4-13) and obtain the following 
eight independent equations in eight variables: 


Ae Aig i Ott 0 (4-14a) 
1 San (4-145) 
Us + Ug = 0 CHG 
Fs) ee ce te: = (4-14d) 


i; + i7 =0 (4-14e) 
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ig + i3 + i7 = 0 (4-14f) 
10 + ig — g(v4) —i5 + 17 = 0 (4-14g) 
ig —65 ti7= 0 (4-14h) 


These equations can be further reduced by observing that Eqs. 
(4-14c), (e), (f), and (h) are linear equations and can be solved 
for 


Usa —— U4 
hy = S141 
ig = —13 — 17 = 13 


ige= 5 —]— tis + 
Substituting these equations for the corresponding variables in 
Eq. (4-14), we obtain 


“lenin SHO tore Wines oS Shi eU (4-152) 
PGs Veneta teeta) ei0 (4-15) 
i Cayenne (letaa)st==0 (4-15c) 
10) Se — = 0 (4-15d) 


We can simplify these equations further by solving for v4 from 
Eg. (4-155) and substituting it into Eqs. (4-15a), (c), and (d@). 
After some simplification, we obtain the following three inde- 
pendent equations in the three variables (1, 73, and is: 


AONen (die Ga SORE O (4-162) 
KO) i336 ela —_ i3)3 — f(is)] Sig a hy =U (4-16c) 


The expression inside the brackets in Eq. (4-16c) is the argument 
of the function g(v). We would like to eliminate some more 
variables if possible, but again we seem to have reached the 
end of the “analytic” road. We shall, therefore, stop here 
and postpone until Sec. 4-5 a discussion of other avenues for 
solving these equations. 


Exercise 1: Obtain the equations of motion for the network shown in Fig. 4-7a by 


choosing a different tree consisting of branches 3 and 4. Simplify the equations 
to arrive at Eq. (4-11). 


Exercise 2: Find the equations of motion of the network shown in Fig. 4-7a but 
with the load resistor Ry replaced by a vacuum diode (represented by a three-half 
power law iz = kvy*/?). Simplify the equations as far as you can go. 


Equations of motion 


3-terminal 
resistor 


Exercise 3: Derive Eq. (4-16) of the network shown in Fig. 4-8a by choosing 
a different tree consisting of branches 1, 3, 6, 5. 


4-4-2. NETWORKS CONTAINING MULTITERMINAL 
RESISTORS AND CONTROLLED SOURCES 


When a resistive network contains n-terminal resistors (n > 2) or 
controlled sources or both, most of the topological results pre- 
sented in Sec. 4-3 are not applicable in their original forms. In 
many cases, these can be extended under appropriate 
modifications. In general, however, these modifications are too 
complex to be of much practical value, and hence we shall not 
dwell upon this subject any longer.! Our techniques for proving 
the topological results in Sec. 4-3 are not completely useless, how- 
ever, for by applying the same principles, it is usually possible to 
arrive at an independent system of equations for most practical 
networks of interest. Perhaps a couple of examples will illustrate 
the general procedure. In order not to get ourselves bogged down 
in the graphical details normally required with any practical de- 
vice, we have chosen hypothetical devices for the following 


examples. 


EXAMFLES 


1. Consider the network shown in Fig. 4-9. The two resistors R3 
and R4 are assumed to be characterized by i3 = 3 + v3? — e-%3 
and ig = 1 + v4? — 2v42 + 5v4", respectively. The three-terminal 
resistor is characterized by i, = 1 + v1 + 3v4%2? — 4i2° and 
Vo = 4 — ivy — 2i2?v1>° + 013. The units of all voltages are in 
volts, and the units of all currents are in amperes. 

There is a total of 12 variables in this network, namely, 
U1, Ve,.--, V6 and ij, iz,..., ig. Hence, we must obtain 12 inde- 
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Fig. 4-9. A nonlinear network 
containing a hypothetical three- 
terminal resistor and two 2- 
terminal resistors. 


1Simple, practical criteria 
analogous to the inde- 
pendent KVL and KCL 
equation criteria would 
have been very useful. Un- 
fortunately, no such re- 
sults are presently avail- 
able, and it is doubtful that 
they can be found without 
greatly restricting the class 
of allowable networks. 
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pendent equations in order to solve for these variables. As 
usual, the equations consist of two parts: 


Equations from the laws of elements 


; L y=1l+tout+ 304io3 — 4in° (4-17a) 
Three-terminal resistor: 
yp = (Al 1901 — 2i2204° + v43 (4-176) 


Resistor R3: ig = 3 + 033 — es (4-17c) 
Resistor R4: fee Vel 0 a 
Element 5: Us = 2 (4-17e) 
Element 6: ig = 5 (4-17f) 


We already know that the equations from the laws of ele- 
ments are always independent. Therefore, any dependency 
must come from the laws of interconnection. A review of the 
proofs of the various results in Sec. 4-3 shows that as long as 
each KVL or KCL equation is written such that it contains at 
least one new variable which did not appear in the previously 
written KVL or KCL equations, then no dependency can 
occur. In particular, if the network is planar, then the KVL 
equations around each mesh would certainly be independent 
because each new mesh must certainly pick up at least a new 
branch. As for KCL equations, a simple procedure consists of 
choosing cut sets so that each cut set contains at least one 
branch not included in the previous cut sets. For this example, 
the network is planar, and hence we shall simply write KVL 
equations around the three meshes formed by nodes a, b, A, i; 
nodes c, d, g, h; and nodes d, e, f, g. Similarly, the branches ter- 
minating at nodes a, b, and d constitute three independent cut 
sets. The respective equations are as follows. 


Equations from the laws of interconnection 


Independent loop formed by KVL equations 
Nodes a, b, h, i Us — Uy — 03 = 0 (4-18a) 
Nodes c, d, g, h Oy = Da =U (4-185) 
Nodes d, e, f, g V4 + vg = 0 (4-18c) 
Independent cut set formed by KCL equations 
Branches 3, 5 iz + is = 0 (4-18d) 
Branches 1, 3 1 — iz = 0 (4-18e) 


Branches 2, 4, 6 ig + ig — ig = 0 (4-18f) 


Equations of motion 


Equations (4-17) and (4-18) constitute 12 independent equa- 
tions in 12 variables. As usual, we can immediately eliminate 
half of these variables by substituting Eq. (4-17) into Eq. (4-18); 
thus 


2 —v, — v3 = 0 (4-19a) 
(4 — igvy — 2722015 + v3) — v4 = 0 (4-195) 
U4 + Vg = O (4-19c) 
(3 + v33 — e-¥3) + i5 = 0 (4-19d) 
(1 + vy + 3v4i23 — 4725) — 3 + v33 — es) = 0 (4-19e) 
ig + (1 + v4? — 204? + 5u47) —-5 = 0 (4-19/) 


These equations can be further simplified by observing that we 
can solve v3, U4, Ue, and i5 in terms of the remaining variables; 
thus 


Eq. (4-19a) > v3 = (2 — v4) (4-20a) 
Eq. (4-19b) > vg = (4 — igvy — 2i22vy9 + 013) (4-20b) 
Eq. (4-19c) > vg = —v4 (4-200) 
Eq. (4-19d) > is = —(3 + 033 — e-*) (4-204) 


Substituting Eqs. (4-20a) to (d) into Eqs. (4-19e) and (/), we 
obtain, after some simplification, 1 


Pesos Ais Oy ear) —.2 = 0 (4-21a) 


ig + (4 — igvy — 2ip?v1> + v13)3 — 2(4 — igvy — 2i2?v15 + v4)? 
he ey = pe = eet (COMED 


These two equations cannot be further reduced and must be 
solved by other nonanalytic methods to be discussed in Sec. 4-5. 
Once the values of v; and ip are found, the values of v3 and v4 
can be obtained from Eqs. (4-20a) and (4). Similarly, vg and is 
can be found from Eqs. (4-20c) and (d). The remaining vari- 
ables can be found from Eq. (4-17). 


. As a final example, let us consider a network with a controlled 
source, an ideal transformer, and a gyrator, in addition to two- 
terminal and three-terminal resistors, as shown in Fig. 4-10. 
For the sake of generality, we represent the three-terminal re- 
sistor by two functional equations i5 = gi(v5,U6) and ig = 
g2(U5,V6). The two resistors Re and Rg are represented by 
ig = 5v21/3 and vg = ig — 39°, respectively. The terminal volt- 
age of the voltage source is assumed to be equal to 10 sin wot. 
As usual, the equations of motion consist of two parts. 
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'It is important to observe 
that the equations of 
motion for nonlinear net- 
works containing non- 
monotonic elements will 
generally contain both cur- 
rent and voltage branch 
variables. 
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Fig. 4-10. A nonlinear network 
containing a controlled source, 
an ideal transformer, and a 
gyrator. 


7 To demonstrate that the 
reference polarity or direc- 
tion can be arbitrarily 
assigned, we define v; to 
have a polarity opposite 
to the voltage source in 
Fig. 4-10. Accordingly, the 
law of this element must 
be multiplied by —1. 
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3 - terminal 
resistor 


Equations from the laws of elements 


Element 1.7 vy = —10 sin wot (4-22a) 
Resistor 2: ig = 5v21/3 (4-225) 
: j= —2i4 (4-22c) 

Ideal transformer: 3 ig (4-224) 
Three-terminal resistor: fs = fain lose 
’ i7 = 4vs (4-22¢) 
Sees ae (4-22h) 
Resistor 9: Vg = Ig — 3i9? (4-227) 
Controlled source: iyo = 3111 (4-227) 


Equations from the laws of interconnection 


Independent loop formed by: KVL equations 
Nodes a, 6, c, d Vi — Ve — v3 = 0 (4-23a) 
Nodes e, f, n r= Os =O (4-235) 
Nodes g, h, n is = Dp = 0 (4-23c) 
Nodes j, k, 1, m Os = ey = 0 (4-23d ) 
Nodes e, p, g, h, n Vio + Vg — Us = O (4-23e) 

Independent cut set formed by: KCL equations 
Branches 1, 2 iy + i2 =0 (4-23f) 
Branches 2, 3 17 — 13 = 0) (4-232) 
Branches 4, 5, 10 ig + 15 + yo = 0 (4-23h) 
Branches 6, 7, 10 ig + i7 — iyo = O (4-237) 
Branches 8, 9 igh ign —" 0) (4-237) 
raimelmes Mil, 4 7 i + i4 +i, =0 (4-23k) 


a Ee ie ee a ee ee eee 


Equations of motion 


It is easy to see that Eqs. (4-23) to (e) and Eqs. (4-23f) to (k) 
are independent because each equation contains at least one 
variable which did not appear earlier. Therefore, Eqs. (4-22) 
and (4-23) together constitute a system of 21 independent 
equations in 21 variables. This odd number of equations arises 
because the current-controlled current source is controlled by 
a different variable i1, which did not previously appear in the 
element variables. Corresponding to the 10 equations in Eq. 
(4-22), we can eliminate 10 variables by substituting these 
equations into Eq. (4-23) to obtain 


—10 sin wot — ve — v3 = 0 (4-242) 
203 — vs = 0 (4-24b) 
che a (4-24c) 
vs — (ip — 3i95) = 0 (4-24d) 
Vio + Ve — V5 = 0 (4-24e) 
Wt G024) = 0 (4-24f) 
5v./3 — (—2is) = 0 (4-249) 
ig + £1(Us,U6) + (3i11) = 0 (4-24h) 
22(U5,V6) + (40g) — (3i11) = 0 (4-24) 
(407) io — 0 (4-247) 
i414 + ig + 4vg = 0 (4-24k) 


These equations can be further simplified by solving for a com- 
mon set of variables in terms of those that are hard to solve. 
Hence, we obtain from Eq. (4-24) the following relationships: 


Eq. (4-246) > v3 = /2u5 (4-25a) 
Eq. (4-24c) > v7 = v6 (4-255) 
Eq. (4-24e) > vio = Us — V6 (4-25c) 
Eq. (4-24f) > ig = —Svel/3 (4-25d) 
Eq. (4-242) > i4 = —%v21/? (4-25e) 
Eq. (4-247) > ig = 407 = 4v6 (4-25/) 
Eq. (4-24d) — vg = ig — 3i9° = 46 — 3(4v6)° (4-25g) 
Eq. (4-24k) > i11 = —ig — 403 = 2021/3 — 4[4vg — 3(4v6)°] 
(4-25h) 


Observe that only three variables appear on the right sides of 
Eqs. (4-25a) to (h), namely, v2, Vs, and v¢. Substituting these 
variables into the remaining equations in Eq. (4-24), we obtain 
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Eq. (4-24a) > v2 = —10 sin wot — Ys (4-26a) 


EC: (4-24h) > —Ave1/3 + 21(U5,V6) 
+ '54y51/3 — 12[4vg — 3(4v6)9] = 0 (4-260) 


Eq. (4-24i) > go(vs,v6) + 4[4v6 — 3(4v6)?] — '%021/ 
+ 12[4vg — 3(4v,6)°] = 0 (4-26c) 


These equations can be simplified further by substituting Eq. 
(4-26a) for ve in Eqs. (4-266) and (c), and rearranging the 
terms; thus 


5[—10 sin wot — us}!/3 + g1(U5,06) — 12[4v6 — 3(4v,6)°] = 0 
(4-27a) 


g2(v5,06) + 16[4vg — 3(4v6)°] — 154(—10 sin wot — 4vs)/3 = 0 
(4-27b) 


This is as far as we can go. The solutions to these equations, of 
course, depend on the functional equations g1(U5,Vg) and 
g2(U5,Ue) Of the three-terminal resistor. In general, Eqs. (4-27a) 
and (b) are highly nonlinear, and can only be found by the 
nonanalytic methods to be discussed in the next section. How- 
ever, we realize that the readers must be itching by now for a 
complete solution in order to obtain a feeling of what it looks 
like. It seems appropriate, therefore, that we contrive a special 
case so that we may continue along the analytic road to home. 
Hence, let the three-terminal resistor be characterized by 


is = gi(Us,6) = 5(—Yvs)¥/3 + 12[40 — 3(406)°] (4-282) 

ig = 22(U5,V6) = '4[2v6 + Yus]1/3 — 16/406 _ 3(4v¢)°] 
(4-28b) 

Substituting Eq. (4-28a) for gi(vs,ve) in Eq. (4-27a), we obtain, 

upon some simplification, the solution 

u5(t) = —10 sin wot (4-29a) 


Similarly, substituting Eq. (4-285) for go(vs,v¢) in Eq. (4-275), 
we obtain 


Ve(t) = 5 sin wot (4-295) 
Substituting Eq. (4-29a) for vs in Eq. (4-26a), we obtain 
v(t) = —S5 sin wot (4-29c) 


Upon substituting the solutions v2(A), v5(t), and ve(Z) into Eqs. 
(4-25) and (4-22), the solutions for the remaining variables are 
trivially obtained. It is important to observe that the solutions 
of this network are all functions of time because of the pres- 
ence of the ac voltage source. 


Equations of motion 


lowing loops and cut sets: (a) loops formed by nodes a, b, h, i; nodes c, d, e, fg, 
h; and nodes d, e, f, g; (b) cut sets formed by branches 2,A, 6; branches 5, 4, 6, 
and the common terminal of the three-terminal resistor; branches 1, 2, and the 
common terminal of the three-terminal resistor. 


Exercise 1: Derive Eq. (4-21) of the network shown in Fig. 4-9 by using the fol- 


Exercise 2: (a) Find the solutions of the remaining variables of the network 
shown in Fig. 4-10 in terms of the solutions given by Eqs. (4-29a), (b), and (c). 
(b) Under what situations are the solutions of a resistive network independent of 
time? 


4-5 PRACTICAL METHODS FOR SOLVING 
NONLINEAR FUNCTIONAL EQUATIONS 


The equations of motion of any resistive nonlinear network always 
assume the form of a system of nonlinear functional equations. By 
applying standard elimination and substitution techniques, these 
equations can always be reduced to a smaller number of equations 
in terms of an equal number of variables. However, the examples 
in the preceding section clearly demonstrated the fact that there 
comes a point where no further simplification by these analytical 
techniques is possible. 

Three nonanalytical methods are available for solving these 
equations, namely, numerical, graphical, and piecewise-linear. A 
common feature of these methods is that although conceptually 
quite simple, they are rather tedious to implement manually 
because a large number of repetitive calculations or graphical 
operations is generally required. However, because of their 
iterative nature, these methods are ideally suited for a digital 
computer. In fact, any calculation or operation which can be de- 
scribed by a step-by-step procedure (in the order of its occurrence) 
can be carried out by a computer. This step-by-step procedure is 
analogous to a “recipe” and is called an algorithm. Since this book 
does not assume any programming experience on the part of the 
readers, only algorithms associated with the various methods 
of analysis are emphasized. Accordingly, most of the examples 
and problems presented in this book were chosen to be simple 
enough so that they can be solved without a computer. However, 
the reader is strongly urged to learn how to write programs for 
implementing a given algorithm. Not only will he find this back- 
ground to be invaluable, he will also be in a position to solve more 
realistic and complex problems. 

An in-depth treatment of numerical methods would require 
some mathematical backgrounds beyond those assumed in this 
book. On the other hand, the remaining two methods, graphical 
and piecewise-linear, can be easily understood without any mathe- 
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1The graphical method is 
discussed in detail in Chap. 
6, and the piecewise-linear 
method in Chap. 12. 
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matical background beyond calculus. These two methods also give 
more insight into the actual operation of the circuits. Accordingly, 
a considerable portion of this book is devoted to an in-depth treat- 
ment of these methods.1 In order to appreciate the power of 
numerical techniques, however, let us now turn to a study of some 
of the more basic concepts in numerical analysis. 


4-5-1 THE FIXED-POINT CONCEPT 


Perhaps the best way to introduce the powerful concept of a 
fixed point is through an example. Consider first the simplest case 
of one equation in one unknown, such as Eq. (4-11). Since any 
numerical method involves the operation of actual numbers, not 
symbols, let us arbitrarily choose Ry = R2 = 50 kQ2 and E = 200 
volts in Eq. (4-11) and obtain 


ig = 4 — 2i41/3 (4-30) 


where iq is the current in milliamperes. To avoid writing down the 
subscript, let us choose the symbol X in place of i4 and rewrite 
Eq. (4-30) as 


X = F(X) (4-31) 
where 
F(X) = 4 — 2X1 (4-32) 


Our object is to find a number X = X* which reduces Eq. (4-31) 
to an identity. Suppose we start by making an arbitrary initial 
guess X = Xo. In most likelihood, our guess is apt to be wrong in 
the sense that if we let F(Xo) = Xi, then Xo ~ X41. If we were to 
make other guesses arbitrarily, chances are that we would never 
hit at the right value, unless we can find an algorithm which 
guarantees that each successive guess would be closer to the 
correct value of X*. 

It turns out that under appropriate conditions, the value 
X; = F(X) is a better guess than Xo in the sense that the error is 
smaller; namely, |X* — X1| < |X* — Xo|. This observation imme- 
diately suggests that if we make Xj our next guess, then X¥2 = F(X) 
would be an even better guess than Xj. If we keep repeating this 
procedure, we would eventually arrive at the correct value of X*. 


Equations of motion 


0 er aD Ce EOC ED 6 x XG 


n+1“"n 2 1 0 


Our algorithm consists, therefore, of the following steps: 
Make an arbitrary initial guess Y = Xo 

Calculate F(Xo) and call it X, 

Calculate F(X;) and call it X2 

Calculate F(X2) and call it _X3 


Calculate F(X, and call it Xn41 


Stop whenever the difference between X,,; and X, becomes 
insignificant 


This algorithm can be described compactly by the iteration formula 
UR g a0 6) els ae eT (4-33) 


If we interpret the value of X, to be a point on the X axis, as 
shown in Fig. 4-11, then the algorithm above is equivalent to 
moving a point X,, into the next point X;,41. If the distance between 
each successive points decreases rapidly enough, then it is clear 
that eventually we would converge at a point X* such that each 
subsequent movement will be onto itself. In view of this interpreta- 
tion, the point X* is called a fixed point of the function F(X). 
Accordingly, the above algorithm is called the fixed-point algorithm. 
This algorithm is of such fundamental importance that we shall 
summarize it as follows. 


FIXED-POINT ALGORITHM 


The solution of any equation written in the form X = F(X) is 
equal to the fixed point of the function F(X). Under appropriate 
conditions, the algorithm defined by Eq. (4-33) converges to 
the desired fixed point.1 


Let us now apply the fixed-point algorithm to find the solu- 
tion of Eq. (4-30); i.e., let us find the fixed point of Eq. (4-32). It 
should be clear that this task is ideally suited for a computer.” The 
results of carrying out this algorithm, either by hand or by a com- 
puter, corresponding to three different initial guesses are shown in 
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Fig. 4-11. If we interpret that 
each point X, is being moved 
into the next point X,,,1, then 
the solution X* corresponds to 
the point which is being moved 
into itself; namely, it is a fixed 
point. 


1Tt can be proved that a 
sufficient, but not neces- 
sary, condition to guaran- 
tee convergence is that the 
magnitude of the slope of 
F(X) be less than unity; 
We, FOO) < il, tor alll 
values of X. 


2Anyone with a little 
programming experience 
should be able to write a 
program to carry out the 
fixed-point iteration. For 
those who do not know 
programming, this is an 
excellent example and an 
excellent time to start. 
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TABLE 4-1 The computer-printed output of the results of 
the fixed-point iteration of the equation F(X) = 4 — 2X1, 


x 
27.0000 
-2.0000 

625198 
0.2637 
OTN TES 
1.2090 


1.8694 
WS eis} 
1.6923 
1.6167 
Pea 270 
1.6354 
IL oGe ayy 
N63) 910 
1.6416 
1.6407 
1.6411 
1.6409 
1.6410 
1.6410 


Fig. 4-12. A geometrical inter- 
pretation of the fixed-point 


algorithm. 


F(X) x F(X) x F(X) 
=2.0000 10.0000 -0.3089 —8.0000 8.0000 
6.5198 -0.3089 5.3519 8.0000 0.0000 
0.2637 5 23519 0.5016 0.0000 3.9938 
AS Te 0.5016 2.4109 3.9938 0.8268 
1.2090 2.4109 1.3182 0.8268 Zak 228 
1.8694 1.3182 1.8071 2ol2Z28 124296 
1.5363 1.8071 1.5639 1.4296 1.7470 
1.6923 1.5639 1.6785 1.7470 1.5913 
1.6167 1.6785 1.6231 1.5913 1.6651 
WAGON 1.6231 1.6496 1.6651 1.6295 
1.6354 1.6496 1.6369 1.6295 1.6465 
1.6437 1.6369 1.6430 1.6465 1.6383 
1.6397 mie64S OMe 1.6400 oes: 1.6422 
1.6416 1.6400 1.6414 1.6422 1.6404 
1.6407 1.6414 1.6408 1.6404 1.6413 
1.6411 1.6408 1.6411 aa 1.6408 | 
1.6409 1.6411 1.6409 1.6408 1.6410 
1.6410 1.6409 1.6410 1.6410 1.6409 
1.6410 “Ws woe hlinG 4 00 eS a0me 
1.6410 126410 1.6410 1.6410 1.6410 


Table 4-1. A total of 20 iterations are listed, corresponding to the 
initial guess Xo = 27 (columns | and 2), Xo = 10 (columns 3 and 
4), and Xo = —8 (columns 5 and 6), respectively. Notice that in 
each case, the iteration converges to the value ¥ = 1.6410. Hence, 
the fixed point of F(X) is equal to 1.6410. It is instructive to com- 
pare the values of X, in Table 4-1 corresponding to each initial 
guess. Observe that a closer initial guess would require a fewer 
number of iterations. 
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(a) (6) 


Fig. 4-13. Depending on the 
nature of the curve F(X), the 
; fixed-point iteration (a) may 
pretation. If we plot the curve Y = F(X) as shown in Fig. 4-12 not converge or (6) it may con- 


(corresponding to our present example), then the fixed point verge to only one of several 


The fixed-point algorithm has a simple geometrical inter- 


of F(X) is simply the intersection between this curve and the 45° Possible Med points. 


straight line through the origin. Since the ordinate (Y) and 
abscissa (X) of each point on this line are, equal, the fixed-point 
algorithm is equivalent to the geometrical constructions shown in 
Fig. 4-12 (shown for the case Xo = 10). Hence, through X = 10, a 
vertical line is dropped until it intersects the curve F(X) at point 
a. If we project a horizontal line through a until it intersects the 
45° line at point b, the abscissa (X = —0.30) at 6 gives the next 
value X;. We can repeat the procedure by drawing a vertical line 
through b until it intersects F(X) at point c. Projecting a horizon- 
tal line through c until it intersects the 45° line at point d, we 
obtain the value of X. Hence, this construction technique can be 
repeated a sufficient number of times until the points of intersection 
converge toward the fixed point. 

The reader should verify that for this example, the above 
geometrical construction always converges to the desired fixed 
point, regardless of where we start. Unfortunately, we cannot 
guarantee that this behavior is true for all cases. As a matter 
of fact, there are two problems that one may encounter. The first 
problem is best seen from Fig. 4-13a. Observe that no matter where 
we start, the iteration diverges. The second problem occurs when- 
ever the curve F(X) has more than one point of intersection with 
the 45° line, as shown in Fig. 4-130. In this case, it is clear that if 
the value of our initial guess Xo is less than Xz, the iteration will 
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+ Resistive networks with 
multivalued solutions are 
commonly encountered in 
the process of analyzing 
switching networks. This 
subject will be discussed 
in detail in Chaps. 14 and 
iI, 
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converge to point A. Otherwise, it will converge to point C. Since 
it is not possible to converge to point B, this fixed point is said to 
be unstable. This example demonstrates a fundamental limitation 
of all numerical techniques; namely, the procedures cannot ac- 
count for all solutions. Fortunately, we have two other methods 
which are independent of the number of solutions, namely, the 
graphical method (Chap. 6) and the piecewise-linear method 
(Chap 2 )s5 

To apply the fixed-point iteration technique, the equation 
must be of the form X = F(X). In most problems, the equation is 
usually of the form 


Go (4-34) 


It is always possible, however, to recast Eq. (4-34) into the proper 
form, namely, 


EAR BEDS (4-35) 


In this case, F(X) = X — G(X). If the fixed-point iteration for 
F(X) converges to a value X*, then X = X* must be a solution of 
Eq. (4-34). If the iteration diverges, we can often correct the situa- 
tion by multiplying G(X) in Eq. (4-35) by an appropriate function 
K(X), namely, 


Nee RK COGOD) (4-36) 


Observe that if X* is a solution of Eq. (4-34), then G(X*) = 0 and 
Eq. (4-36) reduces to an identity. Hence, any solution of Eq. (4-34) 
is also a solution of Eq. (4-36). Conversely, suppose X* is a fixed 
point of the function 


F(X) = X — K(X)G(X) (4-37) 
thentXP =e" SI K(X*) GC or 
K(X*)G(X*) = 0 


If K(X*)=0, then we must have G(X*) = 0. Hence, any fixed 
point X* of Eq. (4-37) for which K(X*) ~ 0 is also a solution of 
Eq. (4-34). This observation will allow us to choose suitable func- 
tions for K(X) so that the fixed-point iteration converges. One 
such function is given in the next section. 
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Exercise 1: The equations of motion of a certain gamma-ray detection cir- 
cuit have been reduced to 


v= 24 (3) 
“i 4 


(a) Use the fixed-point algorithm to find the solution corresponding to the initial 
guesses v = —4, 8, 12, and 16. (b) Verify the solutions obtained in (a) graphically. 
(c) Draw the construction lines corresponding to each fixed-point iteration step 
in (a). Do this for all four initial guesses. 


Exercise 2: In order to study the effect of the function K(X) in Eq. (4-37) on the 
convergence of the fixed-point iteration, consider the equation G(X) =2X —4=0. 
(a) With K(X) = 1, perform the fixed-point iteration corresponding to the initial 
guess Xo = 6. Does the iteration converge? (b) Repeat (a) with K(X) = %. 


Exercise 3: (a) Demonstrate geometrically that if the magnitude of the slope of 
F(X) is less than unity for all values of X, then the fixed-point iteration is 
guaranteed to converge, regardless of the initial guess. (b) Show by a counter- 
example that the condition in (a) is not a necessary condition. 


4-5-2. THE NEWTON-RAPHSON METHOD 


We have demonstrated that the solutions of the nonlinear equation 
G(X) = 0 can be obtained by finding the fixed points of the asso- 
ciated function F(X) = X — K(X)G(X). The function K(X) (which 
does not vanish at the fixed points) is introduced to improve the 
rate of convergence. Among the many possible functions, the 
most common choice for K(X) is the reciprocal of the derivative 
of G(X), namely, K(X) = [G’(X)]-}. In this case, Eqs. (4-37) and 
(4-33) become 
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Fig. 4-14. Geometrical inter- 
pretation of the Newton- 
Raphson method and its con- 


vergence behavior. 


n+1 ce 


G(X,) ) + G(X,) 


+ 
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1Furthermore, it can be 
shown that the Newton- 
Raphson method con- 
verges faster than any 
other method of iteration. 


2Since we did not know 
how fast the iteration 
would converge, we chose 
the same number of itera- 
tions (20) as before. Actu- 
ally, it is quite easy to 
write a computer program 
to perform the above 
iterations under the addi- 
tional instruction that the 
iteration be terminated 
as soon as the difference 
between two iterations re- 
duces below a certain 
prescribed value. 
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F(X) = X — [G(HY)*G(X) (4-38) 
and 
Xnyi = Xn — [G(Xn)] 1G(Xn) (4-39) 


The iteration method based on this fixed-point iteration formula 
is called the Newton-Raphson method. Equation (4-39) can be 
given a simple geometrical interpretation as shown in Fig. 4-14a. 
Corresponding to each value X = X,, we draw a vertical line until 
it intersects the curve Y = G(X). From this point of intersection, 
we draw a tangent line until it intersects the X axis. The value of 
X at this point gives the next value X,,,1. It is important to realize 
that the curve in Fig. 4-14a is G(X) and not F(X). Accordingly, the 
geometrical construction of the Newton-Raphson method is dif- 
ferent from the fixed-point constructions presented earlier. The 
rate of convergence of the Newton-Raphson method also depends 
on the nature of the curve G(X). In Fig. 4-14b, the convergence is 
very rapid; however, in Fig. 4-14c the iteration diverges. Observe 
that if the initial guess is near the correct solution X*, then 
the Newton-Raphson method always converges. Therefore, if the 
iteration corresponding to a certain initial guess diverges, we can 
always choose some other guess until it converges. This is one 
property that makes the Newton-Raphson method a favorite 
choice.? 

Let us apply the Newton-Raphson method to solve Eq. (4-30). 
This equation can be recast into the standard form 


G(X) = X + 2X13 — 4 (4-40) 
The derivative of G(X) is given by 

G(X) = 1 + 4X28 

Equation (4-39) can now be written as 

Vv = Sy Xn =i 2Xnie —4 

Xn = HX) = Xp -( eer ) (4-41) 


For comparison purposes, we chose the same initial guesses as be- 
fore, namely, Xo = 27, 10, and —8. The results corresponding to 
20 iterations are given in Table 4-2.2 A comparison between the 
corresponding entries in Tables 4-1 and 4-2 shows that the Newton- 
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Raphson method converges much faster than the earlier iteration 
method [with K(X) = 1]. 


Exercise 1: (a) Repeat Exercise 1 of Sec. 4-5-1 by the Newton-Raphson method. 
(b) Compare the rates of convergence of the two methods. 


Exercise 2: (a) Repeat Exercise 2 of Sec. 4-5-1 by the Newton-Raphson method. 


(b) Compare the rates of convergence of the two methods. 


4-5-3, EQUATIONS WITH MANY UNKNOWNS 


The beauty of the fixed-point method lies in the fact that it can be 
easily generalized to solve a system of n nonlinear equations in n 
unknowns. To economize on notation, it suffices to consider the 
case of two equations in two unknowns; thus 


Lee e 


4-42 
aX Y) Seed 


The fixed point of Eq. (4-42) is any point (X*, Y*) which reduces 
the equations to an identity. By an analogous procedure, we can 
define the following iteration formula 


Xntl = FG, Y,,) 


(4-43) 
Ynii = Fo(Xn, Yn) 
TABLE 4-2 The computer-printed output of the results 
of the Newton-Raphson iteration for G(X) = X + 2X" — 4. 
x F(X) x F(x) x F(X) 
~0000 -8.0000 11.2000 
ne ae 10-0000 0.98583 11.2000 0.8973 
0.0004 0.0297 029858 1.5977 0.8973 1.5810 
0.0297 C.4511 165977 1.6409 IL ySxet 1G) 1.6407 
0.4511 1.3956 166409 1.6410 1.6407 1.6410 
SBOE Toe 3es 1664410 126410 1.6410 1.6410 
1.6364 1.6410 126410 1.6410 1.6410 1.6410 
1.6410 1.6410 16410 126410 1.6410 1.6410 
1.6410 1.6410 146419 12-6410 1.6410 1.6410 
1.6410 1.6410 1¢6410 1.6410 1.6410 1.6410 
1.6410 1.6410 106410 1-2-6419 1.6410 1.6410 
1.6410 1.6410 1 e4410 126410 1.6410 1.6410 
1.6410 1.6410 1e6410 126419 1.6410 1.6410 
1.6410 1.6410 1064190 1.6410 1.6410 1.6410 
1.6410 1.6410 126410 124410 1.6410 1.6410 
1.6410 1.6410 126410 126419 1.6410 1.6410 
1.6410 1.6410 106410 1264190 1.6410 PaSAk0 
1.6410 1.6410 106410 126410 1.6410 1.6410 
1.6410 1.6410 16410 126410 1.6410 1.6410 
1.6410 1.6410 104410 126419 1.6410 1.6410 


124410 1.6419 
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Under appropriate conditions, the above iteration will converge to 
a fixed point of Eq. (4-42). In a similar manner, we can extend the 
Newton-Raphson method to the case of many unknowns. Since it 
involves some background in matrix analysis, we shall leave the 
details of this method to a more advanced course in numerical 
techniques. 


Exercise 1: Consider the following system of two equations: 

X= Vee 

WS yee 

(a) Starting with the initial guess (Xo, Yo) = (8,27), apply Eq. (4-43) to find the 
fixed points of these equations. (b) Repeat (a) with (Xo, Yo) = (—27,—8). (c) Find 
the solutions analytically and discuss the general behavior of the above iteration 
method. 


Exercise 2: Specify the iteration formula for finding the solution of a system of 
n equations with n unknowns Xq, Xp, ..., Xn- 


Exercise 3: Transform the equations 
GlOG I) = 0 
GX, Y) = 0 


into an equivalent fixed-point form similar to Eq. (4-37). Generalize this to a sys- 
tem of n equations in n unknowns. 


4-6 EQUATIONS OF MOTION FOR DYNAMIC NETWORKS 


By definition, a dynamic network must contain at least one capac- 
itor or one inductor. Hence we expect the equations of motion of 
any dynamic network to contain at least one differential equation. 
Other than this difference, the procedure for writing the equations 
of motion of dynamic networks is similar to that of resistive net- 
works. In fact, the equations obtained from the laws of intercon- 
nection would be identical to the equations obtained for a resistive 
network having an identical network graph. They will be a set of 
linear algebraic equations. This means that any differential term 
in the equations of motion must come from the laws of the 
elements. 


EXAMPLE 


Suppose it is desired to write the equations of motion of the 
dynamic network shown in Fig. 4-15. The capacitor is nonlinear 
and is characterized by a v-q curve which can be represented 
mathematically by g = 2 — 3v3 + 5v5. The inductor is also non-. 
linear and is characterized by an i-p curve which can be rep- 
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3-terminal 
resistor 


LCG) = 560s Wyt 


resented mathematically by m = 1 + 2i — 312 + i3. The three- 
terminal resistor is characterized by two sets of curves which can 
be described mathematically by 7; = 1 + v1 + 3vyi23 — 4ig5 and 
V2 = 4 — igvy — 2i27v;> + v13. Element 5 is a 2-volt battery, and Ele- 
ment 6 is a current source with terminal current i(¢) equal to 
5 cos wot. The units of the voltages, currents, charges, and flux 
linkages are assumed to be in volts, amperes, coulombs, and 
webers, respectively. 

For comparison purposes, the topology of this network is 
chosen to be identical with that of the resistive network shown in 
Fig. 4-9. Therefore, the equations from the laws of interconnection 
are given by Eqs. (4-18a) to (4-18/). To obtain the equations from 
the laws of elements of a dynamic network, we must realize that 
each capacitor introduces an additional variable, its charge gq. 
Similarly, each inductor introduces an additional variable, its flux 
linkage y. The laws of elements for each capacitor must consist of 
two independent equations, an equation representing the v-q¢ 
curve and an equation relating the charge and current variables, 
namely, i = dq/dt. Similarly, the two equations associated with 
each inductor consist of an equation representing the i-p curve 
and an equation relating the flux linkage and voltage variables, 
namely, v = dp/dt. 


Equations from the laws of elements 
iy = 1 + vy + 304%23 — 412° (4-44) 


Three-terminal resistor: 
Vo = 4 — igvy — 2ie2v1° + 042 (4-44D) 


g3 = 2 — 3u33 + Sv3° (4-44c) 


Capacitor: dqz _ dq3 dv3 dv; 
= SO = 9) 2 2 4) —~ 
eer mami 8 to) a 


(4-44) 
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Fig. 4-15. A typical dynamic 
nonlinear network. 
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qa = 1 + 2ig — 3g? + i? (4-44e) 
Inductor: dps dps dis eats 
= = — (2 — 61 3142) — 
a= iT TH, Wars Sees aE 
(4-447) 
Element 5: U5 = 2 (4-44g) 
Element 6: ig = — COS Wol (4-44h) 


These equations together with the six equations from the laws of 
interconnection (Eq. 4-18) constitute a system of 14 equations in 
the 14 variables; namely, v1, v2,..., V6, 1, i2,..., ie, G3, and p4. 
Just as in the resistive case, we can immediately eliminate at least 
half of the variables by substituting the expressions in Eq. (4-44) 
in place of the corresponding variables in Eq. (4-18); thus 


2) = i = oe =O (4-45a) 


(4 — ios — 2in2v1? + v8) — 2 — bis + 3722) a =0 (4-455) 


2 — bis + 3142) “4 + vg =0 (4-45¢) 
dv3 : 

(—9v32 + 25v34) ar +i, = 0 (4-45d ) 

(1 + vy + 304i%23 — 4i25) — (—9v3? = 25v,#) 8 at (4-45e) 

iby Jom 25 5) COS yy = WO (4-45/) 


The above represents a system of six independent functional- 
differential equations; some are algebraic equations, and some are 
differential equations. Since no general mathematical methods 
exist for solving this class of equations, we must reduce them into 
a form which can be handled by existing techniques. The first step 
is to eliminate the functional equations in order to obtain a system 
of differential equations; that is, each equation must contain 
at least one derivative term. This can be done by solving for 
v; from Eq. (4-45a) and iz from Eq. (4-45f); thus 


C2 oe (4-46a) 
Ip = =) COR Wol — 14 (4-465) 


Substituting these in place of v; and iz in the remaining equations, 
we obtain 


[4 — (—5 cos wot — is)(2 — vg) — 2(—5 cos wot — i4)2(2 — v3)? 


+ 2 = 09))] = 2 = Gin + 342) 4 = 0 (4-470) 
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Sete wi talk 

(2 — Gig + 33,2) aa ~ i= 0 (4-47b) 

(—9u52 + 2504) os Fee (4-47¢) 

[1 + (2 — v3) + 3(2 — v3)(—5 cos wot — i4)8 — 4(—5 cos wot — i4)] 
(Ona 25v,4) <3 =0 (447d) 


The above represent four independent differential equations in the 
four unknowns v3, Ug, i4, and i5. For this particular example, we 
observe that only the variables i, and v3 appear in Eqs. (4-47a) 
and (d).1 Therefore, these two equations can be solved independ- 
ently of the remaining equations. Assuming, for the time being, 
that the solutions are given by v3 = /3(¢) and ig = /f4(0), then the 
solutions for vg and 75 can be found from Eqs. (4-475) and (c) by 
direct substitution; thus 


ve(t) = —{2 — 6f4 + 3LfAOP} a (4-482) 
is = {91 AOE + 251 aO}} 49 (4-486) 


Therefore, the crucial step consists of solving for v3 and i, from 
Egs. (4-47a) and (d). To do this, let us rewrite these equations in 
the form 


4 — (—5 cos wot — i4)(2 — v3) 


di4 _— 2(—5 COS Wol — i4)2(2 —_ U3)® + (2 _ 3)3 
on 2 AG te 
(4-49a) 
1 + (2 — v3) + 3(2 — v3)(—5 COs wot — 14)? 
dv3 — 4(—5 cos wot — i4)° 
is az —9v32 a 2534 
(4-49b) 


Upon examination of these equations we can make three important 
observations: (1) the term on the left-hand side of each equation 
is a first-order time derivative of a branch variable; (2) no time de- 
rivative terms appear on the right-hand side; (3) each dependent 
variable on the right-hand side appears also on the left-hand side 
of one of these equations. Any system of equations which satisfies 
these three properties is said to be in the normal form, and the in- 
dependent variables in the equations are called state variables. The 
reason for reducing the equations of motion to the normal form 
lies in the fact that almost all techniques available for solving non- 
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this topic is beyond the 
scope of this book. Fora 
rigorous treatment, the 
reader is referred to the 
book by F. F. Kuo and 
W. G. Magnuson, Jr., 
“Computer Oriented Cir- 
cuit Design,” Prentice-Hall 
Inc., Englewood Cliffs, 
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linear differential equations have been enunciated in terms of the 
normal form. The techniques for solving this class of equations 
are discussed in Sec. 4-7. Accordingly, Eq. (4-49) will be solved in 
that section. 


4-6-1 SELECTION OF STATE VARIABLES 
OF NORMAL-FORM EQUATIONS 


Since the most crucial step in the analysis of dynamic nonlinear 
networks is the reduction of the equations of motion into the nor- 
mal form, let us study this topic in more detail.1 By definition, the 
following system of first-order differential equations 


d. 
4 = fixie, rh) 

dxe 
Ss SS ACH Dp 0 0 0 Sl! 

a Solx1,X2 ) (4-50) 
d. n 

~ = AXA s62s coe EX) 


is said to be in the normal form because (1) only first-order time 
derivatives of the state variables x1, X2,..., Xn appear on the left- 
hand side; (2) no time derivative terms appear on the right-hand 
side; and (3) the dependent variables coincide with the state 
variables that appear on the left-hand side. It is not always easy to 
reduce a system of functional-differential equations into the normal 
form. The basic problem lies in the choice of an appropriate set of 
state variables. To demonstrate the difficulty involved, let us 
examine Eq. (4-44d) more closely. Observe that to express i3 
in terms.of v3, it is necessary to calculate dg3/dv3. No problem was 
encountered earlier because the capacitor v-q curve is voltage- 
controlled, and, hence, the derivative can be easily obtained. 
However, suppose the given v-g curve happens to be charge-con- 
trolled, say 


0 = q3° _— q3 (4-51) 
In this case, it is necessary that we express g3 in terms of v3 before 


dq3/dv3 can be calculated. Unfortunately, this is not possible be- 
cause qg3 is a multivalued function of v3. This is equivalent to 
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saying that the inverse function of Eq. (4-51) does not exist. 
In this case, the normal-form equations cannot be obtained, if we 
insist On v3 as the state variable. There is, of course, no reason 
why we should insist on choosing only voltages and currents 
as the state variables. Any other set of variables x1, X2,..., Xn iS 
just as valid, provided (1) the resulting equations can be expressed 
in the normal form and (2) the voltage and current solutions can 
be calculated once x,(f), x2(t),..., - x,(¢) are found. 


EXAMPLE 


Consider the same network shown in Fig. 4-15. This time, let the 
capacitor be characterized by a charge-controlled curve v = 
1 — 12g + q. Let the inductor be characterized by a flux-con- 
trolled curve i = y — ¢. All other elements remain unchanged. 
The reader should sketch these two curves and verify that their 
inverse functions do not exist. Therefore, we must rewrite Eq. 
(4-44) into the following form: 


Equations from the laws of elements 


iy = 1 + vy + 3uyi23 — 4125 = (4-52) 


Three-terminal resistor: Se pone nie” (4-525) 


v3 = 1 — 12q3 + q3° (4-52c) 

Capacitor: ‘Age dq3. (4-52) 
dt 

ig = Ya — G43 (4-52e) 

Inductor: ayia dps (4-52) 
dt 

Element 5: ig = 2 (4-52g) 

Element 6: ig = —5 COS wot (4-52h) 


Substituting these expressions for the corresponding variables in 
the equations from the laws of interconnection [Eq. (4-18)], we 
obtain 


Oe (1 12938- gs) — 0 (4-53a) 
(4 = top, — 2i2701> + 01°) — ae = 0 (4-535) 


dt 
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ae vip = 0 (4-53d) 
(1 + vy + 3v4i23 — 4i2°) — “= 0 (4-53e) 
iz + (M4 — 43) + 5 Cos wot = 0 (4-53/) 


As usual, the first step is to reduce these functional-differential 
equations into a system of differential equations. This can be done 
by solving for v; in terms of g3 from Eq. (4-53a) and iz in terms 
of p4 from Eq. (4-53/); thus 

v1 = 1 + 1293 — gs? (4-54a) 
in = —5 COS Wot — G4 + Pa? (4-54b) 
Substituting these equations in place of v; and iz in the remaining 
equations, we obtain 


[4 — (—5 cos wot — pa + ga3)(1 + 1293 — gs%) 
— 2(—5 cos wot — ps + pa3)2(1 + rs sa ad 


+ + 122¢3 — q3°)?] - —- = 0 (4332) 
ete Ee (4-55b) 
s Pe iee it) (4-55c) 


[1+ ( + 1293 — 93°) 
+ 3(1 + 1293 — qs3)(—5 cos wot — pa + ya3)3 


— 4(—5 cos wot — ya + pa?)?] — = =0 (455d) 
Again, we observe that vg and is can be calculated from Eas. 


(4-555) and (c), once gq and g3 are found. Our task, therefore, is to 
recast Eqs. (4-55a) and (d) into the normal form 


do. 
se = 4 — (—5 cos wot — pa + ga3)(1 + 1293 — G33) 
— 2(—5 cos wot — ga + pa?)?(1 + 1293 — gz) 
+ (1 + 12¢3 — q33)® (4-56a) 
dq 


= 2+ 12gs— 9s? +3(1 + 12q3—9a°(—5 cos wot—g+943)? 
— 4(—S cos wot — ys + 43)? (4-56) 


These equations can then be solved by the techniques to be 
described in Sec. 4-7. 
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4-6-2 AUTONOMOUS AND NONAUTONOMOUS NETWORKS 


The independent time variable ¢ normally appears in the right- 
hand side of the normal-form equations whenever the network 
contains one or more ac (time-varying) sources. For example, the 
variable ¢ appears in both Eqs. (4-49) and (4-56) in the form 
of 5 cos wor, the terminal current of the alternating current source. 
This type of normal-form equation is said to be nonautonomous, 
and its associated network is said to be a nonautonomous network. 

If a dynamic network does not contain any ac (time-varying) 
source, then the normal-form equations will not contain the 
variable ¢ on the right-hand side; that is, 


dx 
Bt ios .-. Xn) 
dxz _ : 
pi Seite Xaortc.4 Xn) (4-57) 
aX n 
dt = frlX1,X2; meus arn) 


This type of equation is said to be an autonomous system of equa- 
tions, and its associated network is said to be an autonomous net- 
work. The reason for distinguishing between these two types 
of dynamic networks is that their methods of solution are generally 
quite different. 


Exercise 1: Identify which of the following equations are in the normal form, and 
classify each according to whether they are autonomous or nonautonomous. 


d : dv 5 
(a) =e = vs + 2sint io = —013 + v3 
j dv» = 
(b) a = 2i, + 01? + Ve — = 1102 + 10v2 
(c) aan = 291 + q2° Gye — 192 ela qe 
q1 aE Py dt 
diy = 3 age = des = 14? 
(d) ‘ese q2 ai. U3 dt 1 


Exercise 2: Show that any second-order differential equation of the form d2y/dt? = 
f(y», 4y/dt) can always be transformed into the normal form by defining x1 = y 
and x2 = dy/dt. 
Exercise 3: Find the normal-form equations of the network shown in Fig. 4-15 
but with the capacitor and the inductor characterized, respectively, by g = v — v3 
andi = g? — @. 
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Exercise 4: Show that by defining a set of n state variables x; = y, x2 = dy/dt, 
.; Xn = d™-1y/dt"1, any nth-order differential equation of the form d"y/dt" = 


1% PY Ct CPS YON 00.5 d™-ly/dt"-1) can be transformed to the normal form. 


4-7 PRACTICAL METHODS FOR SOLVING 
NONLINEAR DIFFERENTIAL EQUATIONS 


The analysis of dynamic nonlinear networks generally entails the 
solution of a system of nonlinear differential equations. This 
is usually a formidable task unless the equations are cast in 
the normal form. Accordingly, our discussion will be restricted to 
this class of differential equations. 

Four general types of methods are available for solving non- 
linear differential equations in the normal form, namely, numerical, 
graphical, piecewise-linear, and analog simulation methods. We have 
already seen an example of an analog simulation method in 
Chap. 3. As the name implies, this method involves the simulation 
of the equations by means of an analog computer. It is not a very 
general method for nonlinear systems, but it is useful for solving 
many practical problems. Since the analog method is normally 
taught as a separate course, we shall not discuss it any further. The 
piecewise-linear and the graphical methods are particularly useful 
for solving systems consisting of either one or two equations. The 
advantage of these methods is that they do not require much 
mathematical background. Accordingly, Chaps. 14 to 17 are de- 
voted to piecewise-linear methods, and Chaps. 18 and 19 are de- 
voted to graphical methods. The numerical methods are ideally 
suited for digital computers and are widely used in practice. Most 
of these methods require some background in differential equations 
and are therefore beyond the scope of this book. However, there 
is one numerical method which has a very simple geometrical 
interpretation, namely, the Euler algorithm. 


4-7-1 EULER ALGORITHM FOR ONE DIFFERENTIAL EQUATION 


Consider the simplest case of a nonlinear differential equation 

dx 

7 = (2) (4-58) 
A time function x = X(f) is said to be a solution of Eq. (4-58) if 


dX(t) _ 
a = SOD 
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For example, if dx/dt = x, then x = ket is a solution of this dif- 
ferential equation for any value of k. In order to specify a numer- 
ical value for the arbitrary constant k, we must specify the initial 
condition xX = Xo at t = to that must be satisfied by the solution. 
For example, if xo = 10 at tf) = 0, then 10 = ke® = k, and the 
solution is therefore given by x = 10e‘. The above example is 
a rather simple one. In most nonlinear problems it is impossible to 
find an exact analytical solution; then we must resort to ap- 
proximate solutions. 

The simplest approximate method for finding the solution of 
Eq. (4-58) with an initial condition x(to) = xo is obtained by writ- 
ing Eq. (4-58) in the limiting form 


lim Ax 
MO AL 


Get) (4-59) 


If we restrict Ar to be a relatively small number but not zero, then 
Eq. (4-59) can be written approximately as 


Doesnt) (4-60) 


where fh = A/1s called the step size. Hence, if x(t) = xo att = fo, 
then at ¢ = fo + h, 


Ax = hf (Xo,to) 


The approximate value of x(t) at 41 = fo + his, therefore, given 
by 


X(44) = Xo + Af (Xo,te) = x1 
We can obviously repeat this procedure to obtain 


X(f2) wxi+ Af (X1,t1) == IND 
xX(t3) = Xe + hf (X2,t2) == 205 


X(tn) PS OG a Af On 1,bna1) =Xn 


where fo = t) + h, tg = te +h,...,t = tra + h. If the solution 
is desired over some time interval fo < ¢ < 7, then, corresponding 
to a chosen step size h, a total of n iterations is necessary, where n 
is chosen such that t, < T but ¢, + h > T. Hence, corresponding 
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Fig. 4-16. The geometrical in- 
terpretation of the Euler algo- 
rithm. 
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to the initial condition x(fo) = Xo, the above algorithm can be 
summarized as follows: 


Negi Sai Oost) 
ivi = uth (2) 
[oA Will ae ee 


This procedure is generally known as the Euler algorithm. A simple 
geometrical interpretation of this algorithm is shown in Fig. 4-16. 
Observe that the distance x;,1 — x; is equal to the product of the 
stepsize hand the slope dx/dr= f(x.) at-t= 7, [he ertor of 
approximation 


Ga = Ha — X(t41) (4-62) 


is called the truncation error. Clearly, if the solution x(f) is a rela- 
tively smooth curve, and if the step size h is relatively small, then 
the approximation will be quite reasonable. Of course, a small 
step size would require a large number of iterations n. In practice, 
the iteration is invariably done by a digital computer, as are most 
other numerical techniques. 

As a simple example, consider the differential equation 


dx 
ia 1+ x? (4-63) 


and the initial condition 


x(0) = 0 (4-64) 
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Assuming 4 = 0.1 and n = 10, the Euler algorithm is given by 


Xin. = % + 0.101 + x;?) 

fiw1 =& + 0.1 (4-65) 
SS 9 
The result of this iteration is tabulated on the first two columns of 


Table 4-3. The above example happens to have an exact analytical 
solution 


x(t) = land (4-66) 


For comparison purposes, Eq. (4-66) is calculated at the same 
time increments, and the result is tabulated in the third column. 
The truncation error €; corresponding to each time ¢; is shown on 
the last column. 


4-7-2, EULER ALGORITHM FOR TWO 
OR MORE DIFFERENTIAL EQUATIONS 


The same procedure can be extended to solve a system of n dif- 
ferential equations in the normal form. Since the algorithm is 
similar in all cases, we shall consider only a system of two differ- 
ential equations 


dx 
He ied) 
i (4-67) 
a = fo(x,y,t) 
TABLE 4-3 A comparison between the solution obtained numerically 
by the Euler algorithm and the exact solution x = tan ft. 
TIME T SOLUTTON BY EXACT SOLUTION 
EULER ALGORITHM X=TAN T 
0.00 0.0000 0.0000 
0.10 0.1000 0.1003 
0.30 0.3050 0.3093 
0.40 0.4143 0.4228 
0.50 0.5315 0. 5463 
0.60 0.6598 0.6841 
0) 5 70) 0.8033 0.8423 
28 0.9678 
0.90 1.1615 1.2602 


1.00 1.3964 1.5574 


TRUNCATION 
ERROR 


0.0000 
-0. 0003 
-0.0043 
-0.0148 
-0.0244 
-0.0390 
-0.0987 
-0.1610 
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TABLE 4-4 Computer-printed output of the solutions of Eq. (4-49) by the Euler algorithm. 


T x y T Xx Y T X Y 
0.00 -2.C000 1.5C00 0.00 —3.0000 2.5000 0.00 -4.5000 3.5000 
0.10 -1.9805 2.3776 0.10 =2'6 99354 225153 0.10 -4.4959 325000 
0.20 -—1.9690 225105 0.20 —2.9867 2.5295 0.20 —424921 3.5000 
0.30 —1.9574 2.6071 0.30 ACME Ke 225414 0.30 —4.4893 3-5000 
0.40 -—1.9440 2.6760 0.40 =f MoM 2.5500 0.40 —-4.48T71 3.5000 
0.50 —1.9284 2.7231 0.50 —2.9662 2.555% 0.50 —4.4869 3.25000 
0.60 = iSeht te) 2.7531 0.60 Aste} 225582 0.60 —4.4859 3.5000 
0-70 -1.8938 2.7705 0.70 —2.9520 225594 0.70 —-4.4824 324999 
0.80 —1.8768 227793 0.80 = 2.9445 2997 0.80 —4.4732 324999 
0.90 -1.8611 2.7830 0.90 —2.9367 225598 0.90 —4.24541 324996 
1.00 —1.8464 2.1842 1.00 = 2928.9 Ze 99 1.00 -4.4200 324588 
1.10 SSIs) 227845 ike a) Sane Bek: 2599 1.10 —4.3650 324966 
1.20 —1.8181 2.7845 1.20 -—2.9104 225599 1.20 —4.2832 324909 
1.30 -—1.8026 227845 1.30 -—2.9002 2.5590 1.30 -4.1691 324788 
1.40 —-1.7849 227845 1.40 SSarketsley | 2.5548 1.40 —4.0196 324555 
1.50 —1.7634 207842 1.50 —2.8769 225394 1.50 —3.8363 324144 
1.60 SNo (eis 227822 1.60 —2.8638 224951 1.60 —3.6289 323467 
1.70 -1.7040 2277145 1.70 —2.8503 2.3825 1.70 —3.4189 322385 
1.80 —1.6638 227521 1.80 —2.8377 2.0998 1.80 —3-2394 3.0623 
1.90 —1.6172 2.6982 1.90 —Les2to 1.2080 1.90 ~—Sehenss 2. 7463 
2-00 —1.5692 225803 2.00 2.8539 =P S55 2.00 —3.0925 2.0190 


1For simplicity, we have 
assumed wo = | in Eq. 
(4-49). 


with the initial conditions x(fo) = xo and )(to) = yo. The Euler 
algorithm in this case is given by 


Xen = Xi * Afi Viti) 
Vier = Vi + Afol(xi,viti) 
i= 

eae Oe a 


(4-68) 


Let us now apply this algorithm to find the approximate solu- 
tions i4(¢) and va(t) of Eq. (4-49). Suppose the solution is desired 
over the time interval 0 < ¢ < 2.0. Ifa step size h = 0.1 is chosen, 
then the value of n is equal to 20. The algorithm for this case is 
therefore given by! 


Xi41 


aati E —(—5 cos 4 —xi)(2—yi) —2(—5 cos 4, —x;4)2(2—y;)8 +2 =| 
(2— 6x; +3x;?) 
1+ (2 —yi) + 3(2 —yi)( = ICOSIE —x;)8 —4( = 'COS La —x;)° | 
(—9yP-+ ye) 


Vist =yit0.l] 


4-69 
ti41=440.1 oe 


(=0) Ik 2oo. 9 ID 


The results of carrying out the above iterations for three different 
sets of initial conditions are given in Table 4-4. The reader should 
recognize that this formidable computational task can be easily 
carried out with the help of a digital computer. 
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Exercise 1: Use the Euler algorithm to calculate the approximate solution of 
dx/dt = x over the time interval 0 <7 < 1. Assume an initial condition x(0) = 10 
and a step size h = 0.2. Compare the solution with the exact answer x(1) = 10e¢. 


Exercise 2: Specify the Euler algorithm for a system of three differential equa- 
tions in the normal form. 


4-8 PRINCIPLES OF DUALITY 


There are many physical phenomena or systems in nature which 
have occurred in dual forms. Generally speaking, we say two sys- 
tems or phenomena are duals of each other if we can exhibit some 
kind of one-to-one correspondence between various quantities or 
attributes of the two systems. For example, in mathematics, two 
equations which differ only in symbols but are otherwise identical 
in form are said to be dual equations. In physics, for each trans- 
lational system or problem there exists a corresponding rotational 
system or problem, and they are usually referred to as dual systems 
or problems. The recognition of dual quantities, attributes, phe- 
nomena, properties, or concepts often leads to the discovery and 
invention of new ideas. In electrical engineering, the application of 
the principle of duality has often led not only to a simplification 
of solutions but also to the discovery and invention of new useful 
networks. 

Before we render the concepts of duality more precise, it is 
instructive to consider first the two nonlinear networks shown in 
Fig. 4-17a and b. The equations of motion of these two networks 
are readily obtained and are tabulated in Table 4-5. A careful 
comparison of the expressions in the two columns of this table re- 


v(t)=f(t) 9, 
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Fig. 4-17. The dual of a series 
nonlinear network is a parallel 
nonlinear network. 
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1It is possible to generalize 
the definition of dual net- 
works to include controlled 
sources. However, the pro- 
cedure for constructing 
such networks is more 
complicated. 
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TABLE 4-5 Equations of motion for the networks in Fig. 4-17a and b. 


LT 


Network of Fig. 4-17a Network of Fig. 4.17b 
Laws of Elements Laws of Elements 
vy = tanh 1,3 ij = tanh v;3 
. E 5 dgq3 dvs 5 
ire Ate itd Ginter yyy 22 NO = ale ee ee 
dt diz dt dt dt dvs dt dt 
is = qs = qs dvs = Je2, des v3 = dep as dps dis = 30215 43 
dt dv3 dt dt dt diz dt dt 
mg =f (2) ig =f (@) 
Laws of Interconnection Laws of Interconnection 
KOWVILS 05) 2e om 26 hy = hs SO KOr fei ee 1. 0 
Clie i ein =O KV Eon 
iy Sia =O i050) 
(ip =i = ie — (0, = (0) 


veals a one-to-one correspondence between the equations. As a 
matter of fact, except for the symbols, the equations in the two 
columns are identical in form. Observe that, had we replaced v; by 
i;, i; by vj, p; by gj, and q; by qj for the variables in the left column, 
the result would be identical with that in the right column, and 
therefore the two networks are said to be dual networks. One of 
the significant facts about dual networks is that once we know the 
solution of one network, the solution of the dual network can be 
obtained immediately by simply interchanging the symbols. This 
means that as soon as we know the behavior and properties of one 
network, we immediately know the behavior and properties of the 
dual network. Hence a lot of redundancy is avoided if we can 
recognize dual networks. In this book, there will be many occa- 
sions when we shall take advantage of the principle of duality. In 
view of its importance, we shall now precisely define the concept 
of duality. 


DEFINITION OF DUAL NETWORKS 


Let N and N’ be a pair of networks each containing b two-terminal 
network elements which are not controlled sources.1 Then N and 
N’ are dual networks if the elements in N and N’ can be labeled, 
respectively,vas by, bo, . ., bp andebpbon a. eee bp suche that 
the equations of motion of the two networks are identical in form. — 
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That is, if we replace vu; by i, i; by vj, @; by gj, and q; by j in the 
equations of motion for network N, we obtain the equations 
of motion for network N’, and vice versa. 


In view of the above definition, it is clear that the two 
networks N and N’ are dual networks if the solution v,, i;, gj, or gj 
for element 5; in network N is equal to the solution i, vj, gj, or 
in element bj of N’, and vice versa. Our next task will be to 
investigate what classes of networks would satisfy the above 
definition. This question is clearly equivalent to the following 
problem: Given a network N containing two-terminal elements, 
does there exist another network N’ which is the dual of N, and if 
so, how can we find N’? To answer this question, it is necessary to 
uncover the duality relationships that must be satisfied by the laws 
of elements and the laws of interconnection of the two dual 
networks. 


4-8-1 DUALITY RELATIONSHIPS FROM THE LAWS OF ELEMENTS 


The definition for dual networks tells us that the equation of motion 
for element 5; is the dual of the equation of motion for element bj 
if the following one-to-one correspondence exists between the ele- 
ments in N and N’. 


Resistor If element 5; is a two-terminal resistor in N character- 
ized by a curve [ in the v-i plane, then the corresponding dual ele- 
ment bj in N’ must be also a two-terminal resistor characterized 
by the same curve [ in the ’-v’ plane, i.e., with the 7 axis replaced 
by the v’ axis and the v axis replaced by the 7’ axis. For example, 
if element b; of N is a resistor characterized by i; = uv, — 3u;, 
then the dual resistor in N’ is a resistor characterized by uj = 
i73 — 3ij. In particular, if element 5; in N is a voltage source with 
v(t) = K sin t, then the dual element bj in N’ must be a current 
source with i{(f) = K sin t. Observe that the dual of a given resis- 
tor is a new resistor, which may need a new name and a new 
symbol. For example, the dual of a zener diode with a v-i curve as 
defined in Table 1-1 is a new resistor whose new symbol and v’-/’ 
curve are shown in Fig. 4-18. However, there are some two- 
terminal elements which have the interesting property that the 
dual of the element is the same element with its two terminals in- 
terchanged. For such elements, a new symbol is not needed for we 
only have to interchange the terminals of the given element to ob- 
tain its dual. The simplest example of this type of element is the 
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Fig. 4-18. The symbol and the 
v-i curve of the dual of a zener 
diode. 


-- 
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Fig. 4-19. The dual of an ideal 
diode is also an ideal diode 
with its terminals interchanged. 


tReview the independent 
KVL and KCL equations 
criteria in Sec. 4-3. 
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ideal diode. Clearly, the dual of an ideal diode is obtained simply 
by reversing the two terminals of the diode, as shown in Fig. 4-19. 
Observe that in contrast with the new symbol introduced in Fig. 
4-18, no new symbol is needed to specify unambiguously the dual 
of an ideal diode. 


Inductor If element 5; in N is a two-terminal inductor character- 
ized by acurve I in the i-p plane, then the corresponding dual ele- 
ment bj in N’ must be a capacitor characterized by the same curve 
I in the v’-q’ plane; that is, simply change the variables ¢ and i to 
g and v’ while retaining the curve I’. For example, the dual of an 
inductor characterized by y = log 7 is a capacitor characterized by 
Gi= log u%. 


Capacitor If element 5; in N is a two-terminal capacitor charac- 
terized by a curve I in the v-g plane, then the corresponding dual 
element 5; in N’ must be an inductor characterized by the same 
curve [ in the 7’-q’ plane; that is, simply change the variables 
g and v to g’ and 7’ while retaining the curve I’. For example, the 
dual of a capacitor characterized by g = tanh v is an inductor 
characterized by q’ = tanh 7’. 


4-8-2 DUALITY RELATIONSHIPS FROM 
THE LAWS OF INTERCONNECTION 


Since the equations of motion from the laws of interconnection are 
independent of the network elements and can be written directly 
from the network graph, it is clear that the duality relationships 
for these equations can be found directly from the network graphs 
of the dual networks. Now, from the definition of dual networks, 
each branch voltage v; in N becomes a branch current i; in N’, and 
each branch current i; in N becomes a branch voltage vj in N’. It 
is clear that the equations of motion due to KVL in N must cor- 
respond to the equations of motion due to KCL in N’, and vice 
versa. This means that if the network N has 1 nodes and b branches, 
resulting in (n — 1) independent KCL equations and b — (n — 1) 
independent KVL equations,! then the dual network N’ must con- 
tain (n — 1) fundamental loops, or meshes, and b — (n — 1) + 1 
nodes in order to have correspondingly (n — 1) independent KVL 
equations and b — (n — 1) KCL equations. For example, the net- 
work N shown in Fig. 4-17a has four nodes and four branches, and 
the dual network shown in Fig. 4-17b has, correspondingly, three 
meshes, as expected. Given a network graph N with n nodes and 
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b branches, we shall now attempt to find a procedure (if it exists) 
to construct a dual network graph N’ which we know must con- 
sist of (n — 1) fundamental loops, or meshes, and b branches. 

If the network is planar, we know from the KVL mesh equa- 
tion criteria (Sec. 4-3) that the number of independent KVL 
equations is equal to the number of meshes, namely, b — (n — 1). 
Hence, the dual network N’ must have b — (n — 1) independent 
KCL equations. This means that N’ must contain b — (n — 1) + | 
nodes. Let us consider the typical planar graph shown in Fig. 
4-20a. In particular, consider a typical mesh such as mesh k 
formed by the branches 1, 2, 3, 4, 5, 6, 7, and 8. The KVL equa- 
tion around mesh k is given by! 

Vy — Ve — Vs + V4 + U5 + VG + V7 — Vg = O (4-70) 
Now if N’ is the dual of N, then the graph of N’ must necessarily 
contain a corresponding node k whose KCL equation is the dual 
of Eq. (4-70), namely, 

4—-h-6+44+54+ 64+ i7 — ig =O (4-71) 
We can accomplish the above task if we place node & inside mesh 
k and, for each branch b; around mesh k, draw a corresponding 
branch bj from node k to a node placed inside the mesh having 
branch 5; in common with mesh k, as shown in Fig. 4-205. In view 
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Fig. 4-20. A typical mesh & of 
a planar network and its dual 
branches. 


1 Recall that when we draw 
the network graph, we 
automatically assume that 
the positive polarity of 
each two-terminal element 
is located at the tail end of 
the current reference direc- 
tion. This assumption 
must always be kept in 
mind. In particular, before 
we find the dual of a two- 
terminal element, we must 
first see to it that the 
characteristic curve of the 
element is specified with a 
set of references consistent 
with the above assump- 
tion. 
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Fig. 4-21. The procedure for 
constructing a dual graph is as 
follows: (a) put a node inside 
each mesh and a node outside 
the network; (b) corresponding 
to each branch 5; common to 
two meshes, connect a branch 
b; between the two nodes in 
these meshes such that it cuts 
the branch 5;; and (c) assign a 
direction for b; in accordance 
with the reference connection. 
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of the above construction procedure, each branch 5; in the dual 
graph must necessarily intersect branch 5; of the given graph. 
Finally, let us assign reference directions to each branch bj in the 
dual graph according to the following convention. 


REFERENCE CONVENTION FOR DUAL GRAPH 


Branch 5; is assigned a direction toward node k if the correspond- 
ing branch 5; of the given graph is in a clockwise direction with 
respect to node k. Otherwise, branch 5; will be assigned a direction 
away from node k. 


With the branches in Fig. 4-205 directed consistently accord- 
ing to the above convention, it is clear that we indeed obtain the 
desired Eq. (4-71). 

If we repeat the above procedure for each of the b — (n — 1) 
meshes, we would eventually end up with a network graph such as 
the examples shown in Fig. 4-21a, with branches cutting the outer 
boundary of the given graph N, and so far left unconnected. To 
complete the dual graph, we observe that KVL must be satisfied 
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around the outer boundary of the given graph N, and similarly, in 
the dual graph, the branches cutting the outer boundary in Fig. 
4-2la must satisfy KCL. This condition can be satisfied by placing 
one node outside the dual graph to terminate all branches of the 
dual graph which cut the outer boundary of N at the external 
node. The resulting network graph shown in Fig. 4-21d is then the 
dual of the given network N. This procedure, together with 
the principle for drawing dual elements, would enable us to find 
the dual of any planar network. 
What happens if network N is nonplanar? Since the concept 
of a mesh is undefined for nonplanar networks, the dual quantities 
for this class of networks are loops and nodes. Moreover, since the 
network is nonplanar, there must be at least one closed loop that 
is not a mesh (remember that a mesh encloses no branches, a 
closed loop does), such as the typical case shown in Fig. 4-22a. 
Consider first writing KVL around loop abcde consisting of 
branches 1, 2, 3, 4, and 5. Using the procedure for a planar 
network, we place a node p inside loop abcde with five branches _ Fig. 4-22. The network shown 
as shown. This would give us the desired KCL equation at node "demonstrates that a non- 
Se planar network cannot possess 
p. However, suppose we repeat the proceduretomloop eiijk and A dial A network Hep is 
place a node g inside it. The procedure for drawing a planar nonplanar if, and only if, it 


network would now require a branch connecting nodes p and q, contains either one of the two 
Kuratowski subgraphs shown 


in (b) and (c). 
b 


Uj 


A loop which is 
not a mesh 


e d 
(6) Kuratowski subgraph 1 


f e 
(a) (c) Kuratowski subgraph 2 
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1This theorem implicitly 
assumes that whenever 
two or more branches are 
connected in series or in 
parallel, they are inter- 
preted as only one branch. 
Hence, before one applies 
the test, it is convenient to 
replace all branches which 
are in series or in parallel 
by a single branch. 
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thus adding one more branch to node p. But this would violate 
the desired KCL equation at node p. Hence the procedure would 
not work for a nonplanar network. Since the above argument is 
valid in general, it is impossible to find a network graph which is 
the dual of a nonplanar network. This result is important enough 
to be stated as a theorem. 


DUAL NETWORK EXISTENCE THEOREM 


A network N has a dual if, and only if, N is a planar network. 


It is clear from this theorem that before we attempt to find the 
dual of a given network, we must determine whether it is planar. 
For simple networks, this can be readily determined by inspection. 
For more complicated networks, however, it is sometimes not 
easy to distinguish a planar from a nonplanar network. Kuratowski’s 
theorem applies to this situation, but because it is extremely 
difficult to prove, it is only stated here. 


KURATOWSKI’'S THEOREM 


The necessary and sufficient condition that a network N be 
planar is that the network graph contain neither the subgraph 
(i.e., part of the graph obtained by removing some branches and 
nodes) shown in Fig. 4=22¢ nor the subgraph shown in Fig. 4-226.1 

A-22b A-22e 

As a consequence of Kuratowski’s theorem, it is clear that 
any network with less than five nodes is necessarily planar. Hence, 
without having to redraw the network in Fig. 4-4a, we can 
conclude that it is planar because it contains only four nodes. 
When a network contains more than five nodes, we can apply 
Kuratowski’s theorem by searching for the existence of a set of 
five nodes with each node having a branch connected to each of 
the other nodes, as in Fig. 4-22b. Or we can look for the existence 
of a set of six nodes with branches connected in the form of 
Fig. 4-22c. For example, the network shown earlier in Fig. 4-5 is 
nonplanar because it contains a Kuratowski subgraph of the form 
shown in Fig. 4-225. 

It is easier to prove that a network is nonplanar because we 
need only exhibit one of the two Kuratowski subgraphs. To prove 
that a network is planar, we must examine all possible groups of 
branches and nodes to ascertain that the network does not contain 
either of the two Kuratowski subgraphs. 


Equations of motion 


4-8-3. ALGORITHM FOR DRAWING 
THE DUAL OF A PLANAR NETWORK 


Given a planar network N, we can now draw its dual by the fol- 
lowing procedure: 


1. Check first that all element-characteristic curves are specified 
with a set of reference directions and polarities consistent with 
the assumption that the positive terminal of each element is at 
the tail end of the current reference arrow. If not, redefine the 
references and the characteristic curves accordingly. 


2. Draw the graph of N. Place a node inside each mesh in N and 
one node outside of N. Corresponding to each branch 5; in N 
which is common to meshes a and £, draw a branch bj from 
the node inside mesh a to the node inside mesh f. The reference 
direction for bj is then directed toward the node inside mesh a, 
if the reference direction of branch 5; in mesh a is in the clock- 
wise direction (with respect to the node inside mesh a). Other- 
wise, the reference direction of bj is directed away from the 
node inside mesh a. 


3. The branches b; in N’ are then replaced by the corresponding 
network elements dual to branch b;. For convenience, Table 
4-6 tabulates the dual quantities useful for drawing dual 
networks. 


EXAMPLE 


Consider the nonlinear bridge network shown in Fig. 4-23a. The 
elements consist of an ideal diode (element 1), a nonlinear resistor 
(element 2) whose ve-i2 curve is shown in Fig. 4-235, a current 
source i(f) = S5e~t (element 3), a nonlinear capacitor (element 4) 
whose v4-g4 curve is shown in Fig. 4-23c, a 5-Q linear resistor (ele- 
ment 5), a nonlinear inductor (element 6) characterized by pg = 
1 + ig — 3ig2 + 5ig3, a 3-F linear capacitor (element 7), a 2-H 
linear inductor (element 8), a tunnel diode (element 9) whose v9-ig 
curve is given in Table 1-1, and a voltage source u(t) = 2 cos ¢. 
The units of all voltages, currents, charges, and flux linkages are 
assumed to be volts, amperes, coulombs, and webers. We draw the 
dual following the three steps outlined in the above algorithm: 


1. A check of the reference directions and polarities of the ele- 
ments in Fig. 4-23a shows that the references for elements 2, 3, 
6, and 10 are not consistent with convention. Hence we must 
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TABLE 4-6 Common dual quantities. 
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Network Network N’ 
Current jj Voltage v; 
Voltage v; Current 7; 


Flux linkage ; 
Charge q; 


Nonlinear resistor (characterized 
by a curve I in the v-i plane) 


Linear resistor with a resistance 
of RQ 


Nonlinear inductor (characterized 
by a curve I in the 7-~ plane) 


Linear inductor with an 
inductance of K H 


Nonlinear capacitor (characterized 
by a curve I in the v-g plane) 


Linear capacitor with a “capaci- 
tance” of K F 


Voltage source, vj = f(t) 
Current source i; = g(f) 
Short circuit 

Open circuit 

Parallel branches 
Series branches 

Link 

Tree branch 
Fundamental loop 
Fundamental cut set 
Ideal diode 


Charge gj 
Flux linkage qj 


Nonlinear resistor (characterized 
by the same curve [ in the /’-v’ 
plane, i.e., with v and i axes 
interchanged) 


Linear resistor with a conductance 
of R mhos or 1/R Q 


Nonlinear capacitor (characterized 
by a curve I in the v’-q’ plane) 


Linear capacitor with a capaci- 
tance of K F 


Nonlinear inductor (characterized 
by a curve I in the i’-¢’ plane) 


Linear inductor with an “‘induct- 
ance” of K H 


Current source ij = f(t) 
Voltage source vj = g(t) 
Open circuit 

Short circuit 

Series branches 
Parallel branches 

Tree branch 

Link 

Fundamental cut set 
Fundamental loop 


Ideal diode with its two terminals 
interchanged 


redefine the references of these elements as shown in Fig. 4-24a. 
The v-i curve of element 2 must be changed accordingly, as 
shown in Fig. 4-24b. The i-p curve of element 6 must also be 
changed to yg = 1 — ig — 3ig2 — 5ig3, since ig has become —ig. . 


Equations of motion 


The voltage source and the current source remain unchanged, 
since the terminal voltage of a voltage source is independent of 
its terminal current, and the terminal current of a current 
source is independent of its terminal voltage. 


2. The graph of the modified network in Fig. 4-24a is drawn 
in Fig. 4-24c, together with its dual graph. 


3. The completed dual graph is redrawn as in Fig. 4-24d. It re- 
mains to replace each branch by its corresponding dual ele- 
ments. Therefore, element | is an ideal diode with its ter- 
minals interchanged; element 2 is a nonlinear resistor with its 
3-13 curve shown in Fig. 4-24/; element 3 is a voltage source 
with terminal voltage v3(t) = S5e~t; element 4 is a nonlinear in- 
ductor with its 74-p4 curve shown in Fig. 4-24g; element 5 is 
a 1/5-Q linear resistor; element 6 is a nonlinear capacitor 
characterized by gg = 1 — v6 — 3vg? — 5v63; element 7 is a 3-H 
linear inductor; element 8 is a 2-F linear capacitor; element 9 
is a nonlinear resistor with its vg-ig curve shown in Fig. 4-24h; 
and element 10 is a current source with terminal current 
iz9(t) = 2 cos ¢. 


Observe that the dual of a voltage-controlled v-i curve is 
current-controlled, and vice versa. In particular, the dual v-i curve 
can be obtained by reflecting the original curve with respect to the 
45° line through the origin. In practice, this operation can be 
simulated by a 45° reflector (more commonly known as a gyrator). 


PAalil 


Fig. 4-23. A typical nonlinear 
bridge network. 


(c) 
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Fig. 4-24. The step-by-step procedure for constructing the dual of the nonlinear bridge network of Fig. 4-23. 


Equations of motion 


Similarly, the type 1 C-L mutator presented in Sec. 3-8-3 (also 
known as a gyrator) can be used to simulate the dual of a 
nonlinear capacitor and a nonlinear inductor. In other words, the 
dual of any nonlinear network can be synthesized with the help of 
a gyrator. 


Exercise 1: (a) Construct the dual of the network shown in Fig. 4-17a by the pro- 
cedure described in this section. (b) Repeat (a) for the network shown in Fig. 
4-17b. (c) Show that a planar network can have only one dual. 


Exercise 2: Identify the Kuratowski subgraph for the nonplanar network shown 
in Fig. 4-5. 


Exercise 3: Prove that a gyrator can be used to obtain the dual of any nonlinear 
resistor, inductor, or capacitor. 


4-9 SUMMARY 


Classification of networks 


1. Resistive networks do not contain capacitors or inductors. 
a. Resistive linear networks contain only linear resistors and 
sources. 
b. Resistive nonlinear networks contain at least one nonlinear 
resistor. 
2. Dynamic networks contain at least one capacitor or inductor. 
a. Dynamic linear networks contain only linear elements and 
sources. 
b. Dynamic nonlinear networks contain at least one nonlinear 
element. 


Equations of motion 
1. Equations from the laws of elements representing the charac- 
teristic curves of the elements are always independent. 


2. Equations from the laws of interconnection representing equa- 
tions from KVL and KCL may not be independent. 


Network topology 

Network topology provides the systematic techniques for obtaining 
independent equations from the laws of interconnection. Some 
basic terminologies are as follows: 


1. Tree: a set of branches, called tree branches, connecting all 
nodes but not forming closed loops. 
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2. Cotree: the set of all branches, called links, not belonging to a 
tree. 


3. Cut set: a set of branches which, if cut, would separate the net- 
work into two parts. 


4. Fundamental loop: given a tree 7, a loop formed by a link of 
T and one or more tree branches is called a fundamental loop 
with respect to 7. 


5. Fundamental cut set: given a tree T, a cut set formed by a tree 
branch of T and one or more links is called a fundamental cut 
set with respect to T. 


Independent KVL equation criteria The maximum number of inde- 
pendent KVL equations is equal to b — (n — 1), where 5 is the 
total number of branches and n is the total number of nodes. 
These equations can always be written around the b — (n — 1) 
fundamental loops with respect to a tree 7. (These criteria are 
valid only for networks containing two-terminal elements.) 


Generalized KCL The algebraic sum of all branch currents belong- 
ing to a cut set is zero. 


Independent KCL equation criteria) The maximum number of inde- 
pendent KCL equations is equal to n — 1 where n is the total 
number of nodes. These equations can always be written across 
the fundamental cut sets with respect to a tree 7. (These criteria 
are valid only for networks containing two-terminal elements.) 


Ground rule for networks with multiterminal elements If each KVL or 
KCL equation contains at least one branch variable which did not 
appear in the preceding equations, then the equations are in- 
dependent. 


Nature of equations of motion 


1. Resistive Nonlinear Networks: a system of nonlinear functional 
equations. 


2. Dynamic Nonlinear Networks: a system of nonlinear functional- 
differential equations. These equations must be recast into the 
normal form before they are amenable to existing solution 
techniques. The dependent variables in the normal form are 
called state variables. 


Equations of motion 


Practical methods for solving nonlinear functional equations 
1. Numerical methods 

2. Graphical methods (Chaps. 6 and 7) 

3. Piecewise-linear methods (Chap. 12) 


Some numerical techniques 


1. Fixed-point Algorithm: The solution of X¥ = F(X) is equal to 
the fixed point of F(X). It can be found by iterating Xi,1 = 
PX CUAL. cc Th 


2. Newton-Raphson Method: The solution of G(X) = 0 is equal 
to the fixed point of F(X) = X — [G’(X)] 1G(X). It can be 
found by iterating Xi,1 = X; — [G’(X;)]"1G(X)). 


Practical methods for solving nonlinear differential equations 
1. Numerical methods 

2. Graphical methods (Chaps. 18 and 19) 

3. Piecewise-linear methods (Chaps. 14 to 17) 

4. Analog simulation 


Euler algorithm, a simple numerical technique 

Given dx/dt = f(x,t) and x(to) = Xo, corresponding to a step size 
h and a total of n iterations, the approximate solution is given by 
Me yee, anltf (25,14) 

twa = uth 

p= se en — | 


Principles of duality 


1. Only planar networks have a dual. (See construction procedure 
in the text.) 


2. Any dual element can be realized with the help of gyrators. 


PROBLEMS 


4-1 Consider the network N shown in Fig. P4-1. 
(a) Draw the network graph of N. Label all branches and nodes. 
(b) Exhibit a tree and list the branches of the cotree correspond- 
ing to your tree. 
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Fig. P4-1. 


Fig. P4-5. 


4-2 


4-3 


4-4 


4-5 


Foundations of nonlinear network theory 


(c) List the fundamental loops corresponding to the tree chosen 
in (5). 

(d) List the fundamental cut sets corresponding to the tree 
chosen in (b). 

(e) Find the number of independent KCL and KVL equations 
for the network N. 


Prove the independent KVL mesh equation criteria. HINT: To 
prove the first part, use the principle of mathematical induction. 
Start with b — (n — 1) = 1 and then b — (n — 1) = Kk. To prove 
the second part, show that if the mesh equations are not independ- 
ent, there exists at least one loop equation independent of the mesh 
equations. Then show that any loop equation can be expressed as 
a linear combination of mesh equations, thereby establishing 
a contradiction. 


Prove the independent KCL equation criteria. HINT: Apply duality 
concepts to the proof of the independent KVL equation criteria. 


If a network is planar, it is usually easier to write the KVL equa- 
tions around the meshes of the network. Apply this method to de- 
rive the equations of motion of the network shown in Fig. 4-7a. 


Write the equations of motion of the circuit shown in Fig. P4-S. 
The nonlinear resistors Ry and Rg are junction diodes characterized 


4-6 


Equations of motion 


by a v-i curve i = J,(e*» — 1). The nonlinear resistors R3 and R, 
are varistors characterized by a v-i curve v = 100i!/3, The non- 
linear resistors R5 and Rg are tunnel diodes characterized by a v-i 
curve 7 = 10.lu — 26.5v2 + 17.4v3. Eliminate as many variables as 
possible. 


Find the equations of motion of the nonlinear network shown in 
Fig. P4-6. The two-terminal nonlinear resistor is characterized by 
ig = 2v23. The three-terminal nonlinear resistor is characterized by 
is = fi(Us,ig) and ve = fo(vs,ig). Eliminate as many variables as 
possible. 


4-7 


4-8 


Consider the nonlinear equation g(x) = x — (1/4)x? = 0 and its 

associated function f(x) = x — k(x)g(x). 

(a) With k(x) = 1, find the fixed points of f(x) analytically. Do 
they agree with the solutions of g(x) = 0? If not, explain why. 

(b) Repeat (a) with k(x) = x? — 4. 

(c) Assuming k(x) = 1, carry out the fixed-point iteration four 
times with the initial guess x9 = 2. Does the iteration 
converge? 

(d) Repeat (c) with x9 = —3. 

(e) Repeat (c) with x9 = 5. 

(f) Can you find an appropriate k(x) and some appropriate 
initial guesses so that all fixed points can be obtained by 
iteration? 


Find the solution of the equation g(x) = x — (1/4)x? = 0 by the 
Newton-Raphson method. Carry out the iteration four times with 
each of the initial guesses x9 = 2, —3, and 5. Compare its rate of 
convergence with the results in Prob. 4-7. 


Fig. P4-6. 
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4-9 


4-10 


Fig. P4-11. 


4-12 


4-13 
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It can be shown that if the magnitude of the slope of f(x) = 
x — kg(x) is less than a constant n < 1, the fixed-point algorithm 
will always converge. If g(x) = 0 is defined over the interval 
a<x <b, where g(a) <0 and g(b) >0, find the conditions 
under which a constant A may be found to guarantee | /’(x)| < 1 
over the interval a < x < b. Give a numerical example to illustrate 
how to choose the value k. 


The equations of motion of an instrumentation circuit have been 
written and simplified to the following two equations: 


Vy — 017 + v2" = 0 
iy —= Aton = 


(a) Find the solution analytically. 

(b) Find the solution graphically. 

(c) Recast these equations into the fixed-point form for two 
equations and carry out the iteration with the initial guess 
(U1,02) = (0.25, —0.25). 


Figure P4-11 shows a series nonlinear RLC network. R is described 
by i; = 2 tanh v1, L by 2 = 3i23, C by g3 = In v3, and the voltage 
source by v(t) = 4e~! sin ¢ volts. Find the equations of motion in 
the normal form in terms of the following state variables: 

(a) ig and v3 

(b) ig and qs 

(Cc) ez and v3 

(d) gz and q3 


Solve Prob. 4-11 for the case when the inductor characteristic is 
given by (a) 2 = i23 + i22 and (b) ig = qo? + qo2. NOTE: The 
normal form may not exist for some choice of state variables. 


Consider the dynamic network shown in Fig. P4-13, where the 
three-terminal resistor is characterized by 


Dy = 2 ae 302 + Voli? — 214° 
ip = 4 — 142U9 _ 214023 + 302° 


(a) Write the equations of motion if the inductor and capacitor 
are characterized by 


(b) 
(c) 


(d) 


Equations of motion 


mp = 2 — 233 + 585 

q = 1 + 2v — 3v3 4+ v5 

Choose a set of state variables in (a) and express the equations 
of motion in the normal form. 


Repeat (a) for the case where the inductor and capacitor are 
characterized by 


f=l+o9+¢ 

rege y 

Choose a set of state variables in (c) and express the equations 
of motion in the normal form. 


3-terminal 
resistor 


4-14 Consider the differential equation dx/dt = f(x,f) and the iteration 


formula 

Cee pf Leet) + f[xi + asta} 
chk 7 te Dp) 

Pea = te h 


(eee 7 


(a) 


(b) 


(c) 


The above formula is called the Heun algorithm. Give a geo- 
metrical interpretation of this algorithm and explain why it 
represents a more accurate method than the Euler algorithm. 
Find the solution of Eq. (4-63) by the Heun algorithm with 
the same initial condition and step size as in the text. Com- 
pare the accuracy with that obtained by the Euler algorithm. 
Extend this algorithm to a system of n differential equations. 


Another numerical technique for solving the differential equation 
dx/dt = f(x,t) is the Taylor algorithm defined by 


he, 
Xin = Xi + hf %Xpti) + = J’ (Xiti) 


ut LP tC ti) ie iso Ht LP" fx, ti) 
a CAMS hay) m! CAH ed) 


tag =i +h 
(30) Oe, 2 — 


Fig. P4-13. 
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Fig. P4-17. 
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(a) Give a geometrical interpretation of this method and explain 
why it is more accurate than the Euler algorithm. 

(b) Find the solution of Eq. (4-63) by the Taylor algorithm with 
the same initial condition and step size as in the text. 

(c) What is the disadvantage of this method over the Euler 
algorithm? 


One of the most commonly used algorithms for solving the differ- 
ential equation dx/dt = f(x,t) without the necessity of evaluating 
high-order derivatives is the Runge-Kutta algorithm defined by 
Xl = Xj + hg(Xi,ti) 


where 


axisti) = E(k + 2ko + 2ko + ka) 


ky =f (X21) ko = f(x + Fat + i) 


kg=f(utbhen +4) ky =foit hken + % 

(a) Give a geometrical interpretation of this algorithm. 

(b) Find the solution of Eq. (4-63) by the Runge-Kutta algorithm 
with the same initial condition and step size as in the text. 
Compare its accuracy with that of the Euler algorithm. 


Test whether the networks shown in Fig. P4-17a and b are planar 
or nonplanar. Justify your answers. 


(a) Find the dual of the nonlinear bridge-T network shown 
in Fig. P4-18a. The v-i curves of the resistors are given in 
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i 
7: 
U 

| 
U 
(a) 
i 
+ 
VU 
hi 
(b) 


Table 1-1 of Chap. 1. The inductor i-e curve is represented by 
i = y*, and the capacitor v-q curve is represented by v = tanh g. 

(b) Repeat (a) for the nonlinear twin-T network shown in Fig. 
P4-18b. 


>U 


Fig. P4-18. Fig. P4-19. 


4-19 An element whose dual is itself is called a self-dual element. Show 
that the elements of Fig. P4-19a and 5 are self-dual elements. 
What property must a v-i curve possess in order for it to represent Fig. P4-20. 
a self-dual element? 


4-20 Ifa network graph and its dual have the same topology, the graph 3 
is said to be a self-dual graph. 
(a) Verify that the graph of Fig. P4-20 is a self-dual graph. 6 
(b) Find two more self-dual graphs. 


7 ——'s ——2 ¢ =ail ef 
om sara i 


= _ a Loa 
es | soot ial bite RAE Ape ia0. 
ip Gey (whe Ties Oya &) Linea 


- iota Di OR in» “legates ga Gaede iia: ae 


7 ie abs MA ¢ ee gy 
: —— ade 


a . 


~ 


5-1 THE OPERATING-POINT CONCEPT 


We have shown in Sec. 4-4 that the equations of motion of any 
resistive nonlinear network N can always be written and reduced 
into the form of a system of independent, functional (algebraic or 
transcendental) equations of the form 


fil1.02. Toes Umsl1,l2, gD sat) a= 0 


PUA Bowe pelinst4 lo, wae ate.t) = 0 
foe1 2 mst1542 9) (5-1) 


Sm+n(1,02, Ch oe bral tela, at erro Fag) = 0 


The parameter ¢ will be present whenever one or more of the 
sources in N is time-dependent. The solution of Eq. (5-1) then 
consists of a set of time functions 


p= Et) f= l,...,m 

and 

iol AZ) ties 1 

such that, when these are substituted into Eq. (5-1), the left side 
of each equation will be identically zero for all time ¢, that is, 


fix, £200, - . - Em) L112), - - - An(d),t) = 0 
flE(t),E2(2), -..Em(O),L10,120, .. - An(O),f) = 0 (5-2) 


FnrnEx(),Bo(0), .-- Em(O),L@,L20), -. . An(é),t) = 0 
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1 Unfortunately, no single 
numerical method which 
can guarantee convergence 
is presently known. 


*These methods can be 
easily implemented by a 
computer. 


3 A network containing only 
de sources is called a dc 
network in this book. In 
particular, we shall distin- 
guish between a dc-re- 
sistive network and a dc- 
dynamic network. By tra- 
dition, a source is said to 
be an ac source (derived 
from the words alternating 
current) if it varies with 
time. Accordingly, a net- 
work containing one or 
more ac sources is called 
an ac-resistive network or 
an ac-dynamic network. 


Resistive nonlinear networks 


Since Eq. (5-1) is assumed to be already in its reduced form, 
i.e., all possible elimination and substitution have been made, we 
must now solve for the unknowns by the nonanalytical techniques 
described in Sec. 4-5, namely, numerical, graphical, and piecewise- 
linear. If Eq. (5-1) is given in analytic form, and if there is a 
unique solution, then the numerical method is usually superior, 
provided the iteration procedure converges.1 In practice, however, 
Eq. (5-1) is really just a symbolic notation because each equation 
would generally contain functions specified by curves, not equa- 
tions. In such cases, the graphical and the piecewise-linear tech- 
niques are far superior.” 

An examination of Eq. (5-1) shows that the presence of the 
parameter ¢ greatly increases the difficulty of the problem. Let us 
therefore consider the simpler problem of finding the solution of 
Eq. (5-1) at a specific time ¢ = fo rather than for all time ¢. By sub- 
stituting ¢ = f) in Eq. (5-1), the parameter ¢ can be eliminated. 
This is equivalent to replacing all time-dependent sources in N by 
de sources whose values are equal to the values of the time- 
dependent sources at fo. In other words, N becomes a dc-resistive 
network, and Eq. (5-1) becomes 


filv1,v2, ae 
21,02, 23 


Jm+n(01,02, oe 


i.) = 0) 


. Umsl1,125 a 


. Umsl 1,12; shkalre 


(5-3) 
: Umsl112, tee ln =a 


If we can find the solution of Eq. (5-3), then we can find the solu- 
tion of Eq. (5-1) for all time ¢ by simply solving the problem at 
different instants of time. In other words, if we can solve a 
dc-resistive network, then we can also solve the corresponding ac- 
resistive network. This observation shows that the fundamental 
problem in nonlinear network theory is the solution of dc-resistive 
networks, and therefore only this class of resistive networks will 
be considered in the rest of this chapter. 

The solution of Eq. (5-3) consists of a set of numbers 


(Ei, Be, neo Lwasliloen oo, 4g) suchtbhat 

filtn Be, ooo Elta 

fol En Los se Lali to ee 0 (5-4) 
Sropn EA ose ola lee ta) 30 


Three basic concepts of resistive nonlinear networks 


Conceptually, it is useful to interpret Eq. (5-3) and its solution from 
a geometric point of view. First, let us consider Eq. (5-3) in 
its simplest form, namely, two equations in two unknowns 0; 
and js; thus 


Ai@r.l2) = 0 


fov1,i2) = 0 2) 
These equations represent two curves in the two-dimensional 
Uy-l2 plane. The intersection (£},J2) of the two curves is a solution 
of Eq. (5-5) because it satisfies both equations. Hence we can say 
that a solution of Eq. (5-5) is a point (£1,/2) in a two-dimensional 
space. Next, consider Eq. (5-3) in three variables; we have 


Ai1,02,/1) = 0 
21.02.11) = 0 (5-6) 
Ff3(01,02,11) = 0 


Each of these equations represents a surface in the three- 
dimensional v,-v2-i; space. An intersection (£y,£2,/1) of the 
three surfaces is a solution of Eq. (5-6) because it satisfies all three 
equations. Hence, we can say that a solution of Eq. (5-6) is a 
point (£,£2,/;) in a three-dimensional space. By a logical general- 
ization of these geometrical interpretations, we can interpret each 
equation in Eq. (5-3) as a surface in the (m + n)-dimensional 
Uj-V2 +++ -Um-ii-i2 +++ -In Space, and each point of intersection 
(£1, Fe, ..- Em 11,12, . . . tn) of these (m + n) surfaces is clearly 
a solution of Eq. (5-3). Hence, we can say that a solution of 
Eq. (5-3) 4s a point (£1,E22, ... Em; 11,12, . ..51n) im an (mn + n)- 
dimensional space. We shall call such a point of intersection an 
operating point of the network N. The operating point of a 
network AN is simply a set of numbers (representing a solution of 
N) which we interpret as the coordinates of a point. Since “sur- 
faces” in general may intersect at only one point, at finitely many 
points, at infinitely many points, or sometimes not at all, it is clear 
that a network N may have one operating point, finitely many 
operating points, infinitely many operating points, or sometimes 
no operating points at all. This is equivalent to saying that a net- 
work N may, in general, have one solution, finitely many solutions, 
infinitely many solutions, or sometimes no solution at all. The 
physical interpretation of networks containing more than one 
operating point is discussed in Sec. 5-5. We shall refer to the prob- 
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dc-resistive 
network 


(a) 


dc-resistive 
network 


(b) 


dc-resistive 
network 


(c) 


Fig. 5-1. A dc-resistive network 
with an external ac source 
whose terminal voltage or ter- 
minal current is being varied. 


1 We have assumed here that 
N has at least one operat- 
ing point. The special case 
where N has no solution 
is of no practical interest. 


Resistive nonlinear networks 


lem of finding the operating points of a de-resistive network as the 
operating-point problem. 


5-2 CONCEPTS OF DRIVING-POINT AND 
TRANSFER-CHARACTERISTIC PLOTS 


We shall now introduce two concepts of fundamental importance 
in nonlinear network theory. Most of the material in the remain- 
ing chapters of this book will depend heavily on the concepts in- 
troduced in this section. Consider an arbitrary dc-resistive nonlin- 
ear network N which may contain n-terminal resistors, controlled 
sources, ideal transformers, gyrators, and de sources. An operating 
point P of N is then a set of numbers which we have interpreted 
to be the coordinates of P, that is, 


pI On te AE Bre IE (5-7) 


Suppose we now change the values of some of the de sources in 
N. Clearly, the network will have a new operating point P’ with a 
new set of coordinates 


PECECE een Enel tela el a) (5-8) 


More specifically, let us change the value of only one of the 
dc sources in N. In order to emphasize that only one source 
is being altered, we shall draw the network in the form shown in 
Fig. 5-la, where we have denoted the source that is being altered 
by x. Observe that x may be a voltage source or a current source, 
and thus Fig. 5-la may become either Fig. 5-1b or Fig. 5-Ic. Let 
us now vary the value of the source x from —oo to +o. Corre- 
sponding to each value of x, we shall obtain one or more operat- 
ing points! in the (m + n)-dimensional space. If (m + n) = 3, we 
can plot each point P corresponding to each value of x and de- 
note it by P(x), as shown in Fig. 5-2, where the operating points 
have been connected into a space curve, henceforth referred to as 
the locus of operating points. 

It is not difficult to imagine that when (m + n) > 3, the locus 
of operating points will still be a curve in the (m + n)-dimensional 
space. Although we cannot plot the locus in an (m + n)-dimen- 
sional space, we can nevertheless specify the locus of operating 
points by several means. The simplest method is to tabulate the 
coordinates of each point P corresponding to each parameter x in 
the form of a table such as Table 5-1. A disadvantage of the table, 
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however, is that only a finite number of operating points can be 
tabulated. Hence, in Table 5-1 we can find the operating points 
corresponding to x = 1, 2, 3, etc., but we cannot find the operating 
point corresponding to x = 2.3, 3.7, etc. It is difficult to interpolate 
the intermediate values from the table, because, as will be seen 
later, the relationships between the coordinates of P and the 
values of x are usually nonlinear. 

A more accurate method of specifying the locus of operating 
points consists of plotting each coordinate of the operating point 
as a function of x in the form of a curve. Each curve can be 
plotted from the data in the appropriate column of Table 5-1. For 
example, the data in the column corresponding to the coordinate 
v; in Table 5-1 can be plotted as shown in Fig. 5-3a. These points 
can then be used to draw a smooth curve.! 

Similarly, the data in the column corresponding to i; can be 
plotted as shown in Fig. 5-35. Notice that in order to completely 
specify the locus of the operating points, we would need as many 
curves as there are columns in Table 5-1. 

Now observe that each voltage coordinate v; of the operating 
point P corresponds to the voltage across some pair of nodes in 
N; similarly, each current coordinate i; of the operating point P 
corresponds to the current in some wire. For example, v; might 
represent the voltage between nodes a-b, and i; might represent 
the current in wire c-d of the network shown in Fig. 5-4a. In order 
to emphasize that the curve v; versus x represents the voltage solu- 
tion across nodes a-b as a function of x, and the curve i; versus x 
represents the current solution in the wire c-d as a function of x, 
let us redraw Fig. 5-4a into the more explicit form shown in Fig. 
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Fig. 5-2. The locus of the oper- 
ating points in a three-dimen- 
sional space corresponding to 
different terminal values of the 
driving source x can be plotted 
as a space curve with x as a 
parameter. 


1 Tt is possible for the curve 
to jump abruptly, as for a 
discontinuity. This, how- 
ever, will not occur in 
physical networks. 
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5-45. We cannot overemphasize here that the two wires connected 
to nodes a-b as shown in Fig. 5-4 are not part of the original net- 
work, and hence must be left open-circuited. These two wires are 
brought out of the box just to emphasize that if we connect a volt- 
meter across them and plot the measured voltage as we vary the 
value x, we would obtain the relationship v; versus x. Clearly, if 
we connect an external load to these wires (which results in a cur- 
rent flowing in the load), we change the network. As a result of 
this, we expect to measure a different voltage v; for the same 
value of x. Therefore, in order to obtain a v;-vs.-x relationship un- 
ambiguously, it is necessary that no current be allowed to flow in 
the wires where the output voltage vu; is to be measured. 
Depending upon the location of the pair of nodes a-b across 
which the voltage v; is to be measured and the location of the wire 
c-d through which the current i; is to be measured, we shall classify 
the v;-vs.-x and the jj;-vs.-x curves into two main classes, the 
driving-point characteristic plot and the transfer-characteristic plot. 


5-2-1 THE DRIVING-POINT CHARACTERISTIC PLOT (DP PLOT) 


Any curve, v; versus x or ij versus x, is said to be a driving-point 
characteristic plot (henceforth referred to as a DP plot) if v; and 
x or i; and x are measured across the same pair of terminals, called 
the driving-point terminals. 

From this definition, we see that there are two possibilities 
for a Uj-VS.-x or an 1;-vs.-x curve to be a DP plot: 


1. When x is a voltage source and i; corresponds to the current 
entering one of the two driving-point terminals as shown 
in Fig. 5-5a 
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Fig. 5-3. The relationship be- 
tween each voltage coordinate 
v; or Current coordinate i; and 
the value of the driving source 
x can be plotted in the form of 
a plane curve. 


Fig. 5-4. A resistive network 
drawn in the form of a black 
box to emphasize the relation- 
ship between vu; versus x and i; 
versus x. 
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(a) 


(6) 


Fig. 5-5. The DP plot pertains 
to the relationship between the 
current i; and the driving volt- 
age v, or the voltage v; and the 
driving current i, across the 
same terminal pair, the driving- 
point terminals. 


Fig. 5-6. A soldering-iron entry 
is obtained by soldering a pair 
of terminals across a pair of 
existing nodes. 


Resistive nonlinear networks 


2. When x is a current source and vu; corresponds to the voltage 
across the driving-point terminals shown in Fig. 5-55 


In case | the DP plot corresponds to the ij-vs.-v curve, and in 
case 2 the DP plot corresponds to the vj;-vs.-i curve. Observe that 
in either case the DP plot is simply the v-i characteristic measured 
across the driving-point terminals of the resistive network N. In 
other words, the entire dc-resistive network N shown in Fig. 5-5a 
or b can be interpreted as a two-terminal resistor characterized by 
a v-i curve, which also happens to be the DP plot of the network. 


5-2-2. THE TRANSFER-CHARACTERISTIC PLOT (TC PLOT) 


Given a dc-resistive network N, there will be many occasions 
when we would like to “create” a pair of driving-point terminals 
in N and consider the resulting black box as a two-terminal resis- 
tor. We refer to the creation of new driving-point terminals as 
finding an “entry” to the network. We can obtain an entry to a net- 
work either by the “soldering-iron” entry or by the “pliers-type” 
entry. In the “soldering-iron” entry we simply choose two conven- 
ient nodes which already exist in N and “solder” to these nodes 
a pair of external terminals. The external terminals can connect 
to either a voltage source as in Fig. 5-6a or a current source as in 
Fig. 5-65. In the “pliers-type” entry we choose a convenient wire 
in N and cut it with a “pliers.” The result is two newly created 
terminals which can be connected across either a voltage source 
as shown in Fig. 5-7a or a current source as shown in Fig. 5-7b. 

As an illustration of the creation of driving-point terminals, 
consider the simple dc-resistive network N shown in Fig. 5-8. We 
can create three different driving-point terminals in the network 
N by soldering-iron entries, as shown in Fig. 5-9a to c. Similarly, 
we can create six different driving-point terminals to the network 
N by pliers-type entries, three of which are shown in Fig. 5-10a 
LOK 
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Cut 
here 


DEFINITION OF A TRANSFER-CHARACTERISTIC PLOT (TC PLOT) 


Any curve v; versus xX or i; versus x is said to be a transfer-charac- 
teristic plot (henceforth referred to as a TC plot) if v; is measured 
across one pair of terminals and x is measured across another or 
if i; is measured entering one terminal and x is measured across 
another. We shall refer to the terminal pair corresponding to x as 
the driving-point terminals and to the terminal pair corresponding 
to v; or i; as the transfer terminals. With reference to Fig. 5-4 and 
the fact that x may be either a voltage source or a current source, 
it is clear that there are four different types of TC plots. If we de- 
note the driving-point terminals by the subscript & and the trans- 
fer terminals by the subscript j, then the types of TC plots are as 
follows: 


1. u;-vs.-vg plot. This corresponds to the case where the driving- 
point variable is v;, and the transfer variable is v;, as shown in 
Fig. 5-1la. An example of this type of TC plot, shown in Fig. 
5-11b, was obtained by plotting the data in column v; of Table 
5-1 with respect to x = Ux. 
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Fig. 5-7. A pliers-type entry is 
obtained by cutting a wire, 
thereby creating a pair of ter- 
minals. 


ae 
3 - terminal 


WA 


e 
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Fig. 5-8. A typical dc-resistive 
network. 


Fig. 5-9. Examples of three 
pairs of driving-point terminals 
created by the soldering-iron 
entry. 
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(c) 


Fig. 5-10. Examples of three 2. y,-vs.-ix plot. This corresponds to the case where the driving- 
cele sty posses eine pont point variable is i, and the transfer variable is v;, as shown in 
terminals created by the pliers- 5 : 1 ar ; 
type entry. Fig. 5-llc. An example of this type of EGeplet is shown in 
Fig. 5-1 1d, which was obtained by plotting the data in column 


v2 of Table 5-1 with respect to x = ig. 


3. i;-vs.-vg, plot. This corresponds to the case where the driving- 
point variable is v; and the transfer variable is i;, as shown in 
Fig. 5-lle. An example of this type of TC plot, obtained by 
plotting the data in column /2 (that is, with 7 = 2) with respect 
to x = vx, is Shown in Fig. 5-11f- 


4. i;-vs.-ix plot. This corresponds to the case where the driving- 
point variable is i, and the transfer variable is i;, as shown in 
Fig. 5-1lg. Figure 5-11h is an example of this type of TC plot, 
obtained by plotting the data in column /, (that is, with 7 = n) 
with respect to x = ix. 


The definitions of DP and TC plots actually tell us that any 
Uj-VS.-X OF ij-VS.-x Curve which is not a DP plot must be a TC plot. 
Observe also that in the vj;-vs.-x plots shown in Fig. 5-116 and d, 
vj; Corresponds to the voltage across the transfer terminals with 
i; = 0. We emphasize again that any vj-vs.-x curve describing a 
transfer characteristic is valid only under the condition that the 
transfer terminals are left open, thus ensuring that i; = 0. If we 
connect across the transfer terminals a two-terminal black box 
often referred to as the Joad, then i; ~ 0, and the original v;-vs.-x 
TC plot will be altered. The amount of change or discrepancy from 
the original plot is often referred to as the loading effect. Similarly, 
the ij-vs.-x plots shown in Fig. 5-11f and h are valid only if v; = 0, 
that is, the transfer terminals are short-circuited. 
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(a) (b) 


Fig. 5-11. Examples of the four 
different types of TC plots. 
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Fig. 5-12. The relationship be- 
tween v and i of the isolation 
black box is simply the DP plot 
of the two diodes in series. 


YY 4, Region 1 Y, J 
fff 


Black box 
representing 
two diodes 
in series 
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5-3 SOME PRACTICAL EXAMPLES 


The concepts of the DP and TC plots rank foremost in importance 
among all concepts to be introduced in this book. As we shall see, 
these concepts pop up over and over again in both resistive and 
dynamic nonlinear networks. Before turning to a rigorous presen- 
tation of the analysis (Chaps. 6 and 7) and the synthesis (Chap. 8) 
of DP and TC plots, let us consider a few simple examples of 
some of the many applications of these basic concepts. 


5-3-1 ISOLATION BLOCK FOR INTEGRATED CIRCUITS 


Because the development of integrated-circuit technology was 
based originally on the mass fabrication of devices such as tran- 
sistors and diodes on a single “chip” of material, such as silicon, 
many new practical constraints were created. Among them is the 
fact that it is more economical to fabricate transistors and diodes 
than linear resistors. Moreover, for linear resistors the resistance 
value compatible with present technology is relatively low. Another 
problem is isolation. Because all devices are, in a way, grown on 
the same base, known as a substrate, it is necessary to provide 
enough isolation so that each device will behave independently. 
One practical method to achieve this isolation is to fabricate two 
junction diodes back-to-back and sandwich them between the two 
regions to be isolated, as depicted symbolically by the drawings 
shown in Fig. 5-12a. If the isolation is perfect, there should be no 
current flowing from region | to region 2, and vice versa. How- 
ever, a current 7 does flow when a voltage v exists across the two 
regions. In order to be able to include this effect in the final de- 
sign, it is necessary to find the relationship between v and i. If we 


(b) 
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enclose the two diodes by a box as shown in Fig. 5-125, then the 
desired v-i relationship is, by definition, the DP plot of this black 
box. 

For this simple circuit, it is possible for us to derive the DP 
plot analytically. Let us represent the diodes by the approximate 
relationship given earlier by Eq. (1-14); thus 


ly = T(e* ars 1) 


5-9 
on T,(ekv2 = il) ( ) 


Equations (5-9) represent the laws of the elements. The laws of 
interconnection are 


KVL: V = V4 — Le (5-10) 
aeibe — ik = S31 (5-11) 
Since our objective is to solve for v as a function of 7, or vice versa, 


an inspection of Eqs. (5-10) and (5-11) suggests that we solve for v, 
and v2 from Eq. (5-9) in terms of i; and ig; thus 


n= fn et) 


k 
an (2E4) 


(5-12) 


Substituting Eqs. (5-11) and (5-12) into Eq. (5-10), we obtain, 
after some simplification, 


bela att) 5-13 
p= _in( et sta 


Since we normally plot the current as the vertical axis (by tradi- 
tion), let us solve for 7 in terms of v from Eq. (5-13) to obtain 


ekv — | 
‘= ae 5-14 
: ° ekv 4 | ( ) 


This is the equation of the DP plot across the two diodes. It can 
be easily plotted by observing that i I, asv > 0, andi —I, 
as v > — co. Moreover, this curve is symmetrical with respect to 
the origin, as shown in Fig. 5-12c. In practice, the current J, 
is called the saturation current and is usually very small, a few 
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1See Prob. 1-4 of Chap. 1. 
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microamperes. From this DP plot, we observe that the magnitude 
of the leakage current / increases with the voltage v and eventually 
approaches the saturation current J,. Since J, is a very small cur- 
rent, it is clear that the isolation is quite good. If we define the de 
resistance at each point on the DP plot to be Rac = v/i and the ac 
resistance to be Rac = dv/di, we obtain! 


wee ae! 5-15 

SS Ea we 
2 il 

ata om Be 5-16 

Reape aye (5-16) 


It is easy to see that these resistances represent fairly high values, 
and hence this is one practical method for obtaining high resist- 
ances in integrated circuits. 


Exercise 1: (a) Derive Eqs. (5-12) to (5-16). (b) Sketch Rac versus v and Rac 
versus /. 


Exercise 2: Consider the dual topology where the junction diodes are connected 
in parallel with opposite polarities. (a) Show that the DP plot is given by 7 = 2/, 
sinh kv. (b) Why is the equation not similar in form to Eq. (5-13)? (c) Derive the 
corresponding expressions for Rac and Rac. 


5-3-2. A SQUARE-LAW TRANSFER-CHARACTERISTIC PLOT 


The simple circuit shown in Fig. 5-13a has a number of very prac- 
tical applications. In practice, such a circuit is usually designed to 
perform a certain operation on the input signal v;(7) to give a de- 
sired output signal v,(t). If we maintain 7, = 0, then this operation 
is completely specified by the vo-vs.-v; TC plot because once this 
relationship (either analytically or graphically) is known, we can 
obtain the output voltage v,(/) corresponding to any input voltage 
v(t). For example, if v. = A In y; and v,(f) = 2 + sin wf, then 
Vo(t) = A In (2 + sin wf). A circuit with the above TC plot is called 
a logarithmic amplifier and is useful in such diverse applications as 
radar, nuclear instrumentation, and dynamic range extenders. 

To derive the TC plot, let us assume that the nonlinear resis- 
tor is characterized by vy = fi(i1) and obtain the equations 


and 


UR (5-18) 
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(d) 


Fig. 5-13. Any circuit with a 
square- law TC plot can be used 


We can eliminate 7 by substituting Eq. (5-18) into Eq. (5-17) 


to obtain as a basic building block for 
designing a multiplication cir- 
v cuit. 
(0) — 
Uj = fil) + Uo =—/\U,) (5-19) 


This equation specifies the v,-vs.-v; TC plot in the v;-v, plane. 
Since we would normally plot the independent variable v; as the 
horizontal axis, it is convenient to solve for v, as a function of v; 
from Eq. (5-19) to obtain 


Uo = g(Vi) (5-20) 


where g(v;) =f (vj) is simply the inverse function of f(v,).f | 
In general, Eq. (5-20) is either multivalued or cannot be so Saas inverse f * 
expressed in terms of elementary functions. But in any case, its pe ea, c ee 
TC plot can be plotted directly from Eq. (5-19). Monotonic funeLOn. 

As a very common application, let us choose the nonlinear 1 fp practice, the varistor is 
resistor to be a varistor (Fig. 5-13b) with its vj-i, curve represented —_ usually called a Thyrite, a 


: eat registered trademark of the 
approximately by Carboloy Department of 


the General Electric Com- 


Vy = alyF == /4(i1) (5-21) pany. 
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1 For more practical details 
on the design of this TC 
plot, see L. D. Kovach and 
W. Comley, Nonlinear 
Transfer Functions with 
Thyrite, JRE Trans. Elec- 
tron Computers, pp. 91-97, 
June, 1958. 


2 A true square-law circuit 
is characterized by uv, = 
kvu,;? for all v;. Although 
there are other circuits 
with this TC plot, for sim- 
plicity we shall use our 
present circuit with v; > 0. 
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The practical values of a and f usually lie in the range 10 Ca < 
5,000, and 0.10 < 8 < 0.45. Substituting Eq. (5-21) for fi in Eq. 
(5-19), we obtain 


naa(Z) +2 (5-22) 


The slope of this TC plot is readily obtained to be 


dv; Bi 
aie | pA 1-0 5293 
a ae +1> (9-22) 


since (1 — 8) > 0 for 0.10 < 6 < 0.45. Therefore, this TC plot is 
a strictly monotonically increasing curve and possesses an inverse 
in the form of Eq. (5-20). For a given varistor, the exact values of 
a and 6 can be measured, and an appropriate value of R can be 
found by the graphical methods in Chap. 6 so as to best approxi- 
mate a square-law TC plot! 


Up = kv;2 for all v; > 0 


(5-24) 
= Shep” for all v; < 0 
This particular TC plot is useful in many applications. Accordingly, 
we Shall denote the corresponding circuit by the symbol shown in 
Fig. 5-13c where both v; and v, are measured with respect to 
ground (not shown for simplicity).? 

One of the most common applications of a square-law circuit 
is the multiplication of two voltages v(t) and v2(Z). It is based on 
the identity 


U2 = Ya(vy + Ve)? — Ya(vy — ve)? (5-25) 
With the help of the summing and phase-inverting components 


presented in Sec. 3-6-2, it is easy to see that the circuit shown in 
Fig. 5-13d constitutes a realization of the relationship 


Up = UyV2 (5-26) 


Hence, in addition to the list of basic mathematical operations 
discussed in Sec. 3-6-2, we can now also perform multiplication. 


Exercise 1: (a) Show that the logarithmic amplifier can be realized by the circuit 
shown in Fig. 5-13a if the nonlinear resistor is replaced by a resistive black box 
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with the DP plot vo, = e* — i,R, where k = R/A. (b) Considering the above pro- 
cedure, discuss the general method for finding an appropriate DP plot in order 
to realize a prescribed TC plot. 


Exercise 2: Derive a general vo-vs.-v; TC plot relationship analogous to Eq. (5-19) 
if the two resistors in Fig. 5-13a are interchanged. 


Exercise 3: Explain why it is that the two square-law circuits may be connected 
as shown in Fig. 5-13d without introducing loading effects. 


5-4 THE POWER-TRANSFER PLOT 


Any physical device must be operated below its maximum power 
rating. For a dc-resistive network, the power dissipated in each 
device can be found by determining first the operating points of 
the network. In the case of a two-terminal nonlinear resistor, the 
operating point must be restricted between the maximum-power 
hyperbola vi = Pmax, where Pmax is the maximum power rating of 
the device, and the axes. For example, the operating point on the 
varistor v-i curve shown in Fig. 5-14a must be restricted from the 
shaded region. In the case of a three-terminal nonlinear resistor, 


tp 
Forbidden 
region 


Maximum-power 


hyperbola vi = P_., y 
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Fig. 5-14. The power dissi- 
pated in any two-terminal or 
three-terminal device must lie 
under the maximum-power 
hyperbola at all times. 


Forbidden 
region 


Forbidden 
region 


(a) (d) 


dc-resistive 
network 


dc-resistive 
network 


(c) 


3-terminal 
resistor 


(d) 
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the total input and output power Pp = v4i1 + Vela must not exceed 
the maximum rating. In many practical devices, such as the FET, 
the input power vji1 is usually negligible and hence Pp ~ voi. For 
example, the operating point on the drain-to-source characteristic 
curves of the FET shown in Fig. 5-145 must lie between the 
maximum-power hyperbola v2iz = Pmax and the axes i2 and ve. 

For ac networks, the operating point varies with time, and 
hence it becomes rather impractical to solve for the operating 
points for all times. Fortunately, most practical ac networks of in- 
terest consist of a dc network driven by a single ac independent 
voltage source. In this case, it is more convenient for us to solve 
for the maximum range of voltages that can be applied without 
exceeding the ratings of the elements in the network. In most 
cases, the elements of interest are usually two-terminal or three- 
terminal nonlinear resistors. For the sake of discussion, let us ex- 
tract the nonlinear resistor under consideration as shown in Fig. 
5-14¢ and d. 

Consider first the case of the two-terminal resistor. The power 
dissipated in this resistor is given by p = vi. If we solve for 
the v-vs.-v; and the i-vs.-v; TC plots 


v = f(vi) 

1 = g(vi) 

we obtain 

P = frig) = hi) G27) 


This relationship represents the power dissipated in the nonlinear 
resistor in Fig. 5-14c as a function of the ac voltage v;, and 
is called the power-transfer plot. Once this relationship is found, the 
range of the input voltage that can be applied is easily obtained. 
If the resistor is passive, then P > 0 for all v; as shown by the typical 
power-transfer plot in Fig. 5-15a. In this case, the range of allow- 
able voltage is given by Ez < vu; < Fj. If the resistor is active, then 
P may be negative as shown by the typical power-transfer curve 
in Fig. 5-15. In this case, there are two nonoverlapping ranges of 
permissible voltage, namely, Ey << v; < Fy, and Fy <u, < Es. 

Consider next the three-terminal resistor case shown in Fig. 
5-14d. The power-transfer plot is now defined by 


P = fi(vi)gii) + fa(vige(vi) ) 
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(a) (b) 


where U1 = fil), —— 21(Vi), v2 = fo(vi), and jig = 22(Vi) are the 
TC plots from the respective terminal variables of the three- 
terminal resistor to the driving-point voltage. In many practical 
three-terminal resistors, the power entering port | of the resistor 
is negligible, in which case Eq. (5-28) reduces to 


P  folvi)ge(vi) (5-29) 


The utility of the power-transfer plot is now obvious; it gives 
the designer a complete picture of how much power is dissipated 
in a nonlinear resistor corresponding to any value of the applied 
input voltage. Equations (5-27) and (5-28) show that this power- 
transfer plot can be found by multiplying appropriate TC plots.1 
This is another occasion where the concept of TC plots is useful. 


Exercise 1: Derive similar relationships for the power-transfer plot for the case 
where the ac-voltage source is replaced by an ac-current source. 


Exercise 2: In most practical circuits, the TC plots must be found in graphical form. 
Give a simple, graphical procedure for obtaining the power-transfer plot. 


Exercise 3: Show that if the v-i curve of the nonlinear resistor in Fig. 5-14c 
is characterized by a current-controlled curve v = vu(i), then the power-transfer 
plot defined by Eq. (5-27) can be found from this v-i curve and the 7 = g(v;) TC 
plot. Give a graphical construction procedure. HINT: Use the graphical composi- 
tion technique given in Appendix B. 


Exercise 4: Show that the power-transfer plot in Exercise 3 can be found directly 
from the v-i curve i = i(v) of a voltage-controlled resistor and the v = f(v;) TC 
plot. Give a graphical construction procedure. 


5-5 THE OPERATING-POINT PARADOX 


It was mentioned in Sec. 5-1 that a resistive network may have 
one operating point, a finite number of operating points, an 
infinite number of operating points, or no operating point at all. 
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Fig. 5-15. Typical examples of 
the power-transfer plot of (a) 
passive and (b) active nonlinear 
resistors. 


1 Actually, only one TC plot 
needs to be found. See 
Exercises 3 and 4. 
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1 A network is solvable if it 
has at least one solution. 
We shall exclude unsolv- 
able networks in this book 
because they are only of 
academic interest. 
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This statement seems to contradict what we observe physically, 
namely, that any physical network can have one, and only one, 
operating point at any one time. Something must be wrong 
somewhere! 

Actually, there is nothing wrong in both statements above. 
The paradox can be resolved upon recognizing that no physical 
network is purely resistive. Some parasitic inductances in the 
wires and some parasitic capacitances between conductors are in- 
variably associated with any physical network. Consequently, 
when we consider a resistive network, we are actually dealing with 
a nonphysical network. We have no reason, therefore, to expect a 
nonphysical network to yield physical answers. 

But why study a nonphysical network? The reason is simple: 
as will be shown in Part 3 of this book, the analysis of any 
dynamic network N invariably requires a preliminary analysis of 
a resistive subnetwork N’ obtained from the former by replacing 
all inductors in N by short circuits and all capacitors in N by open 
circuits. The fact that N’ may have more than one operating point 
corresponds to the physically observed fact that a network may 
be forced to operate at one of the several possible operating 
points at any one time. For example, a well-known circuit called 
the flip-flop is a dynamic network which can be made to operate 
at one of two possible states. It will be shown in Chap. 13 
that these two states can be found by solving for the operat- 
ing points of the associated resistive subnetwork. This observation 
alone justifies a detailed study of resistive networks. As a matter 
of fact, the reader will soon discover for himself that a mastery of 
the basic concepts in nonlinear resistive networks is crucial to a 
complete understanding of dynamic networks. The study of non- 
linear resistive networks therefore serves as a means to an end, 
rather than the end itself. 


5-6 THE THREE FUNDAMENTAL THEOREMS OF RESISTIVE NETWORKS 


We have presented here three fundamental concepts, the operating- 
point concept, the DP plot concept, and the TC plot concept. We 
have demonstrated that at any time ¢, these concepts are well- 
defined and meaningful for any solvable resistive network.1 The 
network may contain any number of n-terminal resistors, in- 
dependent sources, ideal transformers, gyrators, and controlled 
sources. In other words, no matter how complicated the network 
is, we can always talk about its operating point at any given time ¢. 
Moreover, if we pick any one of the de sources in a dc-resistive 


Three basic concepts of resistive nonlinear networks 


network and vary its terminal voltage or current, we can plot the 
resulting current (through an arbitrarily chosen wire) or the volt- 
age (across an arbitrarily chosen pair of terminals) as a function 
of the terminal current or voltage of the de source. This means that 
no matter how complicated the de network is, we can always talk 
about the DP plot across a pair of driving-point terminals created 
either by a soldering-iron entry or by a pliers-type entry. We can 
also talk about the TC plot between a driving-point variable and 
an output variable, where either variable may be a current or a 
voltage. For ac networks, the concepts of DP and TC plots are 
still valid, but they will vary with time. The crucial property that 
ensures the validity of these concepts is the fact that the equations 
of motion of any resistive nonlinear network is always a system 
of nonlinear functional equations. In view of their fundamental 
importance, we shall summarize the above results as two separate 
theorems. 


THE FIRST FUNDAMENTAL THEOREM OF RESISTIVE 
NETWORKS, THE DP PLOT THEOREM 


At any time ¢, a DP plot always exists across any pair of driving- 
point terminals created (either by a soldering-iron entry or by a 
pliers-type entry) across any solvable resistive nonlinear network. 
This DP plot can be determined either by the methods to be 
presented in the following chapters or by actual measurements. 
Moreover, in the case of a de network, the DP plot can be in- 
terpreted as the v-i curve of an equivalent two-terminal resistor 
obtained by considering the entire network as a two-terminal 
black box. 


THE SECOND FUNDAMENTAL THEOREM OF RESISTIVE 
NETWORKS, THE TC PLOT THEOREM 


Given any solvable resistive nonlinear network and an input 
variable representing either a voltage source or a current source 
across some driving-point terminals, then at any time ¢ a TC plot 
always exists relating an arbitrary output variable, which may be 
either the current through some wire or the voltage across some 
pair of terminals, as a function of the input variable. This TC plot 
can be determined either by the methods to be presented in the 
following chapters or by actual measurements. 


Another fundamental result that we shall find much use for 
later is the uniqueness theorem. Since a complete proof of this 
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+ This property is generally 
not true for the remaining 
two types of TC plots. 
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theorem is too complicated to be given in an introductory book 
of this nature, we shall only state it here. 


THE THIRD FUNDAMENTAL THEOREM OF RESISTIVE 
NETWORKS, THE UNIQUENESS THEOREM 


Let N be a resistive network containing only two-terminal resistors 
and independent sources (no controlled sources). If the v-i curve 
of each resistor is a strictly monotonically increasing function 
which tends to oo as v tends to +o, and if N contains neither 
loops of voltage sources nor cut sets of current sources, then the 
following statements are always true: 


1. Regardless of the instantaneous values of all independent (ac 
and dc) voltage and current sources, the network N has one, and 
only one, solution for all time f. 


2. The DP plot across any pair of driving-point terminals is 
always a strictly monotonically increasing curve. 


3. The magnitude of the slope at any point on a v2-vs.-v; TC plot 
or an ig-vs.-i; TC plot is always less than or equal to 1.7 


5-7 SUMMARY 
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1. The operating point is simply the solution of a resistive non- 
linear network. 


2. The driving-point characteristic plot (DP plot) gives the rela- 
tionship between the driving-point current i and driving-point 
voltage v. It can be interpreted as the v-i curve of a black box. 


3. The transfer-characteristic plot (TC plot) gives the relationship 
between the voltage across (or the current through) a pair of 
transfer terminals and the voltage v or the current i across a 
pair of driving-point terminals. Accordingly, there are four types 
of TC plots: 


a. Up-VS.-v, plot b. ig-vs.-i; plot 
C. Ug-VS.-i1 plot d. ig-vs.-v, plot 


Power-transfer plot This plot gives the relationship between the 
power P dissipated in a nonlinear resistor and the driving-point 
voltage v or the driving-point current i. The power-transfer plot 
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can be determined by multiplying an appropriate TC plot and the 
resistor v-i Curve. 


First fundamental theorem A DP plot exists across any driving-point 
terminals of a resistive nonlinear network. 


Second fundamental theorem A TC plot exists between any pair of 
transfer terminals and driving-point terminals. 


Third fundamental theorem Any resistive network containing only 
strictly monotonically increasing resistors (such that |i] — 00 as 
|v] + 00) possesses (1) a unique solution, (2) a strictly monotoni- 
cally increasing DP plot across any driving-point terminals, and 
(3) a v2-Vs.-v1 OF ig-vs.-i; TC plot with slopes less than or equal to 
unity. 


PROBLEMS 


5-1 Consider the network shown in Fig. P5-1 where the nonlinear re- 
sistor is characterized by 


14 = U4 < 0 

lay Uy? vie 0 

(a) Find the operating point; that is, find v; and i for all 
Je OP 5: 


(b) If the sources in Fig. P5-1 are replaced by 


i = i = 5 Cosy 


ve = 'A cost + 4% cos 2t 
find the solution v,(¢) and it) for all ¢>0 and for all 
hi Sal, lacy: 


(c) Compare your answers for (a) and your answers for (5) at 
t = 0. Based on this observation, explain how an ac-resistive 
nonlinear network can be analyzed as a number of operating- 
point problems at various instants of time. 

(d) On what occasions will your conclusion in (c) be useful? 


2/3. 


Fig. P5-1. 


247 


248 


Fig. P5-4. 
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5-2 For the network shown in Fig. P5-1: 


5-3 


5-4 


(a) 


(b) 
(c) 


(d) 


Find the DP plot across the terminal pair formed by a 
soldering-iron entry across terminals a-b. Assume terminal a 
to be the positive terminal. 

Repeat (a) across terminals b-d with terminal b chosen to be 
the positive terminal. 

Find the DP plot across the terminal pair formed by a pliers- 
type entry through the wire connecting terminal b with the 
*%-Q resistor. Assume terminal b to be the positive terminal. 
Repeat (c) through the wire connecting terminal d with the 
nonlinear resistor. Assume terminal d to be the positive 
terminal. 


For the network shown in Fig. P5-1: 


(a) 


(b) 


(c) 


(d) 


(a) 


(b) 


(c) 


(d) 


Find the TC plot between the voltage v3 and the voltage 
v across the pair of driving-point terminals formed by pliers- 
type entry between terminal 5 and the nonlinear resistor. 
Assume terminal b to be the positive terminal. 

Find the TC plot between the current iy and the voltage 
v across the pair of driving-point terminals formed by pliers- 
type entry between terminal c and the %-{ resistor. Assume 
terminal c to be the positive terminal. 

Find the TC plot between the current i; and the current 
i entering terminal b of the driving-point terminals formed by 
a soldering-iron entry across terminals b-c. 

Find the TC plot between the voltage v3 and the current 
i entering terminal b of the driving-point terminals formed by 
a soldering-iron entry across terminals b-d. 


Let vg» be the voltage between any pair of nodes a-b of a de- 
resistive nonlinear network N as shown in Fig. P5-4a. Let v 
be the voltage across the driving-point terminals formed by a 
soldering-iron entry across nodes a-b as shown in Fig. P5-4b. 
Prove that the voltage vq, can be found by determining the 
voltage at the point of intersection between the DP plot 
i versus v with the v axis. 

Find the values of v3 and v4 associated with the network in 
Fig. P5-1 by applying the method given in (a) to the DP plots 
obtained in Prob. 5-2a and b. 

Let i,, be the current in any wire of a dc-resistive nonlinear 
network N as shown in Fig. P5-4c. Let i be the current enter- 
ing the driving-point terminals formed by a pliers-type entry 
through the wire as shown in Fig. P5-4d. Prove that the cur- 
rent i,, can be found by determining the current at the point 
of intersection between the DP plot i versus v with the 7 axis. 
Find the values of is and i, associated with the network in 
Fig. P5-1 by applying the method given in (c) to the DP plots 
obtained in Prob. 5-2c and d. 
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5-5 (a) For the network shown in Fig. PS-5 determine and sketch the 


(b) 
(c) 


TC plot v, versus 0}. 

If v,(4) = 8 sin wr, find v,(Z) using the TC plot obtained in 
(a). Interpret your precedure graphically. 

If an R-ohm linear resistor is connected across terminals c-d 
of the network in Fig. P5-5, find the TC plot v, versus v; in 
terms of R. Sketch the TC plots for R = 0, 2, 10, oo. Interpret 
the loading effect due to R. Can you use the TC plot found 
in (a) as an aid in finding these TC plots? 


5-6 Consider the resistive nonlinear network shown in Fig. P5-6a. Re- 
sistor R; is described by v1 = —% for 4) < —1 and v, = i? 
for 7; > —1. Resistor Re is described by vg = 3i2?. 


5-7 


(a) 


(b) 
(c) 


(d) 


Derive and sketch the DP plot i versus v if J; is a current-con- 
trolled current source given by J, = 5i. 

Repeat (a) for values of J, equal to 2 and 4. 

Repeat (a) if J; is an ac-independent current source described 
by the time function shown in Fig. P5-6d. 

Repeat (c) it 1.0) = 27. 


AI,, amp 
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Fig. P5-5. 


(a) 


Consider the network shown in Fig. P5-7a where the nonlinear re- 
sistor is characterized by i = 1703. 


(a) 
(b) 
(c) 


Find the TC plot vs versus v4. 
Find the TC plots vg versus 01 and ve versus U4. 
Consider the network configuration shown in Fig. P5-7b. Sup- 


Fig. P5-6. 
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pose the TC plots Ucq versus v1 and vUpq versus Uv; are given. 
Show how to determine the TC plot vca versus U4. 

(d) Repeat (a) using the method given in (c) and the TC plots ob- 
tained in (b). 

HINT: Consult any standard mathematical handbook for a formula 

giving the solutions of a cubic equation. 


O— Ura t9 


(a) 


Fig. P5-7. 5-8 For the network in Fig. P5-8, the three nonlinear resistors are 
characterized by 


Ty = fil) = Ui =F 25 

ig = fo(ve) = Sve — v23 

is = f3(v3) = v3? 

The three-terminal resistor is characterized by 
ig = fa(V4,V5) = Us? — 2v4vs + 2v42 + 5 

is = fs(V4,V5) = U53 — V5? — v42 + 10 


(a) Find the operating point with v = 0. 
(b) Find the DP plot i versus v across terminals a-b. 
(c) Find the TC plot of v2 versus v. 


3-terminal 
resistor 


Fig. P5-8. 
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5-9 For the network in Fig. P5-9, the two nonlinear resistors are 
characterized by 


vy = filis) = iq — '% i, 

ig = fo(v2) = 4ve3 — 1% 

The three-terminal resistor is characterized by 

Va = fa(ia0s) = —Sig + Avs + %us3 

is = fs(i4,05) = —10ig + %’v53 + 2 

(a) Find the operating point with v = 0. 

(b) Find the DP plot across terminals a-b analytically; i-e., find a 


relationship of the form /(i,v) = 0. 
(c) Find the TC plot of v2 versus v. 


3-terminal 
resistor 


Fig. P5-9. 


5-10 Consider the network in Fig. P5-10 where the nonlinear resistor R3 
is characterized by v3 = 2i3°. 

(a) Find the TC plot 73 versus 7. 

(b) Let Ps be the power dissipated in resistor R3. Use the relation- 
ship found in part (a) and the characteristic of Rg to find the 
power-transfer plot P3 versus 7. 

HINT: Consult a mathematical handbook for a formula giving the 

solutions to a cubic equation. 


Fig. P5-10. 
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5-11 Consider the network shown in Fig. P5-11, where the nonlinear re- 
sistors are characterized as follows: 
Ri: y= 2141/3 
Ro: Io = 4093 — 2v2 
R3: ji = 4033 + 203 
The maximum allowable power dissipation for R3 is 100 watts. 
(a) Analytically find the power-transfer plot P3 versus v. Deter- 
mine the allowable range for v. 


(b) Find the TC plot vs versus v. Use this TC plot and the DP 
plot of R3 to find P3 versus v graphically. 


Fig. P5-11. 


5-12 The network in Fig. P5-12 contains two independent sources and a 
nonlinear resistor characterized by v = 373 — %4i. Find the power 
dissipated in the 1-Q resistor as a function of v; and v2. 


6-1 A BIRD’S-EYE VIEW 


In this chapter, we shall present a unified graphical approach for 
determining the operating points, the DP plots, and the TC plots 
of resistive nonlinear networks. We shall first consider series- 
parallel networks containing only two-terminal resistors and dc in- 
dependent sources. By a series-parallel network, we mean a net- 
work made up of successive series and parallel combinations of 
two or more two-terminal elements connected in series or in 
parallel. When a given network contains only a few elements (say 
less than 10), we can usually determine by inspection whether it 
is series-parallel. However, when the network is complicated, a 
systematic test is desirable. One simple test consists of drawing 
the graph of the network and then replacing each set of parallel 
branches and each set of series branches of the graph by a single 
branch. The resulting graph would contain fewer branches, some 
of which may again be in series or in parallel. These branches are 
replaced by one branch as before. This procedure is repeated as 
many times as possible. If the final graph reduces to a single 
branch, the network is series-parallel. 

To illustrate the above test, consider the network shown in 
Fig. 6-1a and its graph in Fig. 6-15. The sets of branches {1,2} and 
{5,6} are in parallel and are replaced by branches a and f, respec- 
tively, in Fig. 6-1c. Similarly, the sets of branches {3,4} and {7,8} 
are in series and are replaced by branches y and 6, respectively, in 
Fig. 6-1c. From this simplified graph, we observe that the set of 
branches {a,y} is in parallel and the set of branches {£,6} is 
in series. Accordingly, they are replaced by a’ and f’, respectively, 
in Fig. 6-1d. This leads to the single-branch graph shown in Fig. 
6-le, and hence the network is series-parallel. Suppose now 
we move the resistor Re from node c into node b as shown 
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Fig. 6-1. If each set of series 
branches and each set of par- 
allel branches of a series-par- 
allel network is replaced re- 
peatedly by a single branch, 
the resulting graph must re- 
duce to one branch. 


1 A network which contains 
one or more three-terminal 
elements is also non-series- 
parallel because the terms 
“series” and “parallel” are 
meaningful only for inter- 
connections between two- 
terminal elements. 
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in Fig. 6-2a. The resulting graph shown in Fig. 6-2b can be 
reduced to that shown in Fig. 6-2c, but no further. Hence, this net- 
work is non-series-parallel.t 

The class of series-parallel networks is important not only be- 
cause many practical networks belong to it, but also because it is 
especially amenable to a graphical analysis. We shall present several 
simple, graphical procedures for determining the operating points, 
the DP plots, and the TC plots of any series-parallel networks. 
These basic procedures will then be generalized to analyze an im- 
portant class of non-series-parallel networks. In particular, we 
shall formulate a number of graphical procedures for analyzing a 
subclass of nonlinear resistive networks containing two-terminal 
resistors, three-terminal resistors, and de independent sources. 
However, we shall not include controlled sources in this chapter, 
because so far, no general graphical procedure is known for 
analyzing nonlinear networks containing controlled sources. 


Exercise 1: Classify each of the following networks according to whether it 
is series-parallel or not: (a) the network in Fig. 4-2a; (b) the network in Fig. 4-4a; 
(c) the network in Fig. 4-7a. 


Exercise 2: (a) Show that any network of two-terminal elements containing 
no more than three nodes Is series-parallel. (6) Show that any ‘‘ladder’’ network 
is series-parallel. 


6-2 GRAPHICAL DETERMINATION OF THE OPERATING POINT 


In order to determine the operating point, we must solve for the 
set of voltages and currents which simultaneously satisfies the 
equations of motion of a given dc-resistive nonlinear network. 
This task in concept consists of systematically eliminating one or 
more variables from the system of equations of motion, and 
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eventually reducing the system of equations into one equation in 
one unknown. However, as was pointed out in Chap. 5, the equa- 
tions of motion of most practical dc-resistive nonlinear networks 
usually contain functions specified graphically in the form of 
curves. Hence, the approach described above is not directly 
applicable. Instead, we apply the graphical approach, which is 
actually the implementation of the conceptual approach in graph- 
ical form. In this section, we shall present several graphical pro- 
cedures for determining the operating points of two basic network 
configurations. Most of these procedures are used to carry out 
graphically the elimination and substitution operations required in 
the solution of nonlinear equations. 


6-2-1 BASIC NETWORK CONFIGURATION 1, INTERCONNECTION 
BETWEEN 2 TWO-TERMINAL RESISTORS 


The simplest network configuration involving two nonlinear re- 
sistors is shown in Fig. 6-3a. One of the two resistors is commonly 
referred to as the load. For convenience, we shall usually refer to 
the resistor with the simpler! v-i curve as the load. For example, 
suppose resistors R; and Ry» are characterized, respectively, by the 
curves shown in Fig. 6-3b and c. Then Rez will be referred to as the 
load since its v-i curve is simpler than that for resistor Rj. To find 
the operating point of this network, we must first write the follow- 
ing equations of motion: 


Equations from the laws of elements? 
Fidei), = 0 (6-1a) 
Jx(iz,v2) = 0 (6-15) 
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Fig. 6-2. An example showing 
how a non-series-parallel net- 
work fails the test. 


1A curve is said to be sim- 
pler than another if it can 
be approximated by fewer 
piecewise-linear segments. 


2In order to include both 
current- and voltage-con- 
trolled resistors, as well as 
multivalued resistors, we 
have chosen the notation 
fiGi,01) =()) and f2(i2,v2) =0 
to denote the v-i curves of 
R, and Rg, respectively. 


256 Resistive nonlinear networks 


(a) 


Al, 
Ero) =0 Le =O 
> U, =U, 
Load line Load line 
(d) (e) 


Fig. 6-3. The graphical proce- 
dure for determining the oper- 


5 oa Equations from the laws of interconnection 
ating point of a resistive non- 


linear network in basic con: Vo = U1 (6-1c) 

figuration 1 by the load-line 

method. Ip = — 11 (6-1d) 
Substituting Eqs. (6-lc) and (d) into Eqs. (6-la) and (6), we 
obtain 
fili,v1) = 0 (6-2a) 
fo —it,01) = 0 (6-25) 


The operating point can be found by solving for iy and v; from 
these equations. Equation (6-2a) is still the v,-i; curve shown in 
Fig. 6-3b. However, Eq. (6-26) represents a curve related to the 
V2-l2 Curve in Fig. 6-3c but with the current coordinates reversed 
in sign. Hence, Eq. (6-25) represents a curve obtained by reflect- 
ing the v2-i2 curve in Fig. 6-3c with respect to the v2 axis, as shown in 
Fig. 6-3d. Since the operating point must satisfy both Eqs. (6-2a) 
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and (6), it can be found by superimposing the curve f2(—/1,01) = 0 
(Fig. 6-3d) on top of the curve fi(i1,01) = 0 (Fig. 6-3b). The point 
where the curves intersect is the operating point. In Fig. 6-3e, this 
point is labeled Q and has the coordinates (£1,/;) in the v,-i; 
plane. Once £; and J; are found, the remaining coordinates can 
be determined from Eqs. (6-lc) and (d), namely, 72 = —J, and 
v2 = £;. Thus, the operating point is completely specified by the 
four values (£;,£;,/;,—1;). The reflected curve shown in Fig. 6-3d 
is usually called the /oad line, because it is obtained from the v-i 
curve of the load. Accordingly, the above method is often referred 
to as the /oad-line method. 

There is an alternate and perhaps more intuitive way of inter- 
preting the load-line method. Instead of substituting Eqs. (6-1c) 
and (d) into Eq. (6-15), let us enclose Ry» by a black box and de- 
fine the terminal variables i3 and v3 as shown in Fig. 6-4a. Since 
ig = —ig and v3 = vs, the v3-i3 curve of the black box must be as 
shown in Fig. 6-45. Observe that this curve is identical with the 
load line in Fig. 6-3d. Since the laws of interconnection for this 
network are given by i; = i3 and vj = v3, the operating point is 
simply the intersection between the vj-i; curve of R, and the v3-i3 
curve of the black box, as shown in Fig. 6-4c. In both cases, we 
obtain the same answers, as they should be. These two methods 
are obviously applicable to any network which can be redrawn as 
an interconnection between two black boxes in basic configuration 
1, provided the DP plot of each black box is given or can be 
determined. 


EXAMPLES 


1. Consider the simple switching circuit shown in Fig. 6-Sa and 
the tunnel diode v,-i; curve shown in Fig. 6-5b. The black box 
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Fig. 6-4. An alternate method 
for finding the operating point 
of a network in basic configu- 
ration 1. 
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Fig. 6-5. A simple tunnel-diode 


At,, ma 
R=5002 


switching circuit. 


lo 
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representing the resistor-battery combination is represented by 


the DP plot 
The load line is obtained by substituting i2 = —i; and v2 = v1 


in this equation to obtain 
vy = —(500)i, + 0.45 


The load line corresponding to this equation is drawn on top 
of the v,-i; curve in Fig. 6-5b. Observe that there are three op- 
erating points, namely, Q1:(v1=0.05 volt, i; =0.8 ma); Q2:(v1= 
0.135 volt, i; = 0.6 ma); and Q3:(v1 = 0.35 volt, i; = 0.2 ma). 

Since the load consisting of a linear resistor R in series with 
a battery E is quite common in practice, it is worthwhile to be 
able to draw the corresponding load line by inspection. This 
can be done by remembering that the voltage intercept is equal 
to E, and the current intercept is equal to E/R. Observe that 
the effect of changing the value of the voltage E is simply to 
move the load line parallel to itself, and the effect of changing 
the value of R is to change the slope of the load line. Hence if 
the value of E in Fig. 6-Sa is too large or too small, there will 
be only one operating point. Similarly, if the load line is 
exactly tangent to the middle portion of the tunnel diode vy-i, 
curve, there will be two operating points. In practice, of course, 
only one operating point is observable at any one time. Which 
of these possible operating points is actually attained at a given 
time is decided by the parasitic elements which are invariably 
present. The methods for obtaining this important information 
are presented in Part 3 of this book. 

It is important to recognize that the load-line method is 
not restricted to a network containing only two resistors, a 
most unlikely if not trivial situation. On the contrary, the use- 


Tunnel diode 


U;-1, curve 


SIPS OL" 
volt 


> U,, volts 


(a) 
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Load line 


al 13 lo 
+ a << 

N, OF as v, Ny 
ee + 


(d) (e) 


fulness of the load-line method lies in the fact that there are 
many practical networks whose elements can be combined into 
two separate black boxes in the form of basic configuration 1. 


. Consider two black boxes N; and Ne connected as shown in 
Fig. 6-6a. Each black box may contain an arbitrary intercon- 
nection of other resistive network elements such as zener 
diodes, transistors, and gyrators. As far as we are concerned, 
however, only the external DP plots of N; and N2 are necessary 
for determining the operating points. Assume for the time 
being that these have been found and are given in Fig. 6-6) and 
c, tespectively.1 Notice that although this network is in the 
form of basic configuration 1, the references of the current and 
voltage variables (for which the DP plots are based) are not 
identical with those shown in Fig. 6-3a. Since the v,-i; curve is 
simpler, the black box N14 is chosen to be the load. The laws of 
interconnection are ij = —ig and v; = —Ve2. Hence, the load 
line is obtained by reflecting the v1-i; curve, first with respect 


Fig. 6-6. The graphical proce- 
dure for determining the oper- 
ating point of two resistive 
black boxes connected in the 
form of basic configuration 1 
by the load-line method. 


1 For reasons that will soon 
be obvious, it may be more 
convenient to choose a 
particular set of reference 
voltage polarity and refer- 
ence current direction in 
the process of determining 
the DP plot of each black 
box. Hence, we must al- 
ways watch for the refer- 
ences associated with a 
given DP plot. 
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Fig. 6-7. The basic network 
configuration 2 consists of a 
nonlinear resistor connected 
across the input and the out- 
put ports of a three-terminal 
resistor. 
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to the v; axis, and then with the i; axis. The net effect is 
equivalent to a 180° rotation with respect to the origin as 
shown in Fig. 6-6d. 

The load line in Fig. 6-6d could also be obtained by rede- 
fining a new set of terminal variables 73 and v3 for the black box 
N, as shown in Fig. 6-6e. Since i3 = —i, and v3 = —0y, the 
new v3-i3 curve coincides with the load line in Fig. 6-6d. 
In either case, the intersections between the load line, or the 
U3-i3 Curve, with the v2-i2 curve give the four operating points 
Qi, Q2, Q3, and Q4 shown in Fig. 6-6f. Using the voltage and 
current values at each operating point, it is possible to deter- 
mine the voltage and current solutions of the network elements 
inside N; and No. The procedure for doing this will be dis- 
cussed in the next chapter. 


6-2-2. BASIC NETWORK CONFIGURATION 2, 
INTERCONNECTION BETWEEN 2 TWO-TERMINAL 
RESISTORS AND A THREE-TERMINAL RESISTOR 


Another very common network configuration of practical interest 
is shown in Fig. 6-7. To be specific, let the three-terminal resistor 
be characterized by the set of characteristic curves shown in Fig. 
6-8a and b, and let the nonlinear resistors R3 and R, be character- 
ized by the curves shown in Fig. 6-8c and d, respectively. The 
equations of motion for this network are as follows: 


Equations from the laws of elements 


Three-terminal resistor: s = 8101 i2) Pa) 

(p) —— 22(V2,01) (6-35) 
Resistor R3: iz = g3(U3) (6-3c) 
Resistor R4: ig = ga(U4) (6-3d ) 
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Fig. 6-8 The graphical procedure for determining the operating point of a resistive nonlinear network in basic configuration 2 


by the double load-line method. 


(a) 


Fig. 6-9. When the input load 
line and the output load line 
are transferred into the same 
Vy-ig2 plane, their intersection 
gives the location of the oper- 
ating point. 
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Ai, ma 


Uy, volts 


(b) 


Equations from the laws of interconnection 


v3 = U1 (6-4a) 
Uae (6-45) 
13 = If (6-4c) 
1b (6-4d) 


To eliminate the variables v3, v4, i3, and i4, we substitute Eqs. (6-4a), 
(b), (c), and (d) into Eqs. (6-3c) and (d) and obtain 


i = —§a(01) (6-5a) 
ig = —ga4(V2) (6-5d) 


Observe that Eq. (6-5a) represents a curve obtained by reflecting 
the v3-i3 curve with respect to the v3 axis, and then relabeling the 
variables v3 and is by vy and 74. This curve is drawn on top of the 
input-characteristic curves of the three-terminal resistor as shown 
in Fig. 6-8e and is called the input load line. Similarly, Eq. (6-5b) 
represents a curve obtained by reflecting the v4-iz curve with re- 
spect to the v4 axis and then relabeling the variables v4 and ix by 
v2 and iz, respectively. This curve is drawn on top of the output- 
characteristic curves of the three-terminal resistor as shown in 
Fig. 6-8f and is called the output load line. 

Equations (6-5a) and (4) constitute two equations in four un- 
knowns. It is necessary, therefore, to eliminate two more variables 
before the operating point can be located. This can be achieved 


Vy» volts 
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graphically by observing that each point of intersection P between 
the input load line and the input-characteristic curves in Fig. 6-8e 
specifies the values of vy, i1, and is at P. Similarly, each point of 
intersection P between the output load line and the output- 
characteristic curves in Fig. 6-8f specifies the values of vs, ie, and 
v; at P. The key for eliminating the variables consists in identify- 
ing the variables which are common in both sets of curves. In this 
case, they are v; and 72. Hence, the input load line in Fig. 6-8e can 
now be transferred into the v,-i2 plane as shown in Fig. 6-9a. 
Similarly, the output load line can be transferred into the vj-ig 
plane as shown in Fig. 6-9b. The point Q where these two curves 
intersect is the operating point. This is shown in Fig. 6-9c where 
the coordinates for Q are given by v; = 11.5 volts and ig = 21 ma. 
We can now locate this point in the input-characteristic curves of 
Fig. 6-8a and read the corresponding value of i;, namely, i; = 
6.5 ma. Similarly, the value of ve = 2.0 volts can be obtained by 
locating the point Q on the output-characteristic curves of Fig. 6-8D. 

A review of the above systematic procedure would suggest 
some shortcuts. For example, instead of plotting the input and out- 
put load lines separately as in Fig. 6-9, we could have simply 
transferred the coordinates v; and 72 of the output load line from 
Fig. 6-8f onto the input-characteristic curves of Fig. 6-8e. The 
point of intersection between these two load lines as shown 
in Fig. 6-10a gives exactly the same answers. Alternately, we 
could transfer the input load line from Fig. 6-8e onto the output- 
characteristic curves of Fig. 6-8fas shown in Fig. 6-105. Again, 
the same answers are obtained, as they should be. In practice, 
some further shortcuts may be possible. For example, it is not 
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Fig. 6-10. Two alternate short- 
cuts for locating the operating 
point of a resistive nonlinear 
network in basic configura- 
tion 2. 


Input load line Output load line 


(a) 


+> Up, volts 
30 


(b) 
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1 Notice that we have repre- 
sented the input-charac- 
teristic curves by a single 
curve rather than by a 
family of closely packed 
curves as shown in Table 
3-1. Approximating these 
curves by one curve is ac- 
curate enough for most 
practical purposes. 


2 These types of load lines 
are commonly encoun- 
tered in practice. It is con- 
venient, therefore, to re- 
member that the voltage 
intercept in each case is 
equal to the battery volt- 
age, and the slope in each 
case is equal to the nega- 
tive reciprocal of the re- 
spective load resistance. 
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really necessary to transfer the entire curve into Fig. 6-10a or 
Fig. 6-10b. After plotting a few trial points, we could usually zero 
in by plotting only points which are near the other load line. In 
fact, the input-characteristic curves of many three-terminal resis- 
tors are usually so crowded near each other that only a few trial- 
and-error steps are necessary to locate the operating point. 

We shall refer to the above graphical procedures as the double 
load-line method. In addition to the many practical networks al- 
ready in this configuration, there are many more complicated net- 
works which can be reduced to the same configuration by an ap- 
propriate grouping of elements into black boxes. 


EXAMPLE 


Consider the transistor circuit shown in Fig. 6-11a, where each of 
the two black boxes contains a resistor-battery combination. The 
input- and output-characteristic curves of the n-p-n transistor are 
shown in Fig. 6-115 and c, respectively.! The equations for the in- 
put and output load lines are readily obtained from Fig. 6-1la; 
thus 


Ven = —Rilp + Fx (6-6a) 
Vor = —Role + Eo (6-6b) 


These load lines are drawn on top of the input- and output- 
characteristic curves in Fig. 6-11b and c, respectively.” Since the 
input characteristics consist of only one curve, the intersection be- 
tween this curve and the input load line immediately yields two of 
the coordinates of the operating point, namely, Vgz = Vpn and 
Tz = Igg. Since Ig is the parameter for the output-characteristic 
curves, the value J = Ig, singles out one curve (shown heavy) 
from the rest as shown in Fig. 6-11c. The intersection between this 
Ic-vs.- Vc Curve (corresponding to Jg = Jpg) and the output load 
line gives the remaining coordinates of the operating point Q, 
namely, J¢ = Igy and Veg = V cx: 


This example clearly demonstrates the computational advan- 
tages resulting from approximating the input-characteristic curves 
by a single curve. However, it must be emphasized that this short- 
cut is valid only if the input-characteristic curves of the three- 
terminal resistor are closely spaced. Fortunately, two of the most 
useful devices, transistors and FET, do satisfy this property. One 
might even be tempted to assert that it is precisely this property 
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: : : Fig. 6-11. The double load-line 
that makes these devices useful because it makes the design task — nethod for locating the oper. 


simpler. This may be true to a certain extent; but one must ating point of a transistor cir- 
De mion-sopjective: for aitemall there are othenuseiul devices such — ¢u't terminated by two pairs of 


as the unijunction transistor (see Table 3-1) which do not fall into mies 


this category. It is important, therefore, to learn the general pro- 
cedure since it is valid for all cases. 
The double load-line method is applicable to any network 
which can be redrawn into the form of basic configuration 2, 
provided the DP plot of the two external loads can be found. For 
example, consider the network shown in Fig. 6-12a. At first sight, 
this seems to be a formidable problem because of the large num- 
ber of elements present. To be sure, the equations of motion 
of this network are certainly going to be quite complicated. How- 
ever, careful inspection suggests that we can redraw this network 
in the form of basic configuration 2 by grouping elements into the 
two black boxes N; and Nz shown in Fig. 6-12b. The double load- 
line method is therefore applicable here, provided we can find the ‘The first fundamental 
DP plots of Ni and N2.1 The necessity for determining DP plots ee 3ESSING BOTs 
Bae : : é ies inear networks in Chap. 5 
of resistive nonlinear networks is one important motivation for US guarantees that such DP 
to learn the methods for accomplishing this task. plots exist. 
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1 / 3-terminal 


(a) 


Fig. 6-12. Example of a com- 
plicated network which can be 
redrawn into the form of basic 
configuration 2. 


3-terminal 
resistor 


Exercise 1: Consider the tunnel diode network shown in Fig. 6-5. (a) If R = 500 Q, 
find the range of values of E for which there will be one, two, or three operating 
points. (b) If E = 0.45 volt, find the range of values of R for which there will be 
one, two, or three operating points. 


Exercise 2: Give an alternate interpretation of the double load-line method by re- 
defining the terminal variables of resistors R3 and Rg in Fig. 6-7. 


Exercise 3: Sketch the graphical construction for determining the operating point 
of the network shown in Fig. 6-11, but with resistors R; and Ry replaced by two 
identical varistors. 


6-3 GRAPHICAL DETERMINATION OF DP 
PLOTS OF SERIES-PARALLEL NETWORKS 


Using graphical methods, we can readily obtain the DP plot 
across the driving-point terminals of any black box containing 
only series-parallel interconnection of two-terminal resistors and 
de sources. The procedure consists of a repeated application 
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of two basic graphical techniques, namely, the series-combination 
technique and the parallel-combination technique. 


6-3-1 THE SERIES-COMBINATION TECHNIQUE 


Consider first the simplest case of two nonlinear resistors connected 
in series as shown in Fig. 6-13a. Since the negative terminal of Ry 
is connected to the positive terminal of Re, we shall call this the 
back-to-front series connection. One method for determining the 
DP plot of this network consists of applying an adjustable current 
source J across terminals a-b and measuring the correspond- 
ing voltage. Since J = i; = ig and v = Uv; 4 ve, the DP plot can be 
obtained by first aligning the v; axis with the ve axis, and then for 
each value of current 7; = ig = J graphically adding the value of 
UV; from the v,-7, curve, and the value of ve from the v2-i2 curve. This 
step can be carried out easily by drawing horizontal guidelines. If 
there are more than two resistors, the same procedure can ob- 
viously be applied, provided all resistors are connected in the 
back-to-front configuration shown in Fig. 6-13c. 


EXAMPLES 


1. Suppose the two resistors of Fig. 6-13a are linear with resist- 
ances R; and Ro. The v-i curves corresponding to R; and Rz 
are, therefore, straight lines as shown in Fig. 6-14a and b. The 
DP plot of the two linear resistors in series is readily obtained 
by the above graphical procedure and is shown in Fig. 6-14c. 
Observe that since two points determine a straight line, we 
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Fig. 6-13. A string of back-to- 
front series-connected non- 
linear resistors. 


(a) (b) 


(c) 
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(a) 


Fig. 6-14. The graphical pro- 
cedure for determining the DP 
plot of two linear resistors in 
series. 


Fig. 6-15. The DP plot of two 
nonlinear resistors in a back- 
to-front series connection can 
be obtained by adding the volt- 
age of each curve along each 
horizontal guideline. 


only have to apply this graphical procedure to two values of 
current. One convenient value of current to choose for this ex- 
ample is obviously i; = iz = 0. 


2. Consider next the case where resistors R; and Re are character- 
ized by the vy-i, and v2-i2 curves shown in Fig. 6-15a and 8, re- 
spectively. The DP plot obtained by the graphical procedure is 
shown in Fig. 6-15c. Although only a few horizontal guidelines 
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(6) 


ee , ; Fig. 6-16. The DP plot corre- 
are shown, it is clear that more points must be found in order sponding to v-i curves with 


to obtain an accurate solution. This could be a rather time- horizontal segments can best 
consuming process. In most practical cases, we can simplify i oh bec BY eS 
the task by first approximating the v-i curves with piecewise- 
linear segments as shown in Fig. 6-15d and e. From Example | 
we know two things: (1) The DP plot will also be piecewise- 
linear. (2) The horizontal guidelines need be drawn only 
through the breakpoints on each curve and one convenient 
point on each end segment. The resulting DP plot for this case 
is shown in Fig. 6-15f. 
The above piecewise-linear procedure is relatively simple to 
carry out for most cases except when the v-i curves contain one 
or more horizontal segments. The confusions that sometimes 
resulted from the presence of horizontal segments can be re- 
solved by a number of ways. One way is to interpret the hori- 
zontal segment as an open circuit and make use of the fact that 
any element in series with an open circuit results in another open 
circuit. The corresponding segment of the DP plot must there- 
fore be horizontal. Another and perhaps more satisfactory way 
to resolve the above confusion is to replace each horizontal 
segment by a segment with a small but finite slope. The DP plot 
can then be determined by a limiting process. For example, 
suppose the v1-71 and v2-iz curves of Ry and R» are shown in 
Fig. 6-16a and b, respectively. Since the end segments of both 
v-i curves are horizontal, let us replace them by the near- 
horizontal segments with a small positive slope m, as shown in 
Fig. 6-16c and d, respectively. If we label each segment com- 
bination consisting of segment nm; of Ry and nz of Re by (M1,n2), 
then segment (1,2) in Fig. 6-16e is obtained by adding the 
abscissas of segment 1 of Ri, segment 2 of Ro, etc.! If we . 
gradually reduce the slope m to zero in the limit, we obtain the * more anes a 
DP plot shown in Fig. 6-16f. In this case, segments (1,1) and —gecause they are located 
(3,3) are located at +00, respectively. off the page. 
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Fig. 6-17. A nine-segment 
multivalued DP plot is obtained 
by combining two appropriate 
tunnel diodes in series. 


. Let us now consider the case where the v-i curves are not 


monotonic. In particular, suppose R; and Rp» are tunnel diodes 
with the v1-i; and v2-ig curves shown in Fig. 6-17a and 5, re- 
spectively. Since some horizontal guidelines would intersect the 
Uy-i1 or the ve-ig curves at more than one point, we must 
be more careful in carrying out the graphical procedure. If we 
recall that each point on the DP plot must correspond to the 
operating point of the network, then it is clear that if there are 
more than one operating points at a given current 7 = J, the 
DP plot must have a corresponding number of points at i = J. 
Hence, the DP plot will be multivalued. In order that we do not 
miss any operating points while carrying out the graphical pro- 
cedure, it is important that we consider one segment of the 
v;-/; curve at a time and combine this segment with each of the 
segments of the v2-i2 curve. For example, let us pick segment 
2 of the v;-i, curve first. Observe that this segment is defined 
only for I, < i; < Iq. To combine this segment with segment 1 
of the v2-ig curve, which is defined only for —0oo < ig < I, we 
must first determine a range of current for which both segments 
are defined. In this case, the common range is I, <i < J,. Any 
current outside this range will not intersect one of the two 
segments, and hence no operating point is possible. The next 
step is to apply the above graphical procedure and obtain 
segment (2,1) as shown in Fig. 6-17c. Repeating the same pro- 
cedure for segment 2 of R; and segment 2 of Ro, we obtain seg- 
ment (2,2). Similarly, combining segment 2 of R; and segment 
3 of Re leads to segment (2,3). As soon as all combina- 
tions with segment 2 of R; are exhausted, we pick another 
segment and repeat the procedure all over again. For the 
present example, the vj-i, and the v2-i2 curves have three seg- 
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ments each. Accordingly, there is a total of nine combinations. 
The reader should verify that the DP plot shown in Fig. 6-17c 
is indeed obtained by this procedure. 


Before going to the next section, it must be emphasized that 
the above graphical procedure is valid under only two assumptions: 
(1) The resistors are connected in the back-to-front manner shown 
in Fig. 6-13. (2) The usual reference voltage polarity and current 
direction are chosen for each element. Since the same procedure is 
applicable to the case where the resistors are replaced by black 
boxes (which may contain other elements inside), the above two 
assumptions must be carefully checked. If the reference polarity 
and direction do not satisfy these conditions, they must first be re- 
defined properly before the graphical procedure is carried out. 


Exercise 1: Consider the network shown in Fig. 5-126 consisting of two junction 
diodes connected back to back in series. (a) Sketch the DP plot of this network. 
(5) If the two diodes are replaced by ideal diodes, find the DP plot. HINT: Rede- 
fine the polarity and direction of one of the two diodes. 


Exercise 2: Show that the DP plot of any resistor with a v-i curve I in series with 
a battery of terminal voltage E is simply a horizontal translation of I by £ volts 
along the v axis. 


Exercise 3: (a) Show that the DP plot segment (s1,52) corresponding to segments 
s, Of Ry and so of Ro does not exist if the range of definition for segment s1 and 
the range of definition for segment sz do not overlap. (6) Show that if the 
Uy-i, Curve has ny segments and the ve-ig curve has ng segments, then the 
DP plot will have n segments, where n < nynz. Why is the inequality sign 
needed? 


6-3-2 THE PARALLEL-COMBINATION TECHNIQUE 


Consider next the back-to-back parallel connection of two non- 
linear resistors as shown in Fig. 6-18a. The reader will recognize 
this to be the dual of the series circuit presented earlier. Indeed, 
if we construct the dual graph of the series circuit of Fig. 6-135 as 
shown in Fig. 6-185, we obtain the parallel network shown in 
Fig. 6-18a. Hence, the procedure for determining the DP plot is 
the dual of the procedure for the series case. In order to avoid in- 
terchanging the current and the voltage axes, we could carry out 
the graphical procedure by aligning the current axes and by draw- 
ing vertical guidelines. For example, corresponding to the v1-41 
and the v2-i2 curves shown in Fig. 6-18c and d, we obtain the DP 
plot shown in Fig. 6-18e. 
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Fig. 6-18. A back-to-back par- 
allel network and the graphical 
procedure for obtaining its DP 
plot. 


(b) 


Exercise 1: Consider two junction diodes connected in parallel (with opposite 
polarities). (a) Find the DP plot. (6) Replace the diodes by ideal diodes and obtain 
the DP plot. 


Exercise 2: Discuss the procedure for finding the DP plot of a parallel network 
of nonmonotonic resistors. 


Exercise 3: Show that the DP plot of any resistor with v-i curve I in parallel with 
a current source with terminal current J is simply a vertical translation of I by J 
amperes along the 7 axis. 


6-3-3. COMBINATION OF SERIES-PARALLEL TECHNIQUES 


By a repeated application of the series-combination and the 
parallel-combination techniques, the DP plot across any series- 
parallel network can be obtained. The basic idea is to replace all 
resistors in series or in parallel by a new resistor whose v-i curve 
is the DP plot of the two-terminal black box containing the 
resistors. Each application of this reduction technique will reduce 
the number of resistors in series or in parallel. The reduction 
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technique is applied repeatedly until the network reduces to one 
resistor. ! 

As an illustration of the reduction technique, consider the 
network N shown in Fig. 6-19a. To emphasize that N is a series- 
parallel network, it is redrawn as shown in Fig. 6-195. We can now 
apply the series-combination technique by replacing resistors Ry 
and R» by Ris, and resistors Ryg and Ry7 by Roe, as shown in Fig. 
6-19c. Similarly, we apply the parallel-combination technique by 
replacing resistors R5 and Rg by Rio, resistors R7 and Rg by Roo, 
and resistors Ri; and Rj» and the current source by Ro. But now 
with the new resistors, there are new groups of series-parallel re- 
sistors. These new groups can be reduced further. We can reduce 
the network in Fig. 6-19c by replacing parallel resistors Rs and Rig 
by Ro3, series resistors Rg and Ryo by Rog, and parallel resistors 
Ry5 and Ro by Res, as shown in Fig. 6-19d. Of course, this circuit 
can be reduced still further. For example, resistor R4, R23 can be 
replaced by resistor Rog, as shown in Fig. 6-19e. Resistor Rog can 
then be combined with Rig to form Ro in Fig. 6-19f By this 
time, we can see that by applying the reduction procedure a few 
more times to the chain of black boxes shown in Fig. 6-19f, the 
network would eventually reduce to only one resistor whose DP 
plot is the desired solution. 


6-4 SOME PRACTICAL APPLICATIONS OF DP 
PLOT AND OPERATING-POINT CONCEPTS 


The techniques presented so far can be applied to a surprisingly 
large class of practical electronic circuits. While it is true that most 
practical circuits are more complex than those discussed earlier, 
many of these can be reduced to simpler circuits by combining 
appropriate groups of elements into black boxes. Once the DP 
plots of these black boxes are found, the problem becomes a lot 
simpler. One of the objectives of this book is to bring forth the 
power of this black-box approach. Let us consider some concrete 
examples. 


6-4-1 CONCAVE AND CONVEX RESISTORS 


The black box shown in Fig. 6-20a is made up of a junction 
diode, a zener diode, and a linear resistor in series. It is called a 
concave resistor.2 The v4-i; curve of the junction diode and the 
UVo-in curve of the zener diode are shown by the dotted curves in 
Fig. 6-206 and c, respectively. For simplicity, we shall approximate 
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1A computer subroutine for 
implementing this algo- 
rithm can be easily written. 
A brief discussion of this 
subroutine is given in 
L. O. Chua, “A Computer 
Oriented Sophomore 
Course in Nonlinear Net- 
work Theory,” IEEE 
Trans. Circuit Theory, 
Special Issue on Computer 
Applications in Education, 
September , 1969. 


2A v-i curve is said to be 
concave if its slope di/dv 
is a nondecreasing func- 
tion of v. It will be shown 
in Chap. 8 that concave 
resistors can be used as 
building blocks for synthe- 
sizing any prescribed con- 
cave v-i curve. 


(9) 
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Concave resistor 


(a) 


Fig. 6-20. By changing the 
value of the zener breakdown 
voltage E and the resistance R, 
the breakpoint and slope of the 
DP plot of the concave resistor 
can be easily adjusted to suit 
a particular application. 


1 For more accurate results, 
a small correction factor 
representing the forward 
voltage drop (0.2 to 0.7 
volt) of the junction diode 
must be added to the zener 
voltage E. 


? This relatively new device 
is also known as a currec- 
tor or as a field-effect cur- 
rent-limiting diode. It can 
be approximately realized 
in practice from an FET 
upon short-circuiting the 
gate and the source ter- 
minals. In this case, the 
solid horizontal segment 
in the left-half plane of 
Fig. 6-215 must be re- 
placed by a vertical seg- 
ment, thereby obviating 
the need for the junction 
diode in the convex re- 
sistor (see the footnote in 
Sec. 1-6-2). 


3A v-i curve is said to be 
convex if its slope di/dv is 
a nonincreasing function 
of v. It will be shown in 
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these curves by the piecewise-linear solid segments shown in the 
same figures. The DP plot of this black box is easily seen to 
be given by Fig. 6-20d, where the voltage E at the breakpoint is 
equal to the zener breakdown voltage (also known as the avalanche 
voltage), and the slope is equal to the reciprocal of the resistance 
R. This means that a concave resistor with any breakdown voltage 
FE and slope 1/R can be easily synthesized in practice.t As such, 
concave resistors are indispensable building blocks for synthesizing 
arbitrary DP plots (see Chap. 8). 

Consider next the black box shown in Fig. 6-21a consisting 
of a junction diode, a constant-current diode,’ and a linear resis- 
tor. It is called a convex resistor.3 The v2-i2 curve of the constant- 
current diode is shown by the dotted curve in Fig. 6-216. For 
simplicity, we shall approximate this curve by the solid piecewise- 
linear segments shown on the same figure. Using this v2-i2 curve 
and an ideal diode curve for the junction diode, we obtain the DP 
plot shown in Fig. 6-21c. Observe that the breakpoint current and 
the slope of this DP plot can be adjusted by choosing an appro- 
priate constant-current diode with the desired current J and an 
appropriate resistance R. Observe also that the v-i curve of the con- 
vex resistor is the dual of the concave resistor, and vice versa. 
Together, they constitute a fundamental set of building blocks for 
synthesis purposes (see Chap. 8). 


6-4-2. ELEMENTS WITH A HORIZONTAL SEGMENT 


A commonly used technique for obtaining a DP plot with a hori- 
zontal segment is to connect a linear resistor in parallel with 
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a voltage-controlled resistor whose v-i curve contains a negative- 
resistance region. 

A simple circuit consisting of a tunnel diode and a linear re- 
sistor in parallel is shown in Fig. 6-22a. The graphical construc- 
tion for obtaining the DP plot is shown in Fig. 6-226. Notice that 
if we choose the value of R equal to the magnitude of the tunnel- 
diode negative resistance, we would obtain the horizontal seg- 
ment shown in this figure. In view of the low-voltage characteris- 
tics of the tunnel diode, this segment is horizontal only over 
a limited voltage range. To increase the range of the horizontal seg- 
ment, a tunnel diode-battery combination can be added as shown 
in Fig. 6-22c. The v,g-ig curve of the first tunnel diode is shown in 
Fig. 6-22d. Directly below it is the vp-i; DP plot of the tunnel 
diode-battery combination. The resulting v-i; DP plot is shown 
in Fig. 6-22f, Notice that the effect of adding the tunnel diode- 
battery combination is to compensate for each of the two negative- 
resistance segments so that they result in a single negative-resist- 
ance segment with a larger voltage range. The DP plot of the 
complete network is easily obtained and is shown in Fig. 6-22g. 
Notice that the operating range of the horizontal segment is al- 
most three times that shown in Fig. 6-225. 

There are, of course, many other practical circuits using dif- 
ferent devices that can achieve the same objective. However, the 
principles are quite similar. Which circuit to choose in any par- 
ticular application depends on various practical considerations 
such as cost, operating range, linearity, and power rating. 


6-4-3. ELEMENTS WITH A VERTICAL SEGMENT 


A practical technique for obtaining a DP plot with a vertical seg- 
ment is to connect a linear resistor in series with a current- 
controlled resistor whose v-i curve contains a negative-resistance 
region. A widely used circuit consisting of an NTC thermistor is 
shown in Fig. 6-23a. Clearly, a vertical segment can be obtained 
by choosing the value of the resistance R to be equal to the mag- 
nitude of the negative resistance of the thermistor. 


6-4-4 MULTITHRESHOLD ELEMENTS 


In many practical applications such as switching circuits, a 
DP plot with several negative-resistance segments alternating with 
positive-resistance segments is required. A simple circuit for 
achieving this consists of a string of tunnel diodes in series as 


27a. 


Convex resistor “Ss 


Fig. 6-21. By changing the 
values of J and R, the DP plot 
of a convex resistor can be 
adjusted to suit a particular 
application. 


Chap. 8 that convex re- 
sistors can be used as 
building blocks for syn- 
thesizing any prescribed 
convex v-/ curve. 


ap Horizontal 
segment 


v,-2, curve of 


tunnel diode 


_|__» y, volts 


| 
Horizontal 
segment 


(c) (g) 
Fig. 6-22. Two practical tunnel-diode circuits for obtaining a DP plot with a horizontal segment. 
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hi 
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Vertical segment 


Uy ith curve at temperature 
T= i 


VU 


(5) 


shown in Fig. 6-24a. Observe in Fig. 6-245 that the valley current 
of each tunnel diode was chosen greater than the peak current of 
the preceding tunnel diode.! This arrangement prevents the exist- 
ence of additional segments, thereby making the graphical con- 
struction very easy. The resulting DP plot shown in Fig. 6-24c 
contains three negative segments alternating with four positive 
segments. Observe that if we excite the black box with a current 
source, and if we assume that the operating point is initially 
on segment 1, then as we increase the driving-point current / 
beyond i = J;, the operating point will switch to segment 3. A 
further increase in the current to 7 = J, would switch the operat- 
ing point from segment 3 to segment 5, etc. Obviously, by connect- 
ing more tunnel diodes in series, we can obtain any number 
(within the practical current range of available tunnel diodes, of 
course) of such alternating segments. If we monitor the volt- 
age across the black box, then it is clear that each time the current 
i exceeds a threshold value (such as Iq, I;, Ie, etc.), the voltage 
jumps to a higher value, thereby indicating a change in state. As 
such, this black box has found applications in multithreshold cir- 
cuits. Observe that if we make the threshold currents J,, J, and J, 
differ only by a very small preset amount, we would obtain a very 
sensitive threshold device in the sense that a small change in cur- 
rent would be registered by the monitor, such as a voltmeter, as a 
relatively large change in voltage. This property is very useful in 
many control applications. For example, if several relays with dif- 
ferent actuating voltages are connected across the black box, then 
each time a threshold current is exceeded, a relay will close, thereby 
actuating some external control mechanism. 
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Fig. 6-23. The DP plot of an 
NTC thermistor in series with 
an appropriate linear resistor 
will contain a vertical segment 
at a given temperature T = To. 


1 The currents at the minima 
and maxima of a tunnel 
diode v-i curve are often 
called the valley and the 
peak currents, respectively. 
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Fig. 6-24. A multithreshold 
Beit can Bovedlized bycol 6-4-5 6 AUTOMATIC SORTING CIRCUIT 


necting a string of tunnel 
diodes in series. 


One of the most common applications of the operating-point con- 
cept is the design of automatic sorting circuits for furnishing 
different preset output voltages in accordance with some “quality” 
of a product in the production line. A simple circuit of this nature 
is shown in Fig. 6-25a. This circuit is used in many beer bottling 
plants for sorting the liquid level of beer bottles on a production 
line. The basic idea stems from the fact that the intensity of 
a light beam is attenuated as it passes through a colored liquid such 
as beer. Hence, if we install a light source at the desired liquid level 
and two identical photodiodes situated as shown in Fig. 6-255 to 
d, then the amount of illumination received by each photodiode 
will depend on the level of the liquid. To be specific, let us assume 
that if the level is too high, as in Fig. 6-255, both photodiodes re- 
ceive an illumination of 1,300 fe. If the level is just right, as 
in Fig. 6-25c, photodiode P, receives an illumination of 2,000 fe 
and photodiode P2 receives an illumination of 1,300 fc. Finally, if 
the level is too low, both photodiodes receive an illumination of 
2,000 fe. Since the v-i curve of each photodiode changes with 
light illumination, it is clear that the voltage developed across the 
photodiode P; will not be the same in each case. Hence, if appro- 
priate voltage-sensing devices such as relays are connected across 
the photodiode P; (for simplicity, let us assume the loading effect 
is negligible), then depending on the voltage across Py, one relay 
will be actuated at a given time. This relay will in turn actuate an 
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Fig. 6-25. A basic liquid-level sorting circuit and the graphical construction for determining the operating voltage cor- 
responding to the case where the level is just right. 
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automatic mechanism to channel the bottle into the proper con- 
veyor. In this way, only the bottle filled to the right level will 
arrive at the final sealing location; bottles not filled properly will 
be diverted into separate lines designed to correct the discrepancy. 

In order to choose the appropriate relays, we must solve for 
the operating point of the circuit shown in Fig. 6-25a. Since the 
voltage across P, is our only concern, it is obvious that we locate 
the two black boxes N; and N»2 as shown by the dotted line. Since 
the procedure is identical in each instance, let us consider only the 
one where the liquid level is just right. Referring to the character- 
istic curves of the photodiode type INXX10 in Appendix D, we 
locate the two curves corresponding to a light illumination of 
1,300 and 2,000 fc. These two curves are drawn in light lines in 
Fig. 6-25e. The DP plot across the resistor-photodiode combina- 
tion is obtained by adding the voltage coordinates of the 100-kQ 
line and the v2-i2 curve of P2 as shown in Fig. 6-25e. If we add the 
current coordinates of this curve with the v;-i,; curve of P; we ob- 
tain the DP plot across the black box N»2 as shown in Fig. 6-25/. 
The intersection Q between this DP plot and the load line is the 
operating point. Hence, the voltage corresponding to this case is 
v = 18 volts. Carrying out the same construction for the remain- 
ing cases, we find the voltage v = 25.2 volts when the level is too 
high and v = 16.6 volts when the level is too low. 

The above principle has been utilized in the design of many 
instrumentation circuits. It is also used in the design of photometers 
for measuring light illumination; densitometers for measuring the 
density of liquid solutions; colorimeters for analyzing the color 
content of translucent materials and chemical solutions; and spec- 
trophotometers for measuring the spectrum of a light source. It 
should be clear that we need not restrict ourselves to photodiodes. 
A phototube or a solar cell would do just as well. In fact, in the 
latter case, no external battery is necessary. Since the current and 
voltage furnished by a solar cell are very small, the price we pay 
for saving a battery is that a more sensitive monitoring device or 
circuit will be needed. This principle is not restricted to light- 
sensitive controlled resistors only. In many applications such as 
manometers, anemometers, flowmeters, and thermal conductivity 
detectors, the choice of temperature-sensitive controlled resistors 
such as thermistors is more suitable. 


6-4-6 AUTOMATIC COMPARISON AND NULL DETECTION CIRCUIT 


We shall now consider an extremely useful circuit for comparing 
the distance, position, direction, etc., between two objects as well 
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as other physical quantities. A typical circuit of this nature is 

shown in Fig. 6-26a. This circuit has been proposed for achieving Fig. 6-26. A basic position- 

the three-spaceship flight formation scheme shown in Fig. 6-26). comparison and null-detection 

This flight formation is part of an elaborate experiment proposed “Cult and the graphical con- 
‘ ; P ee ; struction for determining the 

to qualify the spaceships for interplanetary expedition. The experi- operating voltage correspond- 


ment calls for spaceship 1 to maintain a fixed distance d from _ ing to three different relative 


positions. 
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1Tt is assumed that the dis- 
tance from one spaceship 
to another is so vast that 
the laser beam becomes 
sufficiently attenuated to 
register a significant un- 
balance in the light inten- 
sity received at the photo- 
tubes. The alert reader 
should recognize the con- 
trived nature of this ex- 
ample. The important 
concept to learn here is 
the balancing property of 
the bridge phototube cir- 
cuit. This property has 
been widely used in many 
more mundane applica- 
tions. 


wo 


This resistor represents 
the input resistance of the 
monitoring device such as 
a voltmeter or other con- 
trol circuitry. 
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spaceship 2, and for spaceship 3 to move along an imaginary center 
axis between spaceships | and 2. The first requirement can be satis- 
fied by simple radar control. Our problem, therefore, consists of 
maintaining the position of spaceship 3 along the center axis. To 
achieve this task, it is proposed that two laser beams of equal in- 
tensity be directed from spaceships 1 and 2 toward a phototube 
mounted on each side of spaceship 3, as shown in Fig. 6-26b. If 
spaceship 3 is exactly on the center line, both phototubes will re- 
ceive equal light intensity. On the other hand, if spaceship 3 
is closer to spaceship 1, phototube | will receive a higher light in- 
tensity than phototube 2 because the second laser beam has 
to travel a greater distance, thereby becoming more attenuated. 
The opposite situation is encountered if spaceship 3 is closer to 
spaceship 2. Our problem is to find the voltage across the 5-MQ 
resistor corresponding to different locations of spaceship 3 so that 
the astronaut inside would be able to steer his spaceship in accord- 
ance with the instrument reading.” 

Since we are interested only in the voltage across the resistor, 
let us redraw the circuit into the black-box configuration shown in 
Fig. 6-26c. Our object is to find the DP plot across the black box 
Nz. For convenience, the characteristic curves for the phototube 
INXX9 are redrawn in Fig. 6-26d. Let us suppose that both 
phototubes receive a light illumination of 0.04 Im when the space- 
ship is on the center axis. The graphical construction correspond- 
ing to this case is shown in Fig. 6-26e. The resulting DP plot in- 
tersects the load line at the origin, and hence v = 0 for this case. 
The monitoring device must therefore indicate a null reading when 
spaceship 3 is on the center line. 

Suppose, next, spaceship 3 is closer to spaceship 1 such that 
phototube | receives 0.08 Im while phototube 2 receives only 
0.02 Im. The DP plot in this case is shown in Fig. 6-26f, and the 
voltage at the operating point is given by v = —7.5 volts. The op- 
posite case where phototube | receives 0.02 Im and phototube 2 
receives 0.08 lm is shown in Fig. 6-26g. By carrying out the same 
procedure for different light illuminations, a “flight-control curve” 
can be plotted indicating the relationship between the voltmeter 
reading and the relative location of spaceship 3. The astronaut 
can, therefore, steer his spaceship in accordance with this curve. Al- 
ternately, a control circuit can be designed to do this automatically. 

It should be obvious by now that this principle can be utilized 
for designing many other control circuits, such as an airplane 
instrument-landing system. The phototubes in this case are 
mounted at the end of each wing, and the two light beams 
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are directed from opposite sides of the runway. In all cases, a 
null reading indicates an optimum operation, and the control 
circuitry’s job is to try to achieve a null by comparing the devia- 
tion from the desired position. Because of this interpretation, this 
class of circuit is called a comparison and null-detection circuit. 

A closer inspection of the circuit shown in Fig. 6-26a shows 
that it is a bridge circuit with the “sensing” element located at op- 
posite arms. The ability to detect any unbalance between the two 
arms is a basic property that makes the bridge circuit so useful for 
comparison purposes. If we replace the phototubes by two therm- 
istors, the result is, of course, a sensitive temperature-comparison 
circuit. There is an almost endless variety of useful circuits that 
are based primarily on this basic bridge configuration. However, 
since the principle is the same, we shall not labor any longer to 
discuss them. After all, one of the merits of the black-box approach 
is the possibility of extracting the general concepts from many 
seemingly unrelated circuits. 


Exercise 1: (a) Using the v-i curves for the junction diode type 1NXX2 and the 
zener diode type 1NXX3, obtain the exact DP plot of the concave resistor shown 
in Fig. 6-20a with R equal to 50 2, 100 2, 500 2, and 1 kQ. (6) Compare each 
DP plot with that obtained from piecewise-linearizing the v-i curves. (c) Formulate 
a simple rule to correct the error resulting from the piecewise-linearization. 


Exercise 2: Show how a convex resistor may be synthesized by a concave resis- 
tor and a 45° reflector or gyrator. 


Exercise 3: (a) Verify the DP plot shown in Fig. 6-24c. (6) Find the new DP plot if 
the valley current of each tunnel diode is less than the peak current but greater 
than the valley current of the preceding tunnel diode. 


Exercise 4: (a) Find the operating voltage of the liquid-level sorting circuit 
in Fig. 6-25a when the level is too high and when it is too low. (b) Why is 
the 100-kQ resistor needed? How should its value be chosen? 


Exercise 5: Using the solar cell type 1NXX11, design a liquid-level sorting circuit 
without batteries for carrying out the same task as in Fig. 6-25. 


Exercise 6: To improve reliability, it is desirable that the operating voltage 
in each case of the sorting circuit in Fig. 6-25 differ by a relatively large amount. 
Show that this can be achieved by replacing the 50-k® linear resistor by a non- 
linear resistor with an appropriate v-i curve. Specify a v-i curve so that the op- 
erating voltage in Fig. 6-25c differs from the operating voltage in Fig. 6-255 and 
d by an equal amount. 


Exercise 7: Verify the graphical construction shown in Fig. 6-26e to g. 


Exercise 8: In practice, the two phototubes shown in Fig. 6-26a may not be 
identical. To achieve a null reading when spaceship 3 is on the center axis, a re- 
sistance may be inserted in series with each phototube. Show how the values must 
be chosen to achieve a null. Assume that the v-i curves of phototube 2 are dis- 
placed in the vertical direction from the original v-i curve by 1 pa. 
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(a) 


Fig. 6-27. Todetermine the TC 
plot of the nonlinear voltage 
divider, we redraw the network 
into the form of basic configu- 
ration 1. 


1 Recall that the definition 
of the TC plot implies the 
condition i, = 0, that is, 
no loading effects. 


6-5 GRAPHICAL DETERMINATION OF TC 
PLOTS OF SERIES-PARALLEL NETWORKS 


Here we shall consider how to determine the TC plots of series- 
parallel networks containing only two-terminal resistors and dc 
sources. Although there are four distinct types of TC plots, the 
graphical procedures that we are about to study are applicable to 
all. The method consists of treating each series-parallel network as 
a cascade connection of two basic network configurations, the 
nonlinear voltage divider and the nonlinear current divider. 


6-5-1 NONLINEAR VOLTAGE DIVIDER 


The circuit shown in Fig. 6-27a is called a nonlinear voltage divider 
because the input voltage divides, in accordance with some non- 
linear relationship, between the two nonlinear resistors. To deter- 
mine the u,-vs.-v; TC plot, we observe that i, = 0, and hence the 
network can be redrawn into the form of basic configuration 1, as 
shown in Fig. 6-27b.1 Since the v,-vs.-v; TC plot is simply the 
locus of the operating-point voltage v, = v2 corresponding to each 
value of the input voltage v;, it can be easily found by the load- 
line method with R» as the load, provided the DP plot across the 
black box N; can be found for each value of v;. Since the effect of 
the voltage source vu; is to translate the v1-i, curve of R; along the 
voltage axis, it is convenient to cut a template of the v,-i; curve 
and translate it by a distance equal to each value of v; along the 
Va axis, thereby generating a family of parallel-displaced v,-i 
curves. The intersections between this family of curves and 
the load line associated with Re constitute a set of points in the 
Up-VS.-v; plane. The curve passing through these points is the de- 
sired TC plot. For future reference we shall refer to the above 
procedure as the template method. 
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EXAMPLES 


1 


Suppose the resistors R; and R» are characterized by the curves 
shown in Fig. 6-28a and b, respectively. The family of va-ig 
curves obtained by the template method is shown in Fig. 6-28c. 
The TC plot is finally obtained by plotting the coordinates 0; 
and Va = Up of the points of intersection in the v;-v, plane as 
shown in Fig. 6-28d. 

We shall now present another graphical method which is 
more amenable to computer implementation. This is the graph- 
ical elimination method. To apply this method, it is more con- 
venient to redefine the reference voltage polarity and the refer- 
ence current direction of resistor Ry in Fig. 6-27a as shown in 
Fig. 6-29a. Since i, = 0, we can redraw the voltage divider into 
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Fig. 6-28. The graphical proce- 
dure for determining the TC 
plot of a resistive nonlinear 
voltage divider by the template 
method. 
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(a) 


Fig. 6-29. To apply the graphi- 

Boe eiinarto me 0d), te wo the form shown in Fig. 6-29b. The DP plot of the black box Ne 
Peas Sp CSISTOLS PUSS Deatet can be easily obtained by the series-combination technique and 
represents a curve in the vg-i, plane. Since vg = v; and ig = fe, 
we can relabel the vq axis of the DP plot by v;, and the i, axis 
by ig. In other words, the same curve I’ representing the 
DP plot of Nz also represents the relationship between 72 and 
v;. Similarly, since v2 = Uo, the v2-i2 curve of the nonlinear re- 
sistor Ry can also be considered as a relationship between /2 
and v,. Since both the v;-vs.-i2 curve and the v,-vs.-i2 curve 1n- 
volve the same variable i, this variable can be eliminated 
graphically to obtain a relationship between v; and v,, which is 
the desired TC plot.t As a summary, the graphical elimination 
method consists of two steps. The first step consists of deter- 
mining the DP plot of the two resistors in series (with due 
attention given to the reference direction and polarity of Rj). 
The second step consists of performing a graphical elimination 
procedure between this DP plot and the v-i2 curve of Re.7 


drawn into the back-to-front 
series configuration. 


2. For comparison purposes, let us apply the graphical elimina- 
tion method to the same circuit considered earlier in Example 1. 
First, we must redefine the reference polarity and direction for 
R,. The effect of doing this is that the v,-i; curve given in Fig. 


‘The graphical elimination 6-28a must be rotated by 180° with respect to the origin, 
piped ice fon ae as shown in Fig. 6-30a. The v2-ig curve remains the same and 
the common variables be- ; : : : : ; 
tween two curves is given is drawn beside the Ui-ly Curve as shown in Fig. 6-306. The v,-ig 
in Appendix B. DP plot is obtained as shown in Fig. 6-30c. To eliminate the 

+A simple example will variable iz, we first draw a 45° reflection line as shown in Fig. 
show that if the resistor 6-30d. Next, we draw the set of axes v; and v, in line with the 
R» is voltage-controlled, : : : : ; : 

Br qunltivalicd one aust horizontal axis of Fig. 6-30d and the vertical axis of Fig. 6-30c, 
be careful to pick only as shown in Fig. 6-30e. The procedure now consists of drawing 
Comes poading pouts| in a vertical guideline through any value v; = k until it intersects 
the elimination procedure. : : : ee 
Omerise etranconises. the vg-ig DP plot at some point a. A horizontal guideline 


ments may be introduced. is next drawn through a until it intersects the vs-i2 curve 
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(d) 


at some point 6. From f we drop a vertical guideline until it 
intersects the reflection line at y. The intersection 6 of the hori- 
zontal guideline through y with the initial vertical guideline 
locates one point on the TC plot. If this procedure is repeated 
a sufficient number of times, we would obtain the TC plot 
shown in Fig. 6-30e. Observe that this TC plot is identical with 
that obtained earlier in Fig. 6-28d by the template method, as 
it should be. 


A comparison between the two methods shows that if both 
the v,-i; and the v2-i2 curves are monotonic, the graphical elimina- 
tion method is easier. However, if the v,-i; and the ve-i2 curves are 
not monotonic, it may take more time to find the DP plot than to 
cut a template and draw the family of curves. Moreover, the tem- 
plate method gives better insight into the effect of the v2-i2 curve of 
Ry» on the resulting TC plot. In any case, however, the graphical 
elimination method is much easier to carry out on a computer.1 


Fig. 6-30. The graphical pro- 
cedure for determining the TC 
plot of a resistive nonlinear 
voltage divider by the graphi- 
cal elimination method. 


1A computer program for 

implementing the graph- 
ical elimination method 
can be easily written. All 
it takes is a graphical 
elimination subroutine. 
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(a) (b) 


Fig. 6-31. The basic form of 
the nonlinear current-divider 
network appropriate for the 
template method (left) and the 
graphical elimination method 
(right). 


6-5-2. NONLINEAR CURRENT DIVIDER 


The network shown in Fig. 6-3la and b is called a nonlinear cur- 
rent divider because the input current i; divides, in accordance 
with some nonlinear relationship, between the two nonlinear re- 
sistors. The reader will recognize the network on the left as 
the dual of the nonlinear voltage divider shown in Fig. 6-27a, and 
hence the i,-vs.-i; TC plot can be obtained by the dual of the tem- 
plate method. Similarly, the network on the right is the dual of the 
nonlinear voltage divider shown in Fig. 6-29a, and hence the 
ip-vs.-i; TC plot can be obtained by the dual of the graphical 
elimination method. 


6-5-3. SERIES-PARALLEL NONLINEAR NETWORKS 


The v,-vs.-v; or the ig-vs.-i; TC plot of a series-parallel nonlinear 
network can be determined by a successive application of the 
methods described for the nonlinear voltage divider or the non- 
linear current divider, respectively. We shall illustrate the proce- 
dure for the v,-vs.-v; case by an example, leaving the dual case for 
the problems. 


EXAMPLE 


Suppose it is required to determine the v-vs.-v; plot of the series- 
parallel nonlinear network shown in Fig. 6-32a. The first thing to 
do is to reduce this network into the simpler /adder network 
shown in Fig. 6-326 by replacing resistors Ry, Ro, and Rs by R44; 
resistors R4 and Rs by R45; resistors Rg and R7 by Rie; resistors 
Rg and Rg by Ri7; and resistors Rio, R11, and R42 by Rig. Each of 
these new resistors is, of course, characterized by the DP plot of 
the corresponding group of resistors. 


(d) (e) 


Fig. 6-32. The various reduction procedures for determining the v,-vs.-v; plot of a series-parallel nonlinear network. 
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1The reader should recall 
the basic composition 
technique described in 
Sec. 2-4. The graphical 
composition procedure is 
discussed in Appendix B. 


2 For complex, multivalued 
curves, this graphical com- 
position procedure can be 
easily implemented by a 
computer subroutine. 
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The next step is to determine a number of related TC plots. 
First, we create a soldering-iron entry across terminals c-d in Fig. 
6-32b and replace the black box Nj; by resistor Req as shown 
in Fig. 6-32c. The result is a nonlinear voltage divider, and hence 
the Uca-vs.-v; TC plot can be easily obtained. 

The next step is the crucial one. It is based on the observa- 
tion that if the relationship between ver across terminals e-f in 
Fig. 6-32b and veg can be found, then the curve vef-VS.-Veq Can be 
“composed” with the vcq-vs.-v; plot to obtain the ves-vs.-v; ine 
plot.t The relationship between v,; and Ucq can be found by first 
replacing that part of the network to the left of terminals c-d in 
Fig. 6-32b by a voltage source with a terminal voltage Uca, as 
shown in Fig. 6-32d. We can do this because U;q is now the inde- 
pendent variable for the vef-Vs.-Ueq Curve. We can now repeat our 
earlier technique by creating a soldering-iron entry across ter- 
minals e-f and replace the black box N2 by resistor Re; as shown 
in Fig. 6-32d. The result is again a voltage divider, and the 
Vef-VS.-Uca plot can be found. 

To be specific, let us suppose the v-q-vs.-v; plot obtained earlier 
and the vef-VS.-Uca plot just obtained are given, respectively, by the 
curves shown in Fig. 6-33a and b. If we denote these curves by the 
functional notations Ucq = g(v;) and ver = f(Uca), respectively, then 
the composition procedure is simply a systematic method for 
finding the function of another function, namely, ver = f(g(v;)). 
One simple graphical procedure for doing this is shown in 
Fig. 6-33c. The vef-vs.-Ucq plot and the v,gq-vs.-v; plot are drawn in 
the upper left-hand and the lower right-hand corners, respectively. 
A 45° reflection line is drawn with its vertical axis in line with the 
Ver aX1S and its horizontal axis in line with the v; axis. Hence, start- 
ing at any value v; = k, a vertical guideline is dropped until it in- 
tersects the Ueq-vs.-v; curve at some point a. A horizontal guideline 
through a is drawn to the left until it intersects the reflection line 
at ~. From £ a vertical guideline is drawn until it intersects 
the ves-VS.-Uca plot at y. Finally, the point 6 obtained from the in- 
tersection between the horizontal line through y and the initial 
vertical line through a is a point on the ve;-vs.-v; curve. The other 
points on this curve are obtained in a similar manner.? 

The vey-vs.-v; plot gives us the voltage ver corresponding to 
each value of the input voltage v;. If we can find the voltage 
Ugh Corresponding to each value of ve;, then, clearly, we can find 
the output voltage v, = vg, corresponding to each input voltage 1. 
Let us replace the network to the left of nodes e-f by a volt- 
age source Ve; as shown in Fig. 6-32e. The result is again a voltage 
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Fig. 6-33. The graphical com- 
divider, and the vg;-vs.-Ver plot can be readily found. By similar Position procedure for obtain- 


ing the function of another 


reasoning, the graphical composition procedure can now be ap- Aas 


plied to the vga-vs.-ver plot and the v,y-vs.-v; plot to obtain the 
Ugn-VS.-U; plot, which is the desired TC plot since vg, = vo. It 
should now be clear that no matter how complicated the network, 
the v,-vs.-v; plot of any series-parallel nonlinear resistive network 
can always be found by repeated application of these techniques. 


Exercise 1: Let the resistor R; in Fig. 6-27a be characterized by the equation 
iy = v13 + 3v12 — 2 and the resistor Re be characterized by i2 = v2°. (a) Find 
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the v,-vs.-v; TC plot by the template method. (b) Repeat (a) by the graphical elim- 
ination method. 

Exercise 2: Let the resistor R; in Fig. 6-31a be characterized by the equation 
v1 = i43 + 3i,2 — 2 and the resistor Ry be characterized by vz = ig%. (a) Find the 
i,-VS.-i; TC plot by the template method. (b) Repeat (a) by the graphical elimina- 
tion method. 

Exercise 3: (a) Find the TC plot between the varistor voltage and the input volt- 
age of the voltage-stabilizer network shown in Fig. 4-7a. (b) Find the varistor volt- 
age when the input voltage is 200 volts. Verify that this answer checks with that 
obtained earlier in Sec. 4-5 by the iteration method. (c) Simplify this circuit by re- 
placing the voltage source and the two linear resistors by an equivalent circuit 
containing one voltage source and one resistance, and then find the TC plot by 
the template method. 


6-6 SOME PRACTICAL APPLICATIONS OF TC PLOTS 


There are many electronic circuits designed specifically to trans- 
form an input signal into some desirable output signal. These are 
called signal-processing circuits. We shall now apply the TC plot 
concept to analyze this class of circuits. 


6-6-1 HALF-WAVE RECTIFIER 


The term rectifier was introduced earlier in Sec. 1-6-5 as pertaining 
to the idealized circuit shown in Fig. 1-12. We were forced to 
choose an ideal diode at that time so that we could obtain a 
qualitative behavior of the circuit function. We are now ready to 
perform an exact graphical analysis of the same circuit with 
realistic devices. This time, let us choose the vacuum diode type 
INXX1 in the circuit shown in Fig. 6-34a. The v-i curve of 
this diode is given in Appendix D and is reproduced in Fig. 6-345 
for convenience. The given reference polarity and direction are al- 
ready in the right form for the graphical elimination method. 
However, since we are interested not only in the TC plot but also 
in how the value of the load resistor R affects the TC plot, we 
shall choose the template method. This means that we must 
remember to rotate the v-i curve by 180° with respect to the origin 
before drawing the family of vq-ig curves as shown in Fig. 6-34c. 
The TC plot corresponding to the 2-kQ load line is shown in the 
upper left-hand corner of Fig. 6-34d. If we apply a sinusoidal volt- 
age as shown in the lower right-hand corner of this figure, then a 
graphical composition between the TC plot v, = f(v;) and the 
input voltage v; = v;(t) would give the output waveform v, = fo), 
as shown in the upper right-hand corner of Fig. 6-34d. A com- 
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parison between this exact solution and the idealized solution in 
Fig. 1-12 shows that the rectification is not perfect because the out- 
put voltage is not exactly zero during alternate half-cycles. More- 
over, the peak output voltage is smaller than the peak input 
voltage. 

In practice, the load resistor R varies, and hence it is desirable 
to know what effect it has on the TC plot. One advantage of the 
template method is that only the load line varies, and hence it is 
relatively simple to obtain the desired information. One could, for 


Fig. 6-34. A complete graphi- 
cal analysis of the half-wave 
rectifier. 
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Fig. 6-35. Graphical analysis 


of a voltage limiter. 
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example, obtain several TC plots with the value of R as a param- 
eter. For this simple example, this information can be obtained by 
inspection of the curves in Fig. 6-34c and the movement of the 
points of intersection as the load line varies. For example, it 
is easily seen that the peak output voltage decreases as the value 
of R decreases. 


6-6-2 VOLTAGE LIMITER 


Consider the circuit shown in Fig. 6-35a. The vj-i; curve of the 
constant-current diode is shown in Fig. 6-355, and the v2-i2 curve 
of the zener diode is shown in Fig. 6-35c. A load resistor R is 
normally connected across the output terminal, thereby violating 
the requirement that the load current be zero in a voltage divider. 
However, this loading effect can always be taken into considera- 
tion by combining the load resistor with the zener diode as one 


> U,, volts 
A 
hu,, volts 
1st TC plot of 
ee voltage limiter 
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black box. The resulting v3-i3 curve of this parallel combination is 
shown in the upper left-hand corner of Fig. 6-35d. To the right of 
this is the DP plot across terminals a-b. The TC plot obtained by 
the graphical elimination method is shown in the lower right-hand 
corner of Fig. 6-35d. 

An examination of this TC plot shows that v, = v; for all 
0< vu, < 12, and vy = 12 for all v; > 12. Since the circuit limits 
the output voltage from exceeding 12 volts, it is called a voltage 
limiter. A more careful examination of the graphical construction 
reveals that the same TC plot would be obtained for all R > 
12/10 = 1.2 kQ. This circuit has many useful applications. It 
is widely used for overload protection because no matter how the 
input voltage varies, the load voltage will never exceed the limiting 
voltage. It is also used as a voltage regulator for furnishing a con- 
stant output voltage v, = 12 volts even if the input voltage v; 
varies (assuming v; > 12 volts). While there are many other circuits 
that can be designed to function as voltage limiters, this circuit has 
the advantage that no batteries are needed. 


6-6-3. PULSE COMPRESSOR 


The circuit shown in Fig. 6-36a is called a pulse compressor. To 
understand what it does, let us first determine its TC plot. For 
simplicity, we have represented the tunnel diode vj-i; curve by 
three piecewise-linear segments as shown in Fig. 6-36b. In the 
usual case, the values of R; and Re are chosen so that Ri + Ro = R, 
where R is the magnitude of the negative resistance of the tunnel 
diode. Using the graphical elimination method, we obtain the TC 
plot of this circuit as shown in Fig. 6-36c. The operation performed 
by this TC plot is readily seen by considering the input signal 
waveform v;(t) shown in the lower right-hand corner of Fig. 6-36d. 
The corresponding output waveform v,(¢) is readily obtained by 
the graphical composition procedure and is shown in the upper 
right-hand corner of Fig. 6-36d. Notice that the upper portion of 
the output signal remains the same as that of the input signal; only 
its height is reduced, hence the name pulse compressor. This type 
of circuit is useful in processing video signals of color television 
and radar sets, where only the waveform on top of each pulse is 
important. One could imagine this information-bearing signal to 
be riding on top of a rectangular pulse as indicated by the dotted 
lines in the lower right-hand corner of Fig. 6-36d. If this signal is 
fed directly into an amplifier, the larger pulses would generally 
drive the amplifier into the saturation region,1 and hence the sig- 
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fier in Sec. 3-6-2. 
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Fig. 6-36. Graphical analysis 
of a pulse compressor and its 
effect on the height of a pulse 
signal. 


1 As will be seen in Part 3 of 
this book, the presence of 
parasitic elements prevents 
the generation of such 
pulses. 


nal will not be amplified properly. Since we are interested only in 
the signal on top of the pulse, the output signal from the pulse 
compressor can be applied to the amplifier, thereby obtaining an 
output signal without distortion. This statement is, of course, 
valid only if the projection of that portion of the signal of interest 
in the graphical construction of Fig. 6-36d lies either to the left or 
to the right of the vertical segment of the TC plot. 


6-6-4 VERTICAL-PULSE GENERATOR 


In many applications, especially in computers, it is desirable to 
generate pulses which rise and fall in zero time. Unfortunately, 
this goal can be realized only approximately in practice.1 The 
square-wave generator described in Sec. 3-6-1 represents one such 
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realization. The quality of the generated pulses in this case depends 
on the frequency and amplitude of the input signal. The circuit 
shown in Fig. 6-37a has the advantage that it is independent of the 
frequency. 

Corresponding to the tunnel diode v2-i2 curve shown in Fig. 
6-37b, we obtain by the template method (shown in Fig. 6-37c 
corresponding to a particular value of R1) the TC plot shown in 
the upper left-hand corner of Fig. 6-37d. The output signal v,(A) 
corresponding to a sinusoidal input signal is shown in the upper 
right-hand corner of Fig. 6-37d. Observe that the output waveform 
contains a/most vertical pulses, independent of the frequency of the 
input signal. This part of the waveform is the important one. In 
most applications, the waveform between the vertical edges of each 
pulse is not important and is usually “flattened” by a circuit called 
a clipper, to be discussed in Chap. 9. 

So far, we have restricted our analysis to TC plots. In many 
electronic circuits, it is just as important to obtain the power- 
transfer plot with respect to the low-power nonlinear devices so 
that the maximum allowable input voltage may be found. We have 
already demonstrated in Chap. 5 how to obtain this relationship. 
Let us apply the procedure described in Sec. 5-4 to determine the 
power-transfer plot of the tunnel diode. First, we notice that the 
power across the tunnel diode is given by 


p= 1 2(V2)V2 
= 12(Vp)Vo (6-7) 


If we denote the TC plot by the functional notation v, = f(vj), 
then Eq. (6-7) becomes 


P = if) fri) (6-8) 


The power-transfer plot can, therefore, be found by performing 
first a graphical composition between the v2-i2 curve of the tunnel 
diode and the v, = f(v;) TC plot. The resulting ie(f(vi)) curve is 
shown in the upper right-hand corner of Fig. 6-37e. The power- 
transfer plot can now be obtained by multiplying the ordinates of 
this curve and that of the TC plot, corresponding to each value of 
v;. The resulting power-transfer plot is shown in the lower right- 
hand corner of Fig. 6-37e. From this curve, we can immediately 
find the maximum input voltage Emax that can be applied without 
exceeding the given maximum power rating Pmax of the tunnel 
diode. 
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method for obtaining this 
relationship is given in 
Exercise 5. 
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Fig. 6-37. A complete graphical analysis of the vertical pulse generator. 
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Exercise 1: (a) Find the TC plot of the rectifier circuit shown in Fig. 6-34a by the 
graphical elimination method. (5) Plot the relationship between the peak output 
voltage as a function of the load resistance R when the peak input voltage is 40 
volts. 


Exercise 2: (a) Find the TC plot of the voltage limiter by the template method. 
(6) Show why it is that the same TC plot in Fig. 6-35d would result for all values 
of R > 1.2 k&. (c) Replace the constant-current diode in Fig. 6-35a by a 1-kQ 
linear resistor and find the TC plot. Compare this TC plot with that of the original 
circuit and find the advantage in using a constant-current diode. 


Exercise 3: (a) A symmetrical voltage limiter can be designed by adding one 
constant-current diode in parallel (back to front) with the original constant- 
current diode, and a zener diode in series (back to back) with the original zener 
diode. Find the TC plot of this modified circuit and interpret the functions 
performed by this circuit. (6) The constant-current diode in this modified circuit 
may be replaced by an FET and a junction diode. Show how this can be achieved. 


Exercise 4: (a) Obtain the TC plot of the pulse-compressor circuit shown in Fig. 
6-36a by the template method and by the graphical elimination method. (b) Which 
method is easier for this circuit? (c) Based on your observation from (6), can you 
state some ground rule as to which method is preferred in a particular circuit? 


Exercise 5: (a) Find the TC plot of the vertical-pulse generator circuit in Fig. 6-37a 
by the graphical elimination method. (b) Verify that the i2(f(vi)) curve in Fig. 
6-37e is identical with the DP plot across resistor R; and the tunnel diode 
in series. (c) Show that the simpler procedure described above is valid for 
any nonlinear voltage-divider circuit. 


6-7. DP PLOT AND TC PLOT OF NETWORKS 
CONTAINING THREE-TERMINAL RESISTORS 


So far, we have restricted ourselves to series-parallel networks. We 
shall now consider an important class of networks containing both 
three-terminal and two-terminal resistors. We shall first develop 
some graphical techniques for determining the DP plot and the 
TC plot of the three basic composite networks shown in Fig. 
6-38a to c. 

To find the DP plot across terminals a-c of basic composite 
network 1, we connect a voltage source as shown in Fig. 6-38d and 
observe that the resulting network is in the form of basic configura- 
tion 2 shown earlier in Fig. 6-7.1 In this case, the two-terminal re- 
sistor on the left is simply a voltage source. Hence, for each value 
of v we can apply the double load-line method presented earlier to 
determine the corresponding operating point. From the coordinates 
of the operating point, we locate a point corresponding to the 
desired DP plot or TC plot. A repetition of this procedure for 
different values of the driving-point voltage will therefore allow us 
to obtain enough points to form the complete DP plot or TC plot. 
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TOne could alternately 
choose to drive the circuit 
with a current source; in 
this case, the input load 
lines consist of a family of 
horizontal lines. 
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(a) Basic composite network 1 
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(d) 


Fig. 6-38. Three basic com- 
posite networks which can be 
redrawn into the form of basic 
configuration 2. 


Actually, since each input load line is a vertical line, one could 
draw a family of vertical lines and obtain the DP plot or TC plot 
by one set of graphical constructions. 

Consider next the basic composite networks 2 and 3 in Fig. 
6-385 and c. Each of these networks can be redrawn into the form 
of basic configuration 2 as shown in Fig. 6-38e and f, respectively. 
Hence, the double load-line method is also applicable here. How- 
ever, since terminals a and b are now the common terminal, the 
characteristic curves of the three-terminal resistor must be given 
with respect to terminal a for basic composite network 2 and with 
respect to terminal b for basic composite network 3. Otherwise, the 
necessary transformation must be made before the double load-line 
method can be applied. (See Sec. 3-2-3.) This preliminary step is 
sometimes difficult to carry out in practice because the characteristic 
curves are seldom given in the entire plane, thereby making both 
interpolation and extrapolation necessary. We shall now describe 
another graphical technique which allows us to work directly with 
the original characteristic curves. Since the principles are identical, 
we shall consider only one case. 
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6-7-1 THE TEMPLATE-DOUBLE LOAD-LINE METHOD 


Let the three-terminal resistor of the basic composite network 2 
be characterized by the same curves shown in Fig. 6-8a and b and 
let the vy-i, curve of resistor Ry; be characterized by the curve 
shown in Fig. 6-8d. For convenience, these curves are redrawn in 
Fig. 6-39a to c. The equations of motion for the basic composite 
network 2 are given by the following: 


Equations from the laws of elements 


Three-terminal resistor: & Sly) cae 
lis = g0reac) (6-96) 
Resistor R;: i, = 201) (6-9c) 


Equations from the laws of interconnection 


Di Dee (6-9d ) 
ip = —iy (6-9e) 
i=ig-—ip=igt ip (6-9f) 
UL = Vye — Vae (6-92) 


As usual, our procedure consists of eliminating the unwanted 
variables until a relationship v versus 7 is obtained for the DP plot. 
In the case of TC plots, we seek a relationship vz versus v OF Upc 
versus v. The variables i; and vy, can be eliminated by substituting 
Eqs. (6-9e) and (g) into Eq. (6-9c): 


ly — — 2(Vdc = Dae) (6-10) 


A comparison between Eqs. (6-95) and (6-10) shows that they in- 
volve the same variables ip, Upc, and Vac. Hence by superimposing 
the curves representing these equations, we can obtain a relation- 
ship between any two of the three variables. The curves represent- 
ing Eq. (6-95) are already given by Fig. 6-39b. The curves repre- 
senting Eq. (6-10) can be easily constructed by the following 
observations. If vac = 0, Eq. (6-10) reduces to i, = —g(Vs-) and is 
simply the load line obtained by reflecting the v,-i, curve in Fig. 
6-39c with respect to the vz, axis, as shown in Fig. 6-39d. Next, let 
us assume a value Ug. = k and obtain i, = —g(vy- — k). The next 
crucial step consists of the observation that this equation repre- 
sents a translation of the curve i = —g(U»c) in Fig. 6-39d by 
k units to the right. Hence, Eq. (6-10) is represented by a family 
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of curves as shown in Fig. 6-39e with vg. as a parameter. This can 
be easily drawn with the help of a template. 

We can now superimpose the curves shown in Fig. 6-39b and 
e as shown in Fig. 6-39f. The intersections between corresponding 
curves (having the same parameter value v,-) are then identified, 
and a smooth curve I is drawn through these points, as shown in 
Fig. 6-39f. 

If we transfer each point on the curve [ with coordinates 
(Vacsip) into the input-characteristic curves shown in Fig. 6-39a, we 
obtain the corresponding curve I” shown in Fig. 6-39g. The value 
Of Vac, ia, and iy of each point on I’ can now be tabulated. If the 
DP plot is desired, we make use of Eqs. (6-9d) and (f) and obtain, 
corresponding to each point P (with v = v,,), the current i = ig + ip. 
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This DP plot is shown in Fig. 6-39h. Similarly, if the vp--vs.-v TC 
plot is desired, we can obtain the coordinates (Va¢Vyc) of each 
point on [ and obtain the TC plot shown in Fig. 6-391. It is clear 
that any other relationship, such as the power-transfer plot, can 
be easily obtained from the coordinates of [ and I’. A review of 
the above steps shows that both the template method and the 
double load-line method are used. Accordingly, we shall refer to 
this method as the template—double load-line method. Observe that 
this method is valid only if the output-characteristic curves are 
given in the conductance representation, for otherwise, the param- 
eters of the two sets of curves in Fig. 6-39f will not be identical. It 
is therefore necessary that the output-characteristic curves be re- 
cast into the conductance representation before the template— 
double load-line method can be applied to basic composite 
network 2. 


6-7-2. SOME PRACTICAL CIRCUITS 


Let us now apply the above techniques to some practical circuits. 


EXAMPLES 


1. The uniunction transistor circuit shown in Fig. 6-40a is called 
a relaxation oscillator and is used in many switching and control 
applications. Since it is a dynamic network, we are not yet ina 
position to analyze it. However, as will be shown in Chap. 17, 
the analysis of this circuit requires that we find the DP plot 
across the capacitor terminals. This DP plot can be found by 
observing that it is simply the parallel combination of the 
2 two-terminal black boxes shown in Fig. 6-40b, where the 
black box N represents the unijunction transistor circuit shown 
in Fig. 6-40c. Our first step, therefore, is to find the DP plot 
across N. 

The characteristic curves of the unijunction transistor type 
2NXX21 are given in Appendix D. If we draw the output load 
line on top of the output-characteristic curves as shown in Fig. 
6-40d, we obtain a set of points a, B, y, 5, €, €, etc. The coordi- 
nates (Vgz,/n) of these points are plotted on top of the input- 
characteristic curves as shown in Fig. 6-40e. The solid curve 
drawn through these points is the DP plot across the black box 
IN, 

To obtain the DP plot across the capacitor terminals, we 
apply the parallel-combination techniques to the circuit in Fig. 
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1It is a common practice to 
omit drawing the voltage 
sources as well as output 
voltage terminals which 
are measured with respect 
to ground, 


2 Notice that the reference 
polarity and direction of 
the tunnel diode must first 
be redefined to agree with 
the network shown in Fig. 
6-385. 
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6-40b and obtain the desired i-vs.-v DP plot. It will be shown 
in Chap. 17 that if a capacitor is connected across the com- 
posite network, a periodic sawtooth waveform will be generated. 
This waveform is, in turn, used in many applications such as 
oscilloscopes and television sets. 


. The FET circuit shown in Fig. 6-41a is useful in many digital 


computer applications. In this case, it is the TC plot between 
vo and v; that is important. Since the output terminal does not 
draw any current, the circuit can be redrawn into the form of 
basic composite network | as shown in Fig. 6-41b, where the 
black box N represents the upper FET shown in Fig. 6-4lc. 

We must first find the i-vs.-v DP plot across the black box 
N. This is simply obtained by first rotating the output-charac- 
teristic curve (see Appendix D) corresponding to vgs = 0 by 
180° (since the source terminal is assigned the positive refer- 
ence) and then translating the curve by 20 volts as shown in 
Fig. 6-41d. The load line corresponding to this DP plot is then 
drawn on top of the output-characteristic curves of the lower 
FET. The resulting TC plot is obtained as shown in Fig. 6-41f, 
The reader should now recognize the usefulness of this TC plot. 
Among other applications, it can be used to transform a 
sinusoidal input voltage into a square wave. 


. As a final example, consider the tunnel diode-transistor circuit 


shown in Fig. 6-42a. This circuit is used in practice to increase 
the current level of the tunnel diode, an inherently low-power 
device. To be specific, let the tunnel diode vg-ig curve be 
as shown in Fig. 6-425. Since this circuit corresponds to the basic 
composite network 2 in Fig. 6-38), we can apply the template- 
double load-line method. The family of ij-vs.-v,. curves is 
shown in Fig. 6-42c.? If we represent the base-to-emitter char- 
acteristics of the n-p-n transistor by a single curve as shown in 
Fig. 6-42d, then the intersections between this curve and the 
above family of curves yield a set of points with coordinates 
(Vac,ty). These points can be transferred into the collector-to- 
emitter characteristic curves of the transistor as shown in Fig. 
6-42e. Since i = ig + I¢ = ip + Ic = Ic, the resulting solid curve 
is the desired DP plot. Notice that this curve resembles that of a 
tunnel diode but with one significant difference; namely, the 
current ordinate is approximately 100 times larger than the 
original vg-ig curve shown in Fig. 6-425. In other words, we have 
transformed a low-current tunnel diode into a high-current 
voltage-controlled nonlinear resistor whose v-i curve resembles _ 
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Fig. 6-41. The graphical pro- 
cedure for determining the TC 
plot of an FET logic circuit. 
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that of a tunnel diode. Hence, this circuit can be considered 
to be a rough approximation of the current scalor introduced 
earlier.! The advantage of the present circuit, however, is that 
it does not require an external power supply. 


Exercise 1: Describe the template-double load-line method for determining the 
DP plot and TC plot of the basic composite network 3 shown in Fig. 6-38c. HINT: 
Assume the output-characteristic curves in the resistance representation. 


Exercise 2: In many practical circuits, the resistor R;, in Fig. 6-38 consists simply 
of a linear resistor in series with a battery. Give a simplified procedure for deter- 
mining the DP plot and TC plot for each of the basic composite networks shown 
in Fig. 6-38. 


Exercise 3: Find the ugg-vs.-vy TC plot of the unijunction transistor circuit shown 
in Fig. 6-40c. 


Exercise 4: (a) Find the TC plot of the FET logic circuit shown in Fig. 6-41a but 
with the FET replaced by a p-channel type 2NXX20, and with E = —20 volts. 
(b) Sketch the output voltage corresponding to a 10-volt peak-to-peak sinusoidal 
input voltage. 


Exercise 5: Find the DP plot of the tunnel diode-transistor circuit shown in Fig. 
6-42a but with the diode terminals interchanged and with the transistor replaced 
by a p-n-p transistor. 


6-8 COMPOSITE CHARACTERISTICS OF 
THREE-TERMINAL RESISTIVE BLACK BOXES 


In order to apply the graphical techniques to more complex resist- 
ive networks, it is often necessary to isolate appropriate three- 
terminal black boxes and replace them by three-terminal resistors 
having the same sets of external-characteristic curves. The proce- 
dure for obtaining these external-characteristic curves is based on 
the successive application of graphical techniques for analyzing 
the four basic three-terminal black boxes shown in Fig. 6-43. 


6-8-1 FOUR BASIC THREE-TERMINAL BLACK BOXES 


Consider first the black box N shown in Fig. 6-43a. To obtain the 
input-characteristic curves, we connect a voltage source in series 
with resistor Ro and determine the DP plot across terminals a-c 
corresponding to each parameter value vz. This can be done by 
observing that the DP plot is simply the series combination of Ry 
and a two-terminal black box N2 in the form of basic composite 
network 1 (Fig. 6-38a). The output-characteristic curves are ob- 
tained in an exactly similar manner; that is, a voltage source 


1 The reader will recall that 
the current scalor intro- 
duced in Sec. 3-7-1 is in- 
tended for the same pur- 
pose while preserving the 


exact form of the v-i 
curve. 
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representation. The resulting characteristics, however, will be in 
the conductance representation because the parameters are chosen 
to be ve and v4. 

The three-terminal black box N shown in Fig. 6-43b is, 
roughly speaking, the dual of that shown in Fig. 6-43a. Hence, the 
parameters are now chosen to be 7 and 71, and the characteristic 
curves may be obtained by a dual procedure. In this case, the 
characteristic curves are obtained in the resistance representation. 

The easiest method for obtaining the input-characteristic 
curves of the three-terminal black box N shown in Fig. 6-43c is to 
connect a current source across terminals b-c and determine the 
DP plot across terminals a-c. This is done by observing that the 
resulting two-terminal black box is equivalent to two resistors in 
series. The v-i curve of the first resistor is simply the characteristic 
curve of the three-terminal resistor corresponding to ig = k. The 
v-i curve of the second resistor is obtained by translating the v-i 
curve of the resistor R by ig = k units along the current axis i,.1 
A similar procedure can be used to obtain the output-characteristic 
curves. Notice that in this case, the characteristic curves of the three- 
terminal resistor must be given in the resistance representation.” 

The three-terminal black box N shown in Fig. 6-43d is, 
roughly speaking, the dual of that shown in Fig. 6-43c. Instead of 
the current sources iz and i1, we now connect the voltage sources 
v2 and v;. The input-characteristic curve corresponding to each 
parameter value ve = k is simply the DP plot of two resistors in 
parallel. The v-i curve of the first resistor is the characteristic 
curve of the three-terminal resistor corresponding to v2 = k. The 
v-i curve of the second resistor is obtained by translating the v-i 
curve of the resistor R by ve = k units along the voltage axis v. 
The same procedure can be used to obtain the output-characteristic 
curves. Notice that in this case, the characteristic curves of 
the three-terminal resistor must be given in the conductance 
representation. 


6-8-2 CASCADE CONNECTION OF BASIC 
THREE-TERMINAL BLACK BOXES 


By an appropriate combination of elements into black boxes, it is 
possible to determine the DP plots and TC plots of rather complex, 
nonlinear networks containing both two-terminal and three- 
terminal resistors. We shall illustrate the basic principle with the 
help of the network shown in Fig. 6-44a. 

The first step is to combine Ne and Riz into a three-terminal 
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1 This translation is neces- 
sary because the current 
entering the resistor R in 
Fig. 6-43c is equal to 
14 + Zo. 

2 Notice that if the current 
sources are replaced by 
voltage sources, the graph- 
ical methods discussed so 
far are not applicable. In 
this case, we must appeal 
to the v-shift theorem de- 
scribed in the next chapter. 


Fig. 6-44. The successive reduction procedure for determining the DP plot by graphical techniques. 
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black box N3 as shown in Fig. 6-44b. Notice that this corresponds 
to the black box shown in Fig. 6-43c, and hence its characteristic 
curves can be found by the method described earlier. The next 
step is to combine N3 with Rg and Ry; to form the new three-ter- 
minal black box N4 shown in Fig. 6-44c. This corresponds to the 
black box shown in Fig. 6-43a. Combining next N4 with Rio, we 
obtain the new black box N5 as shown in Fig. 6-44d. This corre- 
sponds to the black box in Fig. 6-43d. If we now combine Ns; with 
R7z, Ro, and R13 to obtain the two-terminal black box Ng shown in 
Fig. 6-44e, we can determine the DP plot across terminals 7 and 8 
of this black box. Hence, the entire network to the right of terminals 
7 and 8 (including R;) can be replaced by the two-terminal black 
box Neg. Notice that it is possible to do this because none of the re- 
sistors on the right of terminals 7 and 8 are connected to elements 
on the left of terminals 7 and 8. The entire black box N¢ is, there- 
fore, said to be in cascade with the network on the left of terminals 
7 and 8. 

We can repeat the same procedure for the remaining network. 
The steps are indicated in Fig. 6-44/ to i. The final DP plot can be 
determined by the procedure described in Sec. 6-7. 

In general, any network made up of cascade connections of 
subnetworks can be handled by the same method. For complicated 
networks, a general computer program can be written to implement 
the above steps automatically. If the network cannot be broken up 
in the manner described above, the more general techniques pre- 
sented in Chaps. 7 and 12 should be used. 


Exercise 1: If the voltage sources in Fig. 6-43a are replaced by current sources 
ig and i;, respectively, describe the procedure for determining the characteristic 
curves of the three-terminal black box if the three-terminal resistor is charac- 
terized by: (a) the conductance representation; () the resistance representation. 
HINT: One of the two resistors is redundant in each case. 


Exercise 2: Repeat Exercise 1 for the black box shown in Fig. 6-435 but with the 
current sources replaced by voltage sources v2 and vj, respectively. 


Exercise 3: Describe the procedure for determining the characteristic curves of 
the three-terminal black box shown in Fig. 6-435 with 72 and i; as the parameter. 


Exercise 4: In many practical three-terminal resistors, the input-characteristic 
curves can be approximately represented by one curve. Show how the procedures 
described for the four black boxes in Fig. 6-43 can be simplified under this 
condition. 


Exercise 5: The order for carrying out some of the steps shown in Fig. 6-44 can 
be interchanged. Find all such possibilities and describe some alternate methods 
for determining the DP plot. 
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6-9 SUMMARY 


Graphical methods for determining operating points 


1. The load-line method is valid for 2 two-terminal black boxes in 
parallel (basic network configuration 1). 


2. The double load-line method is valid for the case where a 
three-terminal resistor is terminated by a two-terminal black 
box across both ends (basic network configuration 2). 


Graphical methods for determining DP plots 


1. The series-combination technique for two resistors connected 
back to front in series. 


2. The parallel-combination technique for two resistors connected 
back to back in parallel. 


Graphical methods for determining TC plots 


1. The template method for a nonlinear voltage divider or a non- 
linear current divider. 


2. The graphical elimination method for a nonlinear voltage 
divider or a nonlinear current divider. 


The template-double load-line method This method is useful for de- 
termining the DP plots and TC plots of networks containing both 
three-terminal and two-terminal resistors which can be reduced 
into a combination of three basic composite networks. This method 
can be extended to determine the characteristic curves of three- 
terminal black boxes made up of both three-terminal and two- 
terminal resistors. The possibility for doing this allows us to deter- 
mine the DP plots and TC plots of resistive nonlinear networks 
which can be broken up into cascade connections of simpler net- 
works amenable to the preceding methods. 


PROBLEMS 


6-1 A piece of rock picked up from the moon was analyzed for its elec- 
trical properties by attaching three electrodes to the rock’s surface, 
forming an equilateral triangle as shown in Fig. P6-la. A series of 
measurements was obtained, and the data were plotted as the two 
families of curves shown in Fig. P6-1c and d. 

(a) Is this three-terminal black box passive or active? Explain why. 
(b) What type of basic element does this rock represent? 
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(c) Ifthe rock is connected as shown in Fig. P6-15, find the op- 
erating point (i1,/2,/3,01,02,03). The v-i curve for nonlinear re- 
sistor Rg is given in Fig. P6-le. 
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6-2 Find the DP plots for the networks shown in Fig. P6-2a to /. Use 
the piecewise-linear v-i curves for the zener diode and the constant- 
current diode shown, respectively, in Figs. 6-20c and 6-21b in the 
text. 


eal 
| <—— > —>+ 
|< = —>+ 
= 


(a) (b) (c) (d) 
1 1 I Z 
+ + + 
| | Uv | 
(e) (f) (g) (h) 


(7) (7) 


6-3 Find the DP plots for the ideal diode networks shown in Fig. P6-3a 
to h. 


6-4 Prove the following statements and give an example in each case. 
(a) The DP plot across two or more current-controlled resistors 
in series is also current-controlled. 
(b) The DP plot across two or more voltage-controlled resistors 
in parallel is also voltage-controlled. 
(c) The DP plot across any series-parallel network containing 


only monotonically increasing resistors is also monotonically 
increasing. 
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Fig. P6-3. 


(d) The DP plot across two identical current-controlled resistors 
in series is obtained by multiplying the abscissa of the original 
v-i curve by 2. Conversely, any current-controlled resistor can 
be decomposed into two identical resistors in series. 

(e) The DP plot across two identical voltage-controlled resistors 
in parallel is obtained by multiplying the ordinate of the 
original v-i curve by 2. Conversely, any voltage-controlled re- 
sistor can be decomposed into two identical resistors in 
parallel. 
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6-5 Find the DP plot for the networks shown in Fig. P6-5a to d. The 
v-i curves for the resistors R4 and Rg are shown in Fig. P6-5e 
and f, respectively. 


2ma 


(d) 4 volts 


Aip, ma 


=p aie) 


=v, , volts eae 


———>  p,, volts 
20 


0 10 
— +—10 
+-—20 
—30 
—40+ z 
(e) Peer) 
Fig. P6-5. 


6-6 (a) Depending on the value of the resistance R in the networks 
shown in Fig. P6-6a to d, the resulting DP plot may be mono- 
tonically increasing, voltage-controlled, current-controlled, or 
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even multivalued. Find the range of R in each network 
for which the DP plot will assume the above types. The v-i 
curves of the tunnel diodes and the glow lamp are shown in 
Fig. P6-6e to g. 

(b) Find the DP plot of the network shown in Fig. P6-6h. 

(c) Find the DP plot of the network shown in Fig. P6-6i. 

(d) If the networks in Fig. P6-6h and i are connected as shown in 
Fig. P6-6), find the operating points corresponding to E = SO, 
100, and 500 my. 


(a) (b) (c) (d) 
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6-7. Acircuit found in an optical instrument consists of an n-p-n tran- 

sistor, a back diode, and two varistors connected as shown in 

Fig. P6-7. 

(a) Find the operating point of this network with uy = 0.9 volt. 

(b) Find the v4-vs.-vg TC plot. 

(c) Find the power-transfer plot between each varistor and the 
driving-point voltage ug, 


1NXX5 


1NXX5 


— = 6volts 


6-8 A 2NXX17B transistor is connected in the circuit shown in Fig. 


4002 I, 


P6-8. The total power dissipated in the transistor is the sum of the 
power into the base-emitter terminals (/gVgz) plus the power into 
the collector-emitter terminals (J¢Vcg). It is known that the power 
IgV gp is much less than the power J¢Vcg. Thus the total power dis- 
sipated by the transistor is very nearly J¢V cz. 

(a) Find the TC plots v, versus v and ig versus v, and then use 
these TC plots to calculate the power dissipation of the tran- 
sistor as a function of the driving-point voltage v. 

(b) Repeat (a) for R, = 120 Q. Assume that the maximum power 
dissipation of the transistor is 0.25 watt and find the maxi- 
mum allowable input voltage v. 

(c) If the maximum power dissipation of the transistor is 
0.25 watt and R; may vary, find the value of Ry, such that the 
power dissipated in Ry; is a maximum without exceeding the 
transistor power limitations. 


2NXX17B 


=— = 12) volts 


6-9 The network shown in Fig. P6-9a is part of a control circuit for a 


rocket stabilization system. The zener diodes are characterized by 
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the same v,-i, curve shown in Fig. P6-9b. The v4-i; and v2-i2 curves 

of Ry and R» are shown in Fig. P6-9c and d, respectively, 

(a) Find the v,-vs.-v; TC plot. 

(b) Find the power-transfer plot from the resistor Ry» to the 
driving-point voltage vj. 


= 1kQ 


+ — Ups 


volts 


(d) 


6-10 As part of a control system in a petroleum refinery, it is necessary 


to sense the rate of flow of propane in a pipe. The circuit shown in 
Fig. P6-10a uses an NTC thermistor and can be designed to do the 
job. Since the rate of cooling is affected by the flow rate of the gas, 
the ambient temperature T of the thermistor is a function of the 
flow rate p (cubic meter per second). This relationship was ob- 
tained by measurement and is shown in Fig. P6-10b. Find the rela- 
tionship between the output voltage v, and the flow rate p. 
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Fig. P6-9. 


Fig. P6-10. 
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6-11 The two networks shown in Fig. P6-11 are usually called hybrid 
circuits because they contain both transistors and tunnel diodes. 
These circuits are useful in the design of many alarm and overload 
protection systems. Describe the step-by-step procedure for deter- 
mining the DP plots of these circuits. 


(a) (6) 
Fig. P6-11. 
6-12 The three networks shown in Fig. P6-12 are widely used in prac- 
tice as voltage regulators. Describe the step-by-step procedure for 
determining the v,-vs.-v; TC plot for each circuit. 


(a) (b) 


Fig. P6-12. 


7-1 SOME SHORTCUTS IN NONLINEAR NETWORK ANALYSIS 


The graphical approach presented in the preceding chapter has 
two significant advantages over the piecewise-linear approach 
(Chap. 12) and the numerical techniques. First, it provides the 
engineer with a lot of qualitative information in addition to the 
network solution. For example, the effect of the nonlinearity of 
the resistor v-i curves on the final DP plot is easily established. This 
information is extremely important in any practical design for 
which the effect of temperature changes, component aging, etc., on 
the network’s performance must be determined. Second, it provides 
all possible solutions in one shot. This is because the amount of 
work required by the graphical approach depends primarily on the 
network topology, not on the type of v-i curves.1 

The most serious disadvantage of the graphical approach is 
that it lacks generality. There are many circuits, such as non- 
series-parallel networks, which cannot be analyzed by the methods 
described in Chap. 6. Our object in this chapter is to present 
several techniques which will allow us to analyze a much larger 
class of networks. These techniques generally consist of some 
shortcuts which permit a complex network to be transformed into 
a simpler, but equivalent, network. These shortcuts are based on 
the principles of equivalence and symmetry. 


7-2. DEFINITION OF EQUIVALENT NETWORKS 


The concept of replacing a network or part of a network by 
a black box as presented in Chap. 6 is actually an application of 
the general concept of equivalent networks. Intuitively, it seems 
reasonable to say that two n-terminal black boxes, N; and Ne, are 
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1Jn sharp contrast with this, 

the amount of work re- 
quired by the piecewise- 
linear method depends 
primarily on the type of 
v-i curves, not on the net- 
work topology. With the 
current state of the art, the 
numerical techniques can 
not be used to analyze 
networks with more than 
one solution. 
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Arbitrary testing Arbitrary testing 
network 


Fig. 7-1. An experiment for 
testing the equivalence be- 
tween two black boxes Ny, 
and No. 


7+ This definition can be 
easily extended to include 
dynamic black boxes. 


AS network 


1 


(d) 


equivalent if we cannot distinguish between them externally. That 
is to say, if we perform identical external measurements on both 
N, and No, we will always obtain identical results. In particular, 
if we connect the black boxes Nj and N»2 separately to the same 
arbitrary network N, as shown in Fig. 7-la and 5, the values 
of the voltage and current solutions of the elements inside N must 
be identical in both cases. Let us now render the concept precise 
by the following definition. 


DEFINITION OF EQUIVALENT NONLINEAR NETWORKS 


Two n-terminal resistive black boxes N; and Ne» are equivalent if 
they can be interchangeably connected to the same arbitrary 
n-terminal network N without affecting the values of the voltages 
and currents inside N.+ 


We cannot overemphasize the fact that only the voltage and 
current solutions inside the testing network N need be identical. 
Nothing is said about the values of voltages and currents inside 
the black boxes Ny and N» because these black boxes may con- 
tain completely different networks, and no comparison is mean- 
ingful nor desirable. In fact, the key idea here is that both N; and 
N2 are really black inside, and all we can compare are the voltages 
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and currents associated with the external network. A simple ex- 
ample will help to clarify this point. Consider the two networks 
N, and N» shown in the left side of Fig. 7-lc and d. If we connect 
an external network N consisting of a 3-Q resistor across N; and 
N2, we obtain the same solution (i = 2 amp and v = 6 volts) in 
each case. In fact, the solutions inside N will be the same regard- 
less of what N is. Hence, we say Ny and Nz» are equivalent. A com- 
mon mistake committed by students is to conclude a priori that 
since Nj; is equivalent to No, the current and voltage associated 
with R; and Rs must be equal. This is wrong because i; = 2 but 
ig = 6. Similarly, v1 = 2 but ve = 6. 


Exercise 1: Show by a counter-example that N; and N» are equivalent if, and only 
if, the definition is satisfied by any external network N, not just one particular 
network. 


Exercise 2: Show that the definition of equivalent networks implies two properties: 
(a) Symmetric property: If Ni is equivalent to Ns, then N2 is equivalent to 
Ny, and hence the two networks may be interchanged, independent of the exter- 
nal load. (6) Transistive property: If Ni is equivalent to Nz and Nz» is equivalent 
to N3, then Nj is equivalent to N3. 


7-3. EQUIVALENCE BASED ON IDENTICAL DP PLOTS 


We shall now derive a number of useful properties and theorems 
based on the principle that a two-terminal resistive black box Ny 
is equivalent to a two-terminal resistive black box N» if, and only 
if, they have identical DP plots at all times. 


SERIES (PARALLEL) COMMUTATIVE PROPERTY 


The DP plot across any resistive network containing two or more 
black boxes in series (parallel) is independent of the order in 
which the black boxes are connected, provided the relative orien- 
tation of each black box with respect to the driving-point terminals 
is preserved. 

This property follows immediately from the series (parallel) 
combination techniques in Chap. 6. 


REDUNDANT SERIES (SHUNT) ELEMENT PROPERTY 


Any two-terminal black box N, which is connected in series 
(parallel) with a current (voltage) source is redundant, and may be 
replaced by a short (open) circuit without affecting the solution of 
any external network connected across the resulting black box Np». 
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Fig. 7-2. The two black boxes 
N,z and No are equivalent be- 
cause of the redundant series 
(shunt) element property. 
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(a) 


(b) 


The proof of this property follows from an inspection of the 
black boxes shown in Fig. 7-2a and b. The DP plots across Ni and 
Ne of Fig. 7-2a are identical because 7 = i,(7) for all ¢. Similarly, 
the DP plots across Ny and Ne of Fig. 7-2 are identical because 
i = U,(t) foraller: 

As an application of this property, we can state the following 
corollary: 


EQUIVALENT CURRENT (VOLTAGE) SOURCE PROPERTY 


Any black box containing two or more identical current (voltage) 
sources in series (parallel) is equivalent to one current (voltage) 
source having the same terminal current (voltage). 


NONLINEAR THEVENIN’S (NORTON’S) THEOREM 


Any two-terminal dc-resistive black box is equivalent to an ap- 
propriate voltage (current) source in series (parallel) with an ap- 
propriate nonlinear resistor. The terminal voltage (current) of the 
voltage (current) source is equal to the voltage (current) intercept 
of the DP plot of the black box. The DP plot of the nonlinear re- 
sistor is obtained by translating the DP plot of the black box 
along its voltage (current) axis until it passes through the origin. 
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To illustrate this theorem, consider the black box Nj and its 
DP plot as shown in Fig. 7-3a. The equivalent black box Nj, cor- 
responding to Thévenin’s and Norton’s theorems is shown in Fig. 
7-36 and c, respectively. Notice that the vr-ip curve in Fig. 7-35 is 
obtained by translating the origin of the DP plot in Fig. 7-3a to 
point P. Similarly, the vy-iy curve in Fig. 7-3c is obtained by trans- 
lating the origin of the DP plot in Fig. 7-3a to point Q. 
The proof of this theorem is obvious from an inspection of 
the respective DP plots in Fig. 7-3. Notice that the voltage E,. at 
point P is equal to the terminal voltage v when 7 = 0. Since this 
voltage can be obtained by measuring the voltage across terminals 
a-b when these terminals are left open-circuited, it is usually called 
the open-circuit voltage. In contrast with this, the current Js. 18 Fig. 7-3. An illustration of the 
usually called the short-circuit current because it represents the application of the nonlinear 
; ; ; ; Thévenin theorem and the non- 
current flowing up a short circuit connected across terminals a-b. 


linear Norton theorem. 
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Fig. 7-4. An illustration of two 
black boxes N’ and N” having 
distinct DP plots but being 
equivalent with respect to N be- 
cause both lead to an identical 
operating point. 


Load line of N 
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Exercise 1: Show that the equivalent current (voltage) source property follows 


from the redundant series (shunt) element property. 


Exercise 2: Show that if the black box N; in Fig. 7-3a contains only linear elements 
and sources, then the resistors R7 and Ry in Fig. 7-3b and c are identical with a 
resistance value equal to — Eo¢/Isc. 


7-4 EQUIVALENCE BASED ON IDENTICAL OPERATING POINTS 


Consider the two black boxes N and N’ in Fig. 7-4a. Suppose we 
pick N’ to be the load and draw the hypothetical load line as 
shown in Fig. 7-4c. Let the voltage and current at the operating 
point be given by v = Eg and i = Jg. Observe next that it is pos- 


v-i curve of N 


(c) 


v-t curve of N 


Load line of N 


(e) 


=U 
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sible to find many distinct load lines which lead to the same 
operating point. This means that it is possible to replace the load 
N’ in Fig. 7-4a by a different load N” in Fig, 7-4b without 
affecting in any way the voltage and current solutions of the ele- 
ments inside the black box N. In fact, any of the load lines shown 
in Fig. 7-4d would qualify.! It is important to observe that the 
black boxes N’ and N” are not equivalent to each other because 
they have different DP plots. However, they can be said to be 
equivalent with respect to the black box N. This is a more restricted 
form of equivalence, but it is useful in simplifying analysis, as 
shown by the following substitution theorems: 


VOLTAGE-SOURCE SUBSTITUTION THEOREM 


If at any time ¢ the black box N has a voltage-controlled DP plot, 
and if the terminal voltage is given by v = v,(f), then we can sub- 
stitute the load N’ by a voltage source with terminal voltage v(t) 
without affecting the solution inside the black box N. 


This theorem follows from the fact that a unique operating 
point results from the intersection between any voltage-controlled 
DP plot and a vertical load line. By assuming the same terminal 
voltage u;(t) for the voltage source, the same operating point will 
be obtained at all times. This proves the theorem. To show that the 
DP plot must be voltage-controlled in order for this theorem to be 
valid in general, suppose the v-i curve of N is not voltage-controlled, 
and suppose the load-line construction leads to the operating point 
Q as shown in Fig. 7-4e. If we replace the load N’ by a voltage 
source with terminal voltage v = Eg, the resulting load line will 
intersect the v-i curve of N not only at Q but also at Q’ and Q” as 
shown in Fig. 7-4f In other words, if the DP plot of N is not volt- 
age-controlled, extraneous solutions may result. By similar reason- 
ing, we can now state the dual theorem: 


CURRENT-SOURCE SUBSTITUTION THEOREM 


If at any time ¢ the black box N has a current-controlled DP plot, 
and if the terminal current is given by 7 =i,(¢), then we can 
substitute the load N’ by a current source with terminal current 
i(¢) without affecting the solution inside the black box N. 


Since a short circuit is equivalent to a voltage source with 
zero terminal voltage, and an open circuit is equivalent to a cur- 
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Tf the original circuit has n 
operating points, the new 
circuit must also have n 
operating points. 
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1Although only three 
branches are shown con- 
nected with each node, the 
theorem is valid for any 
number of branches. 
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rent source with zero terminal current, we can now state the 
following theorems: 


SHORT-CIRCUIT SUBSTITUTION THEOREM 


If the DP plot across a pair of terminals formed by a soldering- 
iron entry is voltage-controlled, and if the open-circuit voltage 
across these terminals is zero, then we can short-circuit the ter- 
minals without affecting the solution of the original network. 


OPEN-CIRCUIT SUBSTITUTION THEOREM 


If the DP plot across a pair of terminals formed by a pliers-type 
entry through a wire is current-controlled, and if the short-circuit 
current is zero, then we can open-circuit the wire without affecting 
the solution of the original network. 


Exercise 1: Prove the current-source substitution theorem and show why the 
condition that the DP plot be current-controlled is necessary in general. 


Exercise 2: Prove the short-circuit and the open-circuit substitution theorems 
and show why the condition on the DP plot is necessary in general. 


Exercise 3: Show that the condition on the DP plot in the four substitution 
theorems can be replaced by a weaker condition, namely, the solution after the 
substitution remains unique. 


7-5 THE SHIFTING THEOREMS 


We are now ready to derive two important results which will allow 
us to break the series-parallel barrier. These are the v-shift theorem 
and the i-shift theorem. Since these theorems are crucial to many 
subsequent discussions in this book, the reader is strongly urged to 
develop a full understanding of these results. 


THE v-SHIFT THEOREM 


A voltage source connected across any pair of nodes a-b (such as 
Fig. 7-5a) can be shifted in series with all branches connected to 
either node a (Fig. 7-55), thereby eliminating node a, or to node b 
(Fig. 7-5c), thereby eliminating node b. The polarity of the shifted 
sources at the common node must be identical with the polarity of 
the original source at the corresponding node.1 


The v-shift theorem allows us to eliminate one node from the 
original network without affecting its solution. Very often, this 
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, x Fig. 7-5. An illustration of the 
will transform a non-series-parallel network into one which is _ removal of anode by the v-shitt 


SelicaamarallclaBetore we apply thts)theorem to specific examples, “eorem and the removal of a 


1: branch by the i-shift theorem. 
let us prove it. It suffices to prove that the black box Nz in Fig. 7°" °° Nh eorem 


7-5b is equivalent to the original black box Nj, and hence they can 
be interchanged. For convenience, the black box Np» is redrawn in 
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Fig. 7-5d. Observe that v.g, = Vgy = 0 and therefore we may con- 
nect a short circuit across terminals a, 8, and y (Fig. 7-Se) without 
affecting the original solution. Since the voltage sources in Fig. 
7-5e are now in parallel, they can be replaced by one equivalent 
voltage source as shown in Fig. 7-5f. Observe that this is identical 
with the original network in Fig. 7-5a, and hence the theorem is 
proved. 


THE i-SHIFT THEOREM 


A current source connected across any pair of nodes a-b (such as 
Fig. 7-5g) can be shifted in parallel with any set of branches 
which form a closed loop with the original current source, such as 
loop bcdea in Fig. 7-5h or loop bfgha in Fig. 7-51. The reference 
direction of the shifted sources is clockwise (counterclockwise) 
around the loop if the direction of the original source is in a 
counterclockwise (clockwise) direction. 


The i-shift theorem allows us to remove a current source 
across a pair of nodes. This will often transform a non-series- 
parallel network into one which is series-parallel. Since the i-shift 
theorem is simply the dual of the v-shift theorem, its proof will be 
left as an exercise. 


Exercise 1: Another way to prove the v-shift theorem is to show that the equations 
of motion of the shifted network remain unchanged. Verify this property for both 
No and Nz in Fig. 7-5b and c. 


Exercise 2: Prove the i-shift theorem by two methods: (a) Construct the dual of the 
proof given for the v-shift theorem. (b) Show that the equations of motion remain 
unchanged. 


Exercise 3: The v-shift theorem can be generalized by shifting the voltage source 
across any pair of nodes a-b to all branches which form a cut set with the voltage 
source. State this generalized theorem precisely and prove it. 


Exercise 4: Are the shifting theorems applicable to controlled sources? If so, 
what precaution must be taken? 


7-6 GRAPHICAL ANALYSIS OF NON-SERIES-PARALLEL NETWORKS 


We shall now demonstrate by means of examples the application 
of equivalent network theorems to the analysis of a large CHESS of 
non-series-parallel networks. 
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EXAMPLES 


1. We are now in a position to solve for the operating point of the 
network shown in Fig. 6-12, which we reproduce in Fig. 7-6a 
for convenience. It was shown earlier in Sec. 6-2-2 that the 
double load-line method is applicable provided the DP plot 
across the black boxes Ny and N» can be found. 
Consider first the black box Ny. The presence of the volt- 
age source 01; Suggests that we apply the v-shift theorem to 
transform N, into the equivalent series-parallel network shown 
in Fig. 7-66. The v3-i3 DP plot of this network can now be 
easily obtained by the methods described in Chap. 6. Consider 
next the black box Np». This time let us apply the i-shift theorem 
to obtain the equivalent series-parallel network shown in the 
center of Fig. 7-6c. The DP plot can be obtained by a similar 
procedure. We can save some work, however, by observing that 
the voltage source vj2 is connected across an imaginary two- 
terminal black box made up of resistors Rg and Rg and the 
current source J. Hence, applying the redundant shunt element 
property (Sec. 7-3), we can remove resistors Rg and Rg and the 
current source J without affecting the v4-i4 DP plot of No. This 
is shown in the right of Fig. 7-6c. 
Assuming that the above procedures have been carried 
out and the DP plots across N; and Nz have been found, we 
can proceed to determine the operating-point voltages v3 and 
v4 and currents i3 and i, by the double load-line method. Let 
us suppose that this, too, has been done, and consequently we 
found = E3, ue E4, a T3, and = Ik, We can now 
“enter” each black box and determine the solution of each ele- 
ment as follows. If the DP plot across Nj is voltage-controlled, 
we can apply the voltage-source substitution theorem (Sec. 7-4) 
and replace the network to the right of Ni by a voltage source 
with a terminal voltage equal to £3 as shown in the left of Fig. 
7-6d. If the DP plot across Nj is current-controlled, we can 
apply the current-source substitution theorem and replace the 
network to the right of N; by a current source with a terminal 
current equal to 73 as shown in the right of Fig. 7-6d. The same be oe Bees eee : 
principle holds for the networks shown in Fig. 7-6e.1 Replacing pitenle tnpey pant pate 
the black boxes N; and N2 by the equivalent series-parallel — ever, we must watch for 
networks in Fig. 7-6b and c, respectively, we can easily deter- os Seam say 
mine the operating-point voltage and current associated with on, be excluded in oe 
each element inside the black boxes N, and No. final solution. 


Fig. 7-6. An illustration of the application of the shifting theorems and the substitution theorems for analyzing a complicated 
non-series-parallel network. y 
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2. To show that the shifting theorems are applicable not only to 
networks with built-in voltage sources or current sources, such 
as the network in Fig. 7-6a, consider the nonlinear Jattice net- 
work shown in Fig. 7-7a.! The basic idea is to recast this net- 
work into the form of basic configuration 2 of Sec. 6-2-2 
as shown in Fig. 7-7b. We can apply the double load-line 
method to find the v,-vs.-v; TC plot of this network if we can 
represent the black box N by two sets of characteristic curves 
in the same manner in which a three-terminal resistor is 
represented. 
To obtain the set of input characteristics in the conductance 
representation, we extract the black box N and connect a volt- 
age source U2 across terminals c-d as shown in Fig. 7-7c. 
We then apply the v-shift theorem to obtain the equivalent 
series-parallel network shown in Fig. 7-7d. For each value of 
the parameter v2, we obtain one DP plot. Hence, by repeating 
this procedure for several values of v2, we obtain the desired 
set of input-characteristic curves. 
To obtain the set of output characteristics in the conduct- 
ance representation, we extract the black box N and connect a 
voltage source v; across terminals a-b as shown in Fig. 7-7e. An 
application of the v-shift theorem results in the equivalent 
series-parallel network shown in Fig. 7-7f. The set of output- 
characteristic curves is obtained by finding the DP plot across 
terminals c-d corresponding to different values of the parameter 
Os 
As a simple application of the above general procedure, 
consider the full-wave rectifier circuit shown in Fig. 7-8a. The 
most important information desired is the TC plot between the 
output voltage v, and the input voltage v;. We would also like 
to know the effect of the load resistance Ry on the resulting TC 
plot. Since the resistor R, in Fig. 7-7a is absent in this circuit, 
the TC plot can be simply obtained by finding only the v2-ig 
output-characteristic curves of the equivalent circuit shown in 
Fig. 7-85 as a function of the input voltage parameter vj. 
Assuming a typical diode vg-iq curve as shown in Fig. 7-8c, the 
Vg-ig Curves are easily obtained graphically as shown in Fig. 
7-8d. Notice that for this particular circuit, each curve is asso- !This network configura- 
ciated with both v; = E and v; = —E. We can now draw the load sees ee in Ae 
line corresponding to R, and obtain the TC plot by transferring practical circuits having 
the points of intersection into the v;-v, plane. The TC plots the same topology, but 
corresponding to three different load resistances are shown in a eee ee 
Fig. 7-8e. Observe that as the value of Ry decreases, the output other network configura- 
voltage uv, also decreases. tions. 
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Fig. 7-7. An application of the 
u-shift theorem for determining 
the TC plot of a nonlinear lat- 
tice network. 


The output voltage waveform v,(f) corresponding to a 
sinusoidal input voltage v,(¢) is obtained by the graphical con- 
struction shown in Fig. 7-8f Notice that both positive and 
negative waves are now present in the rectified output voltage, 
hence the name full-wave rectifier. Ideally, we would like to 
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have the peak output voltage equal the peak input voltage. 
Accordingly, the ideal TC plot should be described by vu = |vjl. 
It is clear that the nonlinearity of the diode vg-iq curve and the Fig. 7-8. A detailed graphical 


finite load resistance are responsible for the departure from this analysis of the full-wave recti- 
ideal TC plot. ee 
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3. The shifting theorems are particularly useful in the determina- 


tion of the characteristic curves of a three-terminal black box 
containing both two-terminal and three-terminal resistors. 

Consider first the configuration shown earlier in Fig. 6-43c. 
This is reproduced in Fig. 7-9a for convenience. To determine 
the input-characteristic curve corresponding to each value 
i, = k of the current source connected across terminals b-c, we 
apply the i-shift theorem to obtain the equivalent network 
shown in Fig. 7-9b. Notice that this circuit can be considered 
as a series connection between the two black boxes N; and No, 
and hence the DP plot corresponding to each value i = k 
is easily obtained. To determine the output-characteristic curve 
corresponding to each value i, =k of the current source con- 
nected across terminals a-c, we apply the i-shift theorem and 
obtain the equivalent circuit shown in Fig. 7-9c. The DP plot 
corresponding to each value i, = k is obtained by a similar 
procedure. 

Consider next the configuration shown earlier in Fig. 6-43d. 
This is reproduced in Fig. 7-9d for convenience. To obtain the 
input-characteristic curve corresponding to each value vz, = k 
of the voltage source connected across terminals b-c, we apply 
the v-shift theorem to obtain the equivalent network shown in 
Fig. 7-9e. Notice that this circuit can be considered as a parallel 
connection between the two black boxes Ny; and Noe, and hence 
the DP plot corresponding to each value v,, = k is easily ob- 
tained. To determine the output-characteristic curve corre- 
sponding to each value vg. = k of the voltage source connected 
across terminals a-c, we apply the v-shift theorem and obtain 
the equivalent circuit shown in Fig. 7-9f. The DP plot corre- 
sponding to each value vg- =k is obtained by a similar 
procedure. 

As a final illustration of the utility of the shifting theorems, 
consider the famous Darlington transistor connection shown in 
Fig. 7-9g. This circuit is widely used as a three-terminal device 
because it offers a number of advantages over a single transistor. 
To determine the characteristic curves of this three-terminal 
black box, it is convenient to apply a voltage source across 
terminals b-c and a current source across terminals a-c. Corre- 
sponding to each value vu. = k of the voltage source, the input- 
characteristic curve is determined by applying the v-shift theorem 
to obtain the equivalent network shown in Fig. 7-9h. Notice 
that the black box N can be interpreted as the resistor R in the 
circuit configuration of Fig. 7-9a. Hence, the technique discussed. 
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above for this configuration is applicable here. To determine 
the output-characteristic curve corresponding to each value 
ig = k, we apply the i-shift theorem to obtain the equivalent 
circuit shown in Fig. 7-97. Observe that the black box N can be 


Fig. 7-9. Application of the 
shifting theorems to obtain the 
characteristic curves of three- 
terminal resistive black boxes. 
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be written to implement 
the series of graphical 
procedures automatically. 
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interpreted as the resistor R in the circuit configuration of Fig. 
7-9d. Hence, the technique discussed above for this configura- 
tion is again applicable here. 


The above procedure can obviously be used to obtain the 
characteristic curves of three-terminal black boxes containing 
more than two transistors connected in the Darlington configura- 
tion or other configurations. The basic principle is to identify 
appropriate black boxes, through the application of equivalent 
network theorems, so that the circuit reduces to a combination of 
the basic configurations discussed so far.! 


Exercise 1: Develop a general method for determining the TC plot of the nonlinear 
lattice network shown in Fig. 7-7a with the help of the i-shift theorem. 


Exercise 2: Describe the step-by-step graphical procedure for finding the exact 
TC plot and DP plot of the full-wave rectifier circuit shown in Fig. 7-8a, but with 
a linear resistor R, inserted in series with the voltage source. You may assume a 
piecewise-linear v-i curve for the diode in carrying out the discussion. 


Exercise 3: Compare the methods described above for determining the charac- 
teristic curves of the three-terminal black boxes shown in Fig. 7-9a and d with 
those described earlier in Sec. 6-8-1. What are the advantages and disadvantages 
in each case? 


Exercise 4: Discuss the step-by-step procedure for determining the characteristic 
curves of the circuit in Fig. 7-9g but with each transistor 7; and T> replaced by 
the Darlington pair of Fig. 7-9g. 


7-7 PRINCIPLES AND APPLICATIONS OF SYMMETRY 


Many difficult problems in physical science have been solved by 
rather simple methods. One such method is to take advantage of 
the symmetry exhibited by some systems. Applying the concept of 
symmetry to nonlinear networks, if indeed they are symmetrical, 
often leads to very simple solutions. Failure to take advantage of 
such symmetry can make the network much more difficult, and 
sometimes impractical, to analyze. 

Roughly speaking, a network is symmetrical with respect to a 
certain physical transformation, such as a rotation, if the network 
remains invariant after the transformation. The word invariant is 
used in the strict sense to indicate that the transformed network 
remains exactly identical with the original network, both geometri- 
cally and electrically. We shall now state a precise definition con- 
cerning two rather common types of symmetry. 
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DEFINITION OF FLIP-OVER AND ROTATIONAL SYMMETRIES 


A network is said to be symmetrical with respect to an “axis 
of symmetry” a ifit remains geometrically and electrically invariant 
upon a rotation of 6 deg about a. If a lies on the plane of the net- 
work, then @ equals 180° and the network is said to exhibit a /lip- 
over symmetry. If a is a line perpendicular to the plane of the 
network, then the network is said to exhibit a 6-deg rotational 
symmetry. 

To illustrate the various types of symmetry, Fig. 7-10a to c 
show three networks exhibiting flip-over symmetry corresponding 
to three different axes a1, a2, and a3, respectively. These three 
types of flip-over symmetry can be further distinguished as vertical, 
horizontal, and skew symmetry. However, since any network ex- 
hibiting flip-over symmetry can be redrawn so that the axis a 
becomes vertical, it suffices to consider vertical flip-over symmetry. 
The networks shown in Fig. 7-10d to fexhibit rotational symmetry 
with 6 = 180, 120, and 60°, respectively. Observe that any network 
which exhibits 6-deg rotational symmetry also exhibits n6-deg 
rotational symmetry, where n is an integer. Hence, the network of 
Fig. 7-10f also exhibits 120° rotational symmetry. 

It is important to realize that the black boxes shown in Fig. 
7-10a to f must also exhibit electrical symmetry. For example, the 
network shown in Fig. 7-10g “seems” to exhibit vertical flip-over 
symmetry. If we actually flip over this network as shown in Fig. 
7-10h, we find the network to be only geometrically symmetric. 
This is because the polarities of the two nonlinear resistors R are 
now reversed, and hence their v-i curves are different, unless the 
resistors are bilateral.2 Indeed, if we redraw the network in Fig. 
7-10h into the black-box configuration shown in Fig. 7-10i, it 
is clear that the DP plots of N’ and N” will not be identical unless 
the resistor R is bilateral. 


7-7-1 SOME APPLICATIONS OF SYMMETRY 
TO THE OPERATING-POINT PROBLEM 


We shall now derive a number of theorems which will often lead 
to shortcuts in the determination of the operating point of a sym- 
metric network. In order for these theorems to be valid for all 
cases, it is necessary to stipulate the following standing assumption: 
The network under consideration has a unique operating point.* 
We also assume that the short-circuit and the open-circuit substitution 
theorems are applicable whenever the voltage or the current is equal 


to zero. 
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1 This term is suggested by 

the observation that if the 
network is drawn on a 
transparent sheet of paper, 
and if we flip over the 
paper along the axis a, 
the network remains un- 
changed. 


2 As defined in Sec. 1-6-3, a 
resistor is said to be bi- 
lateral if, and only if, its 
v-i curve is symmetrical 
with respect to the origin. 


3 One sufficient condition is 


the uniqueness theorem in 
Sec. 5-6. 
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(g) . (h) (i) 


Fig. 7-10. An illustration of 
various types of symmetrical 
networks. 


We shall henceforth refer to the above assumption as the 
uniqueness hypothesis. If this assumption is not satisfied, the follow- 
ing theorems may still be valid; however, one must be careful to 
watch in each step that no extraneous solutions are introduced. 
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FLIP-OVER SYMMETRIC-NETWORK THEOREM 


Under the uniqueness hypothesis, the flip-over symmetric network 
shown in Fig. 7-1la is equivalent to the bisected network shown 
in Fig. 7-11b. Hence, all horizontal wires may be open-circuited, 
and all pairs of crossed wires may be short-circuited, without 
affecting the operating point of the network. 


This theorem is intuitively obvious because if we flip over the 
network, we could not tell any difference. There is no preference, 
therefore, for the current in the horizontal wires to flow in one 
direction or the other. Similarly, there is no preference for the 
voltage across each side of the crossed wires to assume either 
polarity. The only way to satisfy this neutrality is for the currents 
and voltages to be zero. We could, of course, prove this theorem 
rigorously. To do this, it suffices to consider an arbitrary horizon- 
tal wire, such as a-b of Fig. 7-1la, and a pair of crossed wires, such 
as wires c-d and e-f. Let us now flip over the network and observe 
that point a becomes point 5, and vice versa. Similarly, points 
c and e in the original network become points fand d in the flipped- 
over network, and vice versa. Since the network is assumed to have 
a unique solution, and since the two networks are identical, we 
have igh = jpg and Uce = Uya. But if we apply KCL and KVL to the 
original network in Fig. 7-1la, we obtain the relations ign = —ipg 
and Uce = —Uya. Since a number can equal its negative only if it is 
zero, we conclude that igg = tpg = O and Uce = Vyq = 0. Further- 
more, in view of the uniqueness hypothesis, we can apply the open- 


(a) 
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Fig. 7-11. Two equivalent net- 
works exhibiting flip-over sym- 
metry. 
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(a) 


Fig. 7-12. Two equivalent net- 
works exhibiting 180° rota- 
tional symmetry. 
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circuit substitution theorem and the short-circuit substitution 
theorem (Sec. 7-5) to obtain the equivalent network shown in Fig. 
7-116. 


ROTATIONAL SYMMETRIC-NETWORK THEOREM 


Under the uniqueness hypothesis, the 180° rotational symmetric 
network shown in Fig. 7-12a is equivalent to the bisected network 
shown in Fig. 7-125. Hence, each pair of crossed wires may be 
open-circuited, and each pair of corresponding horizontal wires 
may be short-circuited, without affecting the operating point of the 
network. 


This theorem follows from the observation that the network 
shown in Fig. 7-12a can be redrawn into one which exhibits 
vertical flip-over symmetry by “flipping” or “twisting” the right 
portion of the network along a horizontal axis through the center. 
In so doing, each pair of crossed wires becomes a pair of horizon- 
tal wires, and each pair of horizontal wires becomes a pair of 
crossed wires. 


SYMMETRIC LATTICE NETWORK THEOREM 


Under the uniqueness hypothesis, the voltages and currents of the 
two identical series-arm resistors Ry (crossed-arm resistors Rg) of 
the symmetric, nonlinear lattice network shown in Fig. 7-13a are 
equal to each other; that is, vy = v3, ve = V4, iy = ig, and ip = ig. 


(b) (c) ‘. 


(d) (e) 


Fig. 7-13. The step-by-step proof of the symmetric lattice network theorem. 
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1 Since the two bisected sub- 
networks are identical, 
only one part needs to be 
considered. 
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To prove this theorem, let us first apply the v-shift theorem 
through nodes a and b of the lattice network and obtain the 
equivalent networks shown in Fig. 7-13 and c, respectively. Let us 
next apply the series commutative property (Sec. 7-3) to move the 
resistor R, from the network in Fig. 7-13c into the position shown 
in Fig. 7-13d. The same property is used to interchange the posi- 
tion of the voltage source v and the resistors Ry and Rez (Fig. 
7-13d). Finally, let us rotate the network in Fig. 7-13d by 180° with 
respect to an axis perpendicular to the plane of the network 
as shown in Fig. 7-13e. Observe now that the networks shown in 
Fig. 7-13b and e are identical except for the voltage and current 
variables associated with the resistors. Moreover, in view of the 
uniqueness hypothesis, the network has a unique solution. Hence, 
we conclude that v1 = v3, ve = U4, 11 = i3, and ig = i4. 

Whenever applicable, the above theorems greatly simplify the 
solution of many operating-point problems. As an example, con- 
sider the network shown in Fig. 7-14a, where all resistors are 
assumed to be characterized by monotonically increasing v-i 
curves. Moreover, we shall assume that the four resistors labeled 
R’ are bilateral. An initial examination of this network does not 
reveal any form of symmetry. However, it is possible to transform 
this network so that it exhibits flip-over symmetry by interchanging 
the position of the resistor RK’ and the voltage source E as shown 
in Fig. 7-14. Since the resistor R’ is bilateral, we may transpose 
its terminals, thereby obtaining a flip-over symmetric network. 
Hence, applying the flip-over symmetric-network theorem, we can 
short the pair of crossed wires to obtain the equivalent network 
shown in Fig. 7-14c.1 This network can be further simplified by 
splitting the resistor R” into two identical resistors Ro in parallel 
as shown in Fig. 7-14d. Notice that the terminals of the bilateral 
resistor R’ have been transposed in this figure in order that the 
resulting network exhibit rotational symmetry. An application of 
the rotational symmetric-network theorem leads to the equivalent 
network shown in Fig. 7-14e. This network is now relatively simple 
to analyze. 


7-7-2. SOME APPLICATIONS OF SYMMETRY TO THE 
DETERMINATION OF DP PLOTS AND TC PLOTS 


There are many practical networks for which the DP plot or TC 
plot exhibits some form of symmetry. If we can tell, a priori, the 
type of symmetry, then only half of the work needs to be done. We 
shall now derive a number of useful properties for this purpose. . 
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Fig. 7-15. The DP plot and TC 


plot of any horizontally sym- SYMMETRIC DP PLOT-TC PLOT THEOREM 
metric black box are symmetri- 


cal with respect to the origin. Tf a black box exhibits a flip-over symmetry with respect to the 
horizontal axis a through the center of the box (Fig. 7-15a), then 
the DP plot across any pair of symmetrically spaced driving-point 
terminals is symmetrical with respect to the origin. Similarly, the 
TC plot from any pair of symmetrically spaced output terminals 
to a pair of symmetrically spaced driving-point terminals is also 
symmetrical with respect to the origin. 


The first part of the theorem follows immediately from the 
fact that the flip-over symmetry implies that the two-terminal 
black box is bilateral. To prove that the TC plot is also symmetrical, 
let us denote the TC plot of the black box in Fig. 7-1l5a by 
Uca = f (Van). If we flip over the box, the TC plot remains unchanged 
because the two black boxes are indistinguishable. Hence, 
Vac = f (Ura). But KVL implies that veg = —Vac and Ugy = —Vpa. 
This means that Ucq = —f (Va) = —f(—Vav), and hence the TC 

1 This theorem is valid for Plot is indeed symmetrical with respect to the origin. 
arbitrary, nonlinear resis- As a direct consequence of this theorem, we can state the fol- 
aie a a a6 lowing very useful property:? The DP plot across two identical re- 
plot and TC plot may be S/Stors connected back to back in series (Fig. 7-15b), or back to 
multivalued. front in parallel (Fig. 7-15c) is symmetrical with respect to the. 
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origin. Since the resistors need not be bilateral, this property 
is often used in practice for obtaining symmetrical DP plots from 
nonbilateral resistors. For example, the two-zener diode back-to- 
back circuit shown in Fig. 7-15d is widely used in practice to 
obtain a symmetrical zener v-i curve. Similarly, the tunnel-diode 
battery combination shown in Fig. 7-15e is used in many switching 
circuit applications (Chap. 16) which require a symmetrical DP 
plot. 

Since the nonlinear lattice network is one of the most versatile 
and useful circuits in practice, let us take a further look at the cir- 
cuit shown in Fig. 7-16a.! We shall state two general properties of 
this network. 


SYMMETRIC LATTICE NETWORK: PROPERTY 1 


If resistors R; and Rp» are identical and resistors R3 and Ry, are 
identical, then corresponding to any value of v2, the DP plot is 
symmetrical with respect to the origin. 


This property can be easily verified by applying the v-shift 
theorem to obtain the equivalent circuit shown in Fig. 7-16. If Ry 
is identical with Ro, and R3 is identical with R4, then this circuit 
exhibits horizontal symmetry. The property, therefore, follows 
from the symmetric DP plot-TC plot theorem. 


SYMMETRIC LATTICE NETWORK: PROPERTY 2 


If the four resistors Ri, Re, R3, and R4 in Fig. 7-16c are identical, 
then the v,-vs.-v; TC plot is symmetrical with respect to the v, axis. 


To prove this property, let us obtain the output-characteristic 
curve corresponding to each value v; = k of the circuit shown in 
Fig. 7-16c. If we apply the v-shift theorem, we obtain the equiva- 
lent network shown in Fig. 7-16d. Notice that since all four 
resistors are identical, the two black boxes Ny and N» differ only 
in the polarity of the voltage source. If we multiply the terminal 
voltage v; of both voltage sources by minus 1, the black box 
Nz becomes black box N;, and the black box Ny becomes black 
box N2. Hence, applying the series commutative property, we con- 
clude that the DP plots across terminals c-d corresponding to 
v; = kandv; = —<k are identical. This means that regardless of the 
load resistor Ry, the load-line construction must lead to a TC plot 
which is symmetrical with respect to the v, axis. 
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' Observe that the polarities 
of the two resistors Re 
and R, are chosen opposite 
to those shown in Fig. 
7-13 a. 
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Fig. 7-16. Equivalent lattice 
networks for verifying the sym- 
metric DP plot and TC plot 
properties of a symmetric non- 
linear lattice. 


(d) 


In view of this property, we need to find only the TC plot 
corresponding to uv; > 0. The other half is simply a mirror reflec- 
tion about the v, axis. Since the full-wave rectifier circuit shown in 
Fig. 7-8a satisfies the hypothesis of this property, we could have 
saved half the work if we realized earlier that the TC plot is 
symmetrical. 


Exercise 1: Give an example of a network which exhibits the following types of 
symmetry: (a) @ = 30, 45, and 90° rotational symmetry. (6) Both flip-over and 
rotational symmetry. 
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Exercise 2: Show that a network exhibits @ = 180° rotational symmetry if, and 
only if, the network remains invariant after it is flipped over twice with respect to 
vertical and horizontal axes of symmetry. 


Exercise 3: Prove the rotational symmetric-network theorem rigorously. 


Exercise 4: Show that by flipping over one side of the network shown in Fig. 7-145, 
the network is transformed into one which exhibits rotational symmetry. Verify 
that the same end result shown in Fig. 7-14e is obtained by this approach. 


Exercise 5: Show that if all resistors in the lattice network of Fig. 7-13a are bi- 
lateral, then both the DP plot across terminals a-b and the v,-vs.-v TC plot are 
symmetrical with respect to the origin. 


7-8 COMPLEMENTARY NETWORKS 


There are many practical networks which occur in pairs and there- 
fore can be analyzed as a single entity. For example, two circuits 
which differ only in that one contains p-n-p transistors while the 
other contains n-p-n transistors should logically be analyzed as 
one circuit. In order to formulate a systematic procedure for doing 
this, we need the following definitions: 


DEFINITION OF COMPLEMENTARY RESISTORS 


Given an n-terminal resistor R, we define an associated comple- 
mentary resistor R by multiplying all voltage and current coordinates 
(including the parameters) of the characteristic curves of R by 
minus |. 


If n = 2, the 0-i curve of the complementary resistor R is ob- 
tained by rotating the v-i curve by 180° with respect to the origin. 
The complement of a bilateral resistor is therefore itself, and the 
complement of a nonbilateral resistor (including a voltage source 
and a current source) is obtained by transposing the terminals of 
the original resistor R. 

If we replace each resistor in a given network N by its com- 
plement, we obtain the complementary network N. The following 
theorem is very useful for analyzing a large class of practical 
circuits. 


COMPLEMENTARY-NETWORK THEOREM 


If N is the complementary network associated with a given net- 
work N, then the voltage across any pair of nodes of N is equal to 
the negative of the corresponding voltage in N. Similarly, the cur- 
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1 All definitions and con- 
cepts introduced in this 
section are applicable also 
to dynamic networks. 
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(a) 


Fig. 7-17. An example of two 
complementary nonlinear net- 
works. 
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rent in any wire of N is equal to the negative of the corresponding 
current in N. 


To prove this theorem, we first observe that the equations of 
motion of N and WN are identical, provided we define each voltage 
and current variable of N to be the negative of the corresponding 
variable in NV. The operating points of the two networks are there- 
fore identical, apart from a negative sign. 

This theorem is often used in practice for converting a net- 
work containing p-n-p transistors or p-channel FETs into a com- 
plementary network containing n-p-n transistors or n-channel 
FETs. This application is particularly useful in the design of 
“logic circuits” to be discussed in Chap. 10. As a simple example, 
consider the network shown in Fig. 7-17a. The complement of this 
network is easily constructed as shown in Fig. 7-175. If the operat- 
ing point of the original network is given by (v;,/;), 7 = 1,2,..., 6, 
then the corresponding operating point (0j,7;) of the complemen- 
tary network is given by 0; = —v; and i; = —ij, 7 = 1, 2,..., 6. 


Exercise 1: Show that if a network contains only passive bilateral resistors and 
no sources, then the voltage and current variables of this network must be 
identically zero. 


Exercise 2: Explain how to obtain the complement of a controlled source. 
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Exercise 3: Find the complement of a gyrator, a rotator, a scalor, a reflector, and 
an ideal transformer. 
7-9 SOME PRACTICAL CIRCUITS 


We shall now show how the principles introduced so far can be 
used to analyze many practical circuits of interest. 


7-9-1 DC AMPLIFIER 


The circuit shown in Fig. 7-18a can be designed to give a TC plot 
Uo = Av; Over some range of input voltage v;. Since this circuit is 
usually used with a de input voltage and since A > 1, it is called a 


(a) 


Slope of linear region =A 


(5) 
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Fig. 7-18. An illustration of the 
application of symmetry prin- 
ciples in simplifying the analy- 
sis of a dc amplifier circuit. 
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1It is possible for this cir- 

cuit to have more than 
one solution. Hence, we 
must watch out for the 
possibility of extraneous, 
and hence erroneous, solu- 
tions. 
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dc amplifier. The black box seen by the driving-point voltage source 
v; exhibits horizontal flip-over symmetry. Hence, both the DP plot 
and the vp-vs.-v; TC plot are symmetrical with respect to the origin. 
A typical TC plot is shown in Fig. 7-186. 

The first step in the design of a dc amplifier is the determina- 
tion of the operating point when v; = 0. If we redraw this circuit 
as shown in Fig. 7-18c, we find that it exhibits vertical flip-over 
symmetry.! Under appropriate design, this circuit has a unique 
solution, and, hence, applying the flip-over symmetric-network 
theorem, we may open-circuit the horizontal wires and short- 
circuit the crossed wires and obtain the equivalent circuit (only 
one-half is shown) shown in Fig. 7-18d. The operating point of this 
much-simplified circuit can now be easily obtained. 

There are several practical reasons for preferring symmetrical 
circuits over unsymmetrical ones. The most important reason is 
that the output voltage v, of symmetric circuits such as the 
de amplifier shown in Fig. 7-18a is not sensitive to changes in ele- 
ment parameter values, provided the changes take place also in a 
symmetrical sense. For example, if vj = 0 in Fig. 7-18a, then 
Up = O regardless of the values of EF, Ri, Re, and R3, provided that 
each of the two symmetrically located resistors changes by an equal 
amount. Since all practical circuits are subject to variation due to 
temperature, aging, supply voltage changes, etc., the use of sym- 
metrical circuits tends to minimize the effect resulting from such 
changes. This principle is widely used in the fabrication of inte- 
grated circuits because it is known that the circuit parameters of 
an integrated circuit vary in an amazingly uniform and sym- 
metrical manner. 


7-9-2, COMPLEMENTARY SYMMETRIC AMPLIFIER 


The circuit shown in Fig. 7-19a contains an n-p-n transistor T; anda 
p-n-p transistor T> and is called a complementary symmetric am- 
plifier because the network graph is symmetrical and the transistors 
are complementary. In order to obtain the v,-vs.-v; TC plot graph- 
ically, we apply the v-shift theorem and obtain the equivalent net- 
work shown in Fig. 7-19b. Notice that this circuit can be con- 
sidered as a load resistor R across the parallel combination of the 
two black boxes N,; and Np. It suffices, therefore, to determine the 
DP plot across terminals a-b corresponding to each value v; = k. 
Observe that we can save half of the work by taking advantage of 
the fact that the network N,; with v; = k is the complement of the 
network Nz with v; = —k, and vice versa. Hence, we have to find 
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only the system of v;-i; curves corresponding to both positive and 
negative values of v; in order to determine the DP plot across 
terminals a-b. 


7-9-3, PUSH-PULL AMPLIFIER 


We shall conclude this section with a discussion of one of the 
most commonly used nonlinear networks, the push-pull amplifier 
circuit shown in Fig. 7-20a. The input is excited by two identical 
voltage sources v;, and the output voltage is taken across the col- 
lectors of the two transistors. With the exception of the polarity of 
the voltage source vu;, this circuit exhibits a horizontal flip-over 
symmetry. Hence, by the same argument as before, we conclude 
that the TC plot between v, and v; must be symmetrical with re- 
spect to the origin. To actually determine the TC plot, we apply 
the v-shift theorem to batteries E; and F2 and redraw the network 
into the more convenient form shown in Fig. 7-20b. Since the wire 
connecting the upper and lower portions of the circuit is a cut set 
by itself, the current in the wire is zero, and hence we may cut the 
wire without affecting the solution of the network. The TC plot 
from the collector-emitter terminals to the input voltage source can 
be easily obtained by the double load-line method. The typical TC 
plots for vas versus U; and —Ucq versus uj are shown, respectively, in 
Fig. 7-20c and d. An inspection of Fig. 7-20b shows that v, = 
Vab — Uca; hence, the desired v,-vs.-v; TC plot is simply obtained by 
addition of the TC plots shown in Fig. 7-20c and d. The resulting 
plot shown in Fig. 7-20e is indeed symmetrical with respect to the 
origin. 

In order to appreciate why this circuit is useful, the output 
voltage waveforms for Ugo(t), —Uea(t), and v,(¢) are shown in Fig. 
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Fig. 7-19. An example of a 


complementary 
amplifier circuit. 


symmetric 


(d) 


(e) 


(f) ; (i) 


Fig. 7-20. The graphical procedure for determining the TC plot of a push-pull amplifier circuit. 
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7-20g to i, respectively, corresponding to the input sinusoidal volt- 
age v{(t) shown in Fig. 7-20j. Notice that both vgo(f) and vuq(0) 
suffer from serious distortion every half-cycle. Combining these 
signals, however, tends to cancel the distortion, so to speak, thereby 
resulting in a high-voltage amplified sinusoidal waveform of high 
fidelity. In view of this property, most good hi-fi sets use a push- 
pull amplifier in the output stage. 

In practice, the two identical voltage sources v; are usually re- 
placed by one voltage source and a three-winding transformer as 
shown in Fig. 7-2la. This transformer is a practical model of the 
three-port ideal transformer defined earlier by Eq. (3-47) of Sec. 
3-5-2. For convenience, let us rewrite this equation with ng = n3; 
thus 


vg = — Uy (7-1) 
ny 

Co) = ry (7-2) 
ny 

Nyly + Nolo + Nolz = 0 (7-3) 


In order to understand the action of this transformer, let us show 
that it is equivalent to the network Nz shown in Fig. 7-21b. Writ- 
ing the KVL and KCL equations for Nj, we obtain 


U1 = U;(t) — Rix (7-4) 
y= 16 (7-5) 
ig = 1 + 2 (7-6) 
EUs (7-7) 
Ea U3 (7-8) 


Substituting Eq. (7-3) for i; in Eq. (7-4), we obtain 
eS Ope R= Qh 246) (7-9) 
1 


Substituting Eqs. (7-1), (7-2), and (7-9) into Eqs. (7-7) and (7-8), 
we obtain 


2 
By = ™) Rh + (2) Rb + 2(™) os (7-10) 
ny ny Ny 


360 Resistive nonlinear networks 


(c) (d) (e) 


Fig. 7-21. An illustration of 
the use of a three-port ideal 

transformer in place of two Le = 2(=2 2)" RI, + (= 2) RIp + (72 2) oo (7-11) 
back-to-back voltage sources 

required by the push-pull 
amplifier. 


But Eqs. (7-10) and (7-11) are exactly the equations characterizing 


the network N2 of Fig. 7-21b, and hence N; and No» are indeed 
equivalent. 
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Notice that if we add a resistance (n2/n,)?R in series with the 
center wire as shown in Fig. 7-2lc, the negative resistance drops 
out as shown in Fig. 7-2ld. Notice also that this circuit can 
be further simplified to that shown in Fig. 7-2le by setting R = 0 
and nz = ny in Fig. 7-21a. Hence, we have demonstrated that a 
three-winding transformer can be substituted in place of two 
identical voltage sources connected back to back in series. This 
technique is widely used in practice. In fact, two of these trans- 
formers are commonly used in place of the voltage source v; and 
resistors Ry of the push-pull amplifier as shown in Fig. 7-21f. The 
values of the resistances have been chosen to show that the circuits 
in Figs. 7-20a and 7-21f are exactly equivalent. In practice, this is 
of course unnecessary. In fact, we can save the battery FE, by 
shorting it and connecting a resistor from the transformer center 
tap to the positive side of the battery Eo. 


Exercise 1: Explain why we split the voltage source E and resistor R3 into 
two identical parts as shown in the equivalent network in Fig. 7-18c. 


Exercise 2: Give the step-by-step procedure for determining the TC plot of the 
complementary symmetric amplifier circuit in Fig. 7-19. 


Exercise 3: Find the TC plots shown in Fig. 7-20 for the following set of specifica- 
tions: Ry = 500 Q, Ro = 200 2, E; = 0.5 volt, Ez = 10 volts, and assuming the 
two transistors to be type 2NXX17A (see Appendix D). 


Exercise 4: Find the equivalent circuit across port 2 of a two-port ideal transformer 
with port 1 connected to a voltage source v, and resistor R in series. 


Exercise 5: (a) Verify that the push-pull amplifier circuits shown in Figs. 7-20a 
and 7-21f are exactly equivalent. (b) Show that the battery £; can be traded by 
a resistor R of appropriate resistance. (c) Specify the value of R in terms of the 
voltage Ej. 


7-10 SUMMARY 


Equivalent networks Two n-terminal networks N; and N»2 are equiv- 
alent if, and only if, they can be interchangeably connected to any 
external network N without affecting the solution of the elements 
inside N. It is meaningless to compare the solutions inside Ny 
and Ne. 


Some useful equivalent network properties 
1. Series (parallel) commutative property 
2. Redundant series (shunt) element property 


3. Equivalent current (voltage) source property 
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Fig. P7-1. 
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Some useful equivalent network theorems 
Nonlinear Thévenin (Norton’s) theorem 
Voltage-source substitution theorem 
Current-source substitution theorem 
Short-circuit substitution theorem 
Open-circuit substitution theorem 


v-shift theorem 


ae ee 


i-shift theorem 


Symmetry 


1. Flip-over Symmetry: Axis of symmetry lies on the plane of 
the network. Common types are vertical and horizontal 
symmetry. 


2. Rotational Symmetry: Axis of symmetry is perpendicular to 
the plane of the network. Common type is 180° rotational 
symmetry. 

Some useful theorems on symmetry 

1. Flip-over symmetric-network theorem 

2. Rotational symmetric-network theorem 

3. Symmetric lattice network theorem 


4. Symmetric DP plot—-TC plot theorem 


Complementary-network theorem The voltage and current solution 
of a given network N is equal to the negative of the complemen- 
tary network JN. 


PROBLEMS 


7-1 Find the operating points of the networks shown in Fig. P7-1a and 
b. Assume the transformers to be ideal. 


2 


le ileal ae 
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7-2 The network shown in Fig. P7-2 contains two nonmonotonic 

elements. 

(a) Find the operating points of the network. 

(b) Apply the vertical flip-over symmetry theorem to the network 
and find the operating points. Is the result the same as in part 
(a)? Why or why not? 

(c) Change the resistor from 500 to 100 Q and repeat parts 
(a) and (6). 


Fig. P7-2. 


7-3 The nonlinear lattice network in Fig. P7-3 contains two INXX7 
back diodes, which are nonmonotonic elements. 

(a) Use graphical analysis to find the operating points of the net- 
work. (HINT: Apply the v-shift theorem.) Is the operating 
point unique? 

(b) Apply the vertical flip-over symmetric-network theorem to 
the network and find the operating points. 


DOTY (@ © 200 mv 


Fig. P7-3. 
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7-4 The network in Fig. P7-4 contains three type INXXS5 varistors. 
(a) Use graphical analysis to find the operating points of the 
network. 
(b) The network has rotational symmetry. Use this property to 
find the operating points. Check your answer with part (a). 


20 2 


300 mv 


Fig. P7-4. 
7-5 For the network shown in Fig. P7-5, apply the v-shift theorem to 
find the following: 
(a) The voltage across the varistor when v = 100 mv 
(b) The DP plot across terminals a-b 
(c) The v,-vs.-v TC plot 
Fig. P7-5. 


7-6 For the network shown in Fig. P7-6, apply the i-shift theorem to 
find the following: 
(a) The voltage across the varistor when i = 100 ma 
(b) The DP plot across terminals a-b 
(c) The v,-vs.-i TC plot. 
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Fig. P7-6. 


7-7 Consider the symmetric nonlinear lattice network shown in Fig. 
7-13a of the text. Find the operating points of the network corre- 
sponding to the v-i curves for R4, Rg, and R;, in Fig. P7-7a to c. 
Assume that v = 10 volts. Use the symmetric lattice network 
theorem to verify your answers. 


Ai,, ma hip, ma 


Fig. P7-7. 


7-8 Find the complements of the networks shown in Fig. P7-8a 
and b. 


Fig. P7-8. 
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7-9 The two basic circuits shown in Fig. P7-9a and b are usually used 
in practice to detect changes in temperature and light illumination. 
(a) Give the step-by-step procedure for determining the TC plots 
of these circuits. 
(b) Give the principles of operation. 
(c) Why is a bridge circuit chosen for this purpose? 


Sensing Reference 
element element 


Fig. P79. 7.10 Give the step-by-step procedure for determining the characteristic 
curves of the three common compound transistor circuits shown in 
Fig. P7-10a to c. 


(a) c (b) oc (c) c 


Fig.P7-10. 7-11 Give the step-by-step procedure for determining the v,-vs.-vj TC 
plots of the three common direct-coupled amplifier circuits shown 
Fig. P7-11. in Fig. P7-11la toc. 


(a) 
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7-12 Give the step-by-step procedure for determining the operating 
point of the networks shown in Fig. P7-12a and b when v; = 0. Do 
the DP plot and TC plot of these networks possess any form 
of symmetry? 


(a) 
Fig. P7-12. 
7-13 Prove that the two networks shown in Fig. P7-13a and b are equiv- 
alent, thus allowing the use of one multi-tap battery instead of n 
batteries. ats 


E,>E,>E3> ooo >E, 


(a) 


X 
S 
o 
a 


rE 
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8-1 WHAT IS NETWORK SYNTHESIS? 


So far, we have been doing “network analysis,” and the emphasis 
has been on the determination of the operating points, the DP 
plots, and the TC plots of resistive nonlinear networks. Consider 
now the converse problem: Given a set of specifications in the form 
of an operating point, a DP plot, a TC plot, or a combination of 
them, find a network with the prescribed specifications. The study 
of this problem is called network synthesis. 

There is a basic difference between network analysis and net- 
work synthesis. In network analysis, there is always an answer. 
However, in network synthesis, an answer does not always exist. 
It is possible that no network can be found to have a certain 
specification, in which case the specification is said to be unrealiz- 
able. Another basic difference between analysis and synthesis is 
the fact that if a given specification is realizable, then there are 
generally many distinct networks that can be found which have 
the same specifications. 

The possibility of more than one realization suggests that a 
particular realization may be better than another with respect to 
some practical criteria such as complexity, economy, reliability, 
sensitivity, weight, and space factors. For example, one realization 
may be better than another with respect to economy but may be 
inferior to another with respect to reliability. The point we are 
driving at is that there is no such thing as the best realization 
per se. However, in any practical problem, there is always an op- 
timum choice with respect to some criteria. The task of choosing 
the optimum realization from among a number of possibilities is 
called network design. 

It is important to distinguish between network synthesis and 
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network design. In network synthesis we are interested only in 
finding a network that meets the specifications. No other considera- 
tion is involved. In network design we go one step further and 
choose an optimum realization with respect to some design criteria 
which often involve economic and other nonelectrical considera- 
tions. Hence, much personal judgment and experience are often 
necessary to arrive at an optimum realization. In view of this sub- 
jective nature of network design, only network synthesis will be 
considered in this book. 


8-2 SYNTHESIS OF OPERATING POINTS 


The first step in the design of many electronic circuits is to synthe- 
size a network so that when it is connected to a two-terminal or 
three-terminal resistor R, a prescribed operating point is realized. 
The network for achieving this task is called a biasing network. 
There are many reasons why a particular operating point may be 
preferred over another. In the case of an amplifier, an optimum 
operating point might be one which leads to more gain (amplifica- 
tion of the input signal) and less distortion (departure from the 
desired signal). In the case of switching circuits, a number of 
suitably spaced operating points may be prescribed in order to 
carry out some logic function. Other considerations may involve 
power dissipation and sensitivity of the operating point to tem- 
perature variations. 


8-2-1 BIASING A TWO-TERMINAL NONLINEAR RESISTOR 


Given a two-terminal resistor R with a v-i curve I, let us study 
some methods for synthesizing a biasing network N as shown in 
Fig. 8-la in order that resistor R will operate at some prescribed 
point Q on I. If T is either voltage-controlled or current-controlled, 
then the simple biasing network shown in Fig. 8-1b can always be 
chosen so that its load line passes through Q. For example, the 
load-line construction in Fig. 8-1c illustrates how a tunnel diode 
can be biased. Notice that this biasing network is not unique 
because we can choose many different values for the battery volt- 
age E and solve for the corresponding resistance Rr, or vice versa." 

All practical devices are temperature-sensitive to some extent. 
Over a given range of temperatures T; < T < To, the v-i curve of 
the tunnel diode may vary within the band shown in Fig. 8-1d. 
Accordingly, the operating point will also change with temperature. 
In some sensitive instruments, it is usually important that the 
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T~n practice, however, we 
are usually constrained to 
use standard battery volt- 
ages. In this case, the bi- 
asing network is unique 
with respect to the pre- 
scribed voltage. 


370 


(a) 
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Load line 


(b) r (c) 


(d) 


Fig. 8-1. An example of the 
synthesis of a linear and a 
nonlinear biasing network for 
a two-terminal resistor. 


(f) 


operating current Jg lie between two prescribed bounds, such as 
I, < Ig < Iz corresponding to the point Q; at 7; and the point Q2 
at T>. In this case, it is necessary that E > Emin, where Emin 1s the 
voltage intercept of the load line through the points Q; and Q» in 
Fig. 8-1d. 

An examination of Fig. 8-1d shows that the power dissipated 
in the biasing resistor Ry is equal to p = Vp,Jg, where Vr, = 
Emin — Vg. Since this power is merely wasted as heat, there are 
applications, such as in a spacecraft where power must be con- 
served, which dictate the use of a nonlinear biasing network. For 
example, a nonlinear load line may be chosen so that it passes 
through the points Q; and Q»2 as shown in Fig. 8-le. Since the 
voltage Vp, across the biasing resistor is now smaller, we have 
achieved the same objective but with less power dissipation. The 
nonlinear load line in this example can be realized by the passive 
nonlinear resistor-battery network shown in Fig. 8-1f: The passive 
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nonlinear resistor can be realized by synthesizing an appropriate 
DP plot by the methods to be presented shortly. 

No discussion of biasing techniques is complete without a 
consideration of the sensitivity of the operating point as a function 
of temperature. Perhaps a specific example will illustrate some of 
the practical problems which we have not yet considered. 


EXAMPLE 
The v-i curve of a typical nonlinear resistor is shown in Fig. 8-2a 
as a function of the ambient temperature. Assuming that the 


resistor has a maximum allowable power dissipation of 80 mw, it 
is desired to design a biasing network so that (1) at T = 25°C the 


i, ma i, ma 


15- 15 


Maximum-power 
hyperbola 
(p = vi = 80 mw) 


Load line L, 
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Fig. 8-2. An example of the 
thermal-runaway phenomenon 
in a two-terminal resistor. 


T = 25°C 


Load line Lo 


— 
v, volts 
(a) 
in ma i, ma 
20 
15 
10- 


Maximum-power 
hyperbola 
(p = 80 mw) 


p=50 mw 


v, volts 


Load line L3 


Maximum-power 
hyperbola 
(p = 80 mw) 


p=50 mw 


< 
v, volts 


> 
v, volts 
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operating point is at Q, and (2) the resistor is to be used in an 
environment where the temperature ranges from 25 to 150°C. This 
condition requires that the operating point be located below the 
maximum-power hyperbola p = vi = 80 mw at all times. 

There are infinitely many load lines that will intersect the v-i 
curve (corresponding to T = 25°) at Q. Three typical load lines 
are shown in Fig. 8-2b. However, not all these load lines will satisfy 
condition 2. 

Consider first the load line L;. Let us draw the constant-power 
hyperbola passing through Q, namely, p = 5(10) = 50 mw, as 
shown in Fig. 8-2c. Now observe that as the temperature increases 
to T = 50°, the operating point shifts to Q’. Although Q’ is still 
below the maximum-power hyperbola, it is above the constant- 
power hyperbola passing through Q. This means that the power 
dissipation at point Q’ is greater than the power dissipation at 
point Q. If allowed to persist, this increase in power dissipation 
might produce enough heat to raise the surrounding temperature. 
For example, the temperature might eventually reach T = 75°. At 
this temperature, the operating point shifts to Q”. Observe that 
Q” lies just below the maximum-power hyperbola. If this new oper- 
ating point is allowed to persist, the surrounding temperature might 
again increase. The increase in temperature will shift the operating 
point still closer toward the maximum-power hyperbola. Since the 
process is cumulative and unstable, the operating point will 
eventually cross the maximum-power hyperbola, thereby destroying 
the device. This unstable phenomenon which leads to the eventual 
destruction of the device is usually called thermal runaway. 

Before we determine the condition to avoid thermal runaway, 
let us consider the load line Lz. From Fig. 8-2d we observe that as 
the temperature increases from 25 to 50°C, the operating point 
shifts from Q to Q’. This time, however, Q’ lies below the constant- 
power hyperbola passing through Q. This means that the power 
dissipation at point Q’ is even less than the power dissipation at 
point Q. Therefore, the temperature will not increase, and the 
operating point is stable. 

It is easy to see that there must be a critical load line between 
L, and L» which separates the unstable thermal-runaway phenome- 
non from the stable one. In fact, we observe from Fig. 8-2d that the 
maximum allowable slope of the load line passing through Q must 
be equal to the tangent at Q of the p = SO constant-power hyper- 
bola. Any slope greater than the tangent at Q would lead to 
a destructive thermal-runaway phenomenon. 
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Since the thermal-runaway phenomenon is an important 
problem to prevent in practice, let us derive a general criterion. 
For convenience, the positive-slope portion of the v-i curve of a two- 
terminal resistor is said to exhibit a negative temperature coefficient! 
if 0v/oT < 0. This means that for each fixed value of i, the voltage v 
of the v-i curve decreases as the temperature 7 increases. Similarly, 
the positive-slope portion of the v-i curve is said to exhibit a posi- 
tive temperature coefficient if 0v/dT > 0. From the above considera- 
tion, it is clear that to prevent thermal runaway of a negative 
temperature coefficient resistor, the minimum value of the load re- 
sistor RK; must be such that the load line is tangent to the constant- 
power hyperbola vi = pg at the operating point (/g,V9). The slope 
at Q is given by 


Or 
OU 


a ag 4! 


q wv 


= fo 8-1 
v=V9 Vo? ( ) 


But po = Vola at Q, hence Eq. (8-1) becomes 


=feee (8-2) 


From Eq. (8-2) we obtain the criterion Ry > Vg/Jg. Similarly, to 
prevent thermal runaway in a positive temperature coefficient re- 
sistor, it is easily seen that the criterion is Ry << Vo/Ig. 

The preceding discussion has neglected several factors such as 
the heat transfer by conduction, convection, and radiation from 
the resistor to the outside world. These thermal factors must be 
considered in any practical design. Since they are mostly empirical 
in nature, they are outside the scope of this book. From a purely 
circuit point of view, however, which is often rather conservative, 
we can summarize the above results in the form of a theorem.” 


THERMAL-RUNAWAY CRITERION FOR TWO-TERMINAL RESISTORS 


Let (J9,V) be the prescribed operating point of a two-terminal re- 
sistor. In order to prevent the thermal-runaway phenomenon from 
occurring, it is sufficient that the load resistance R; be greater 
than Vo/Ig if the resistor has a negative temperature coefficient, 
and be less than V9/Jg if the resistor has a positive temperature 
coefficient. 
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1 This is consistent with the 
popular usage where a 
temperature coefficient is 
said to be negative if the 
de resistance correspond- 
ing to the /inear portion of 
the v-i curve decreases as 
the temperature increases. 


2 Since conduction, convec- 
tion, and radiation all work 
in our favor, the criterion 
in this theorem should be 
interpreted as a worst case 
criterion. 
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1 Review the resistance rep- 
resentation for a linear 
network given earlier in 
Eq. (3-17). 
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8-2-2 BIASING A THREE-TERMINAL NONLINEAR RESISTOR 


Given the input- and output-characteristic curves of a three- 
terminal nonlinear resistor R and a point Q on the curves with 
coordinates (119,Vig,J29,V29), we would like to find the most 
general three-terminal linear biasing network N so that when it is 
connected to R, as shown in Fig. 8-3a, the operating point will be 
at QO. 

Observe that since the input- or the output-characteristic 
curves of any three-terminal nonlinear resistor can relate only 
three out of the four terminal variables, the operating point Q 
must be specified in both sets of curves. Moreover, since two 
of the three coordinates are identical in each set of curves, only 
two of the four coordinates of the operating point can be specified 
arbitrarily. This means that once we fix a point in either the input- 
or the output-characteristic curves, the corresponding point in the 
other set of characteristic curves must be chosen so that two of 
the coordinates of each point are consistent with one another. For 
example, consider the input- and output-characteristic curves of a 
typical unijunction transistor as shown in Fig. 8-35 and c. If we 
fix the operating point Q of the input curves at J; = 6 maand Vy = 
3 volts, then Fig. 8-3b shows that this requires V2 = 15 volts. 
Since the two coordinates Vz and J; also appear in the out- 
put curves, it is clear that the corresponding point in Fig. 8-3c must 
be fixed at V2 = 15 volts, J, = 6 ma, and Jz = 6.5 ma. The point 
we are driving at is that we cannot arbitrarily specify any 
four numbers and require them to be the coordinates 4, V1, I2, V2 
of the operating point Q because these coordinates may not be con- 
sistent with the characteristic curves of the three-terminal resistor. 
This is, of course, analogous to the case of a two-terminal resistor 
where we can only specify the current or the voltage; otherwise, 
the point may not be consistent with the v-i curve of the two- 
terminal resistor. 

Since the biasing network N is assumed to be linear, its input- 
and output-characteristic curves consist of a family of parallel 
straight lines; namely,! 


Uy = F111 + M122 + e4 (8-3) 
Ve = Foil1 + reeig + eg (8-4) 
where 711, 12, 21, 22, €1, and es are constants which depend on 


the slopes and intercepts of the family of straight lines. If the 
biasing network contains only linear resistances and independent 
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AI,, ma 


/ 5 
3 - terminal 
resistor R 


3 - terminal 
biasing network N 


(a) 


sources, it can be proved that 742 = re1. Hence, without loss 
of generality, we can write Eqs. (8-3) and (8-4) in the form 


(8-5) 
(8-6) 


Uy = Fila + Mi2lo + e1 


Vo = My2l1 + Peele + e2 


Observe that Eqs. (8-5) and (8-6) can be written once we know 11, 
r12, 22, €1, and eg. This means that the biasing network N is com- 
pletely specified by these five parameters only. Our next objec- 
tive is to determine these parameters so that the operating point 
of the three-terminal resistor of Fig. 8-3a will be located at 
(Utes ites! 2g5) 25): Since —— —1y, Io = —To, = Vi, and Ob) — V2 
at the operating point, Eqs. (8-5) and (8-6) become 


(8-7) 
(8-8) 


ly = SP Wg — TN bea 


Von — —fizlig > Seaton + 2 


Since there are five unknowns but only two equations, we can 
arbitrarily assume values for three of them and solve for the 
remaining two.! 

What we have shown so far is that, given the coordinates 
U. 19>V19129,V29) of any operating point Q, we can always find the 
five pertinent parameters 711, ‘12, /22, 1, and é2 of the biasing net- 
work N. Our next objective is to find a general network configura- 
tion that can be designed with any prescribed set of parameters. It 
is clear that since there are five parameters to satisfy, any general 
network configuration must contain at least five elements. Our 


SYhs, 


=| dss 
40 V,,, volts 


(c) 


Fig. 8-3. A three-terminal bi- 
asing network is needed to 
establish an operating point O 
on the input- and output-char- 
acteristic curves of a three- 
terminal resistor. 


1In order for the equations 

to be consistent, the 
three assumed variables 
must not come from the 
same equation. Hence, the 
combinations  (744,/12,€1) 
and (rj2,/22,€2) are not 
allowed. 
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first instinct is to attempt to generalize the two-terminal biasing 
network of Fig. 8-1b to the three-terminal network shown in Fig. 
8-4a. Observe, however, that we can always apply the v-shift 
theorem to eliminate the voltage source Ec by combining it with 
E, and Ez. In other words, the five-element network shown in 
Fig. 8-4b is just as general as that shown in Fig. 8-4a. To find the 
values of the elements, we write the terminal equations of this 
network; thus 


Vy = (Ri + Raia + R3le + Fi (8-9) 
V2 = Rgiy + (Ro + R3)i2 + Es (8-10) 


Comparing Eqs. (8-9) and (8-10) with Eqs. (8-5) and (8-6), we 
obtain 


TRG) AIRES ees i 
Ka —si2 

Boer Rs = 133 (8-11) 
Ey = @ 
Ey = @9 


From these equations we obtain 


Ry = ru — ry 


Re = rea — re 

R3 = "2 (8-12) 
[ix = 2 

jig, = @ 


We conclude, therefore, that we can always choose Rj, Ro, Rs, F1, 
and Ep» to realize any specification 711, ri2, re2, e1, and eo. If 
we connect the network of Fig. 8-45 to the three-terminal resistor 
shown in Fig. 8-4c, we obtain the prescribed operating point Q. 

A closer examination of Eqs. (8-11) and (8-12) shows that 
there is a one-to-one correspondence between Rj, Ro, R3, £1, Eo, 
and r11, 12, ree, 1, eg. Given either set of parameters, we can com- 
pute the other. This means that if we can arbitrarily assume the 
values of three of the five parameters 731, 12, 22, €1, €2, We 
can also arbitrarily assume the values of three of the five elements 
Ry, Ro, R3, Fy, Ez. The inconsistent combination (711,/12,e1) corre- _ 
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sponds to (R1,R3,£1) and must be avoided. Similarly, the incon- 
sistent combination (722,/12,€2) corresponds to (Re,R3,F£2) and must 
be avoided. Any other combination is acceptable. For example, if 
we assume arbitrary values for the combination (R1,£;,£2), we can 
compute the remaining two parameters Rz and R3 as follows: 
Substituting Eq. (8-11) into Eqs. (8-7) and (8-8), we obtain 


Vag = —(Ri + Ra)lig — Relay + Fx (8-13) 
Vig e eal tee Res) iog ee (8-14) 


Solving for the unknowns R3 and Ro, we obtain 


HV es 


Rs = alls 
‘ (Tig + 129) ae 
Roy Ex — Vag — Rallig + 129) (8-16) 


Teg 


Fig. 8-4. The derivation of gen- 
eral biasing networks for three- 
terminal resistors. 
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1 The reader is encouraged 
to derive the entries in this 
table directly from the net- 
work shown in Fig. 8-4c in 
a manner similar to the 
derivation of Eqs. (8-17) 
and (8-18). The ability to 
do this quickly will make 
it unnecessary to depend 
on the table. 
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Observe that we could also obtain these two relations directly 
from the network of Fig. 8-4c. For example, the voltage across Rg 
is obtained by applying KVL to obtain 


CE — Ey a Vig ae Rilig (8-17) 


Similarly, the current through R3 is obtained by applying the 
generalized KCL to obtain 


— Cig + I29) (8-18) 


The value of R3 is, therefore, obtained by dividing Eq. (8-17) by 
Eq. (8-18). The value for Re can be similarly obtained. 

If we assume another combination of three unknowns, we 
can determine the remaining two unknowns by either of these two 
methods. For future reference, the relationships corresponding to 
the 10 possible combinations are tabulated in column 1 of 
Table 8-1.1 

Although the biasing network of Fig. 8-4c is completely 
general, it has the disadvantage that two voltage sources are gen- 
erally required. We shall now show that by applying the principle 
of equivalent networks, it is possible to trade one of the two volt- 
age sources for a linear resistor. To do this, let us replace the 
series combination of R; and £; of Fig. 8-4c by the equivalent net- 
work shown in Fig. 8-4d. This can be redrawn into the form 
shown in Fig. 8-4e. Now observe that the voltage between terminals 
x-y is zero, and hence we can short-circuit terminals x-y, thus 
combining the two identical voltage sources into one as shown in 
Fig. 8-4f We have shown that this network is equivalent to 
the network of Fig. 8-4c and we shall, for convenience, rename the 
resistance [E2/(E2 — E;)|Ri by Ri, the resistance (E2/E;)Ri by 
Rg, and the voltage source EF» by E. It is clear that we can assume 
arbitrary values for three of the five elements R1, Ro, R3, R4, and 
E and solve for the remaining two unknowns. The relations corre- 
sponding to the 10 possible combinations are tabulated in column 
2 of Table 8-1. 

Another common equivalent circuit of Fig. 8-4c is shown in 
column 3 of Table 8-1. Again, we can assume arbitrary values for 
three of the five elements and compute the remaining two elements. 
The relations corresponding to the 10 possible combinations are 
tabulated in column 3 of Table 8-1. This table is extremely useful 
because it is applicable to any three-terminal resistor. Let us illus- 
trate the use of this table by some numerical examples. 
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EXAMPLES 


1. Suppose we want to bias the unijunction transistor curves in 
Fig. 8-3 at the operating point Q with coordinates J}, = 6 ma, 
Vig = 3 volts, Igo = 6.5 ma, and Vo = 15 volts. 

Suppose we choose the biasing network corresponding to 
column | of Table 8-1 and arbitrarily choose FE; = 9 volts, 
FE, = 28 volts, and R3 = 0 Q. This combination corresponds to 
row 2 of column 1. Therefore, we can immediately determine 
R, and Ro as follows: 


_ 9 — 3 — 0(12.5)0079) 


R,= = 
1 6(10-3) 1 kQ 
28 — 15 — 0(12.5)(10-3) 
ig, =. ot eee 
. 6.5(10-3) ee 


The resulting biasing network is shown in Fig. 8-5a. 


2. Let Jpg = 0.45 ma, Var = 0.25 volt, 7g = 25 ma, and Veg = 6.25 
volts be the coordinates of a point Q on the common-emitter 
characteristic curves of an n-p-n transistor. To bias the transis- 
tor at Q, let us arbitrarily choose the biasing network shown in 
column 2 of Table 8-1. Suppose that only a 15-volt battery is 
available, and that from other practical considerations it is re- 
quired that Ro = 100 Q and Ry = 10k. This combination cor- 
responds to row 6 of column 2. Therefore, we immediately 
obtain 

415 — (6.25 — 0.25) — (100)(25)(10-3 
Fe ee ae a aes Pete0. 2 a ee MEK dy = 16.25 kQ 

6.25 —0.25 + (100)(25)(10-) — (104)(0.45)(10- 2) 

15 —(100)(25)(10-3) — 6.25 
aa 
(0.45 he eNNED ) Fig. 8-5. The complete biasing 


The resulting biasing network is shown in Fig. 8-5d. circuits for a typical unijunc- 
tion, n-p-n transistor, and p-n-p 


3. Instead of an n-p-n transistor, let us choose a p-n-p transistor transistor. 
whose operating point differs from the above example by only 
a negative sign; namely, Js = —0.45 ma, Vgr = =e () 25 avolt 
To = —25 ma, and Veg = —6.25 volts. In view of the com- 
plementary-network theorem, we immediately obtain the bias- 
ing circuit shown in Fig. 8-5c. 


In theory, the three biasing networks given in Table 8-1 are 
completely equivalent to each other. That is to say, it is possible 
to choose appropriate values for the elements in each circuit such 
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that, externally, we could not tell the difference. Why, then, do we 
need three circuits? There are many practical constraints which 
make this necessary. For example, sometimes it may be necessary 
to use only one battery, in which case the circuit shown in column 
2 or column 3 may be chosen. The choice of the circuit in column 
2 or column 3 may further depend on other practical considera- 
tions. For example, one circuit might require a higher-voltage 
battery than the other, or another circuit might be draining more 
power from the battery than the other. Moreover, the formulas 
given in Table 8-1 guarantee only a solution, but not the most prac- 
tical solution. Indeed, it is possible to end with negative resistances 
in some cases! Whenever such impractical values are obtained it 
is obviously desirable to either pick a different configuration 
or change some of the prescribed parameters. 


8-2-3. SENSITIVITY CONSIDERATION 
IN THREE-TERMINAL BIASING CIRCUITS 


We have shown that a three-terminal biasing network generally 
needs five elements, the values of three of which can be arbitrarily 
chosen (except the two inconsistent combinations). In practice, we 
may take advantage of these extra degrees of freedom to optimize 
the network with respect to some engineering criterion. 

One of the most important criterions is to minimize the sen- 
sitivity of the operating point with respect to variations in tempera- 
ture. We have already been introduced to the thermal-runaway 
phenomenon. This phenomenon is more troublesome in three- 
terminal nonlinear resistors and must always be avoided. In order 
to study this phenomenon, let us rewrite Eqs. (8-5) and (8-6) 
of the biasing network in terms of the terminal variables of 
the three-terminal resistor 


Ve = —rinli— Viele ei (8-19) 
Vo = —Wrielt — reel, + e2 (8-20) 


Remember that for each biasing network, the parameters r14, rio, 
rgo, €1, and eg are fixed numbers. We can represent Eq. (8-19) as a 
family of parallel load lines in the V;-J, plane as shown in 
Fig. 8-6a, where Iz is chosen as the parameter. Similarly, we can 
represent Eq. (8-20) as a family of parallel load lines in the V2-I, 
plane as shown in Fig. 8-6), where J; is chosen as the parameter. 
Observe that when r;. = O, the two families of load lines reduce 
to the two load lines corresponding to J; = 0 in Fig. 8-6a and. 
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Vy = —14) 1, —h In te, 
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a 
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I, = 0 in Fig. 8-6b. From Eq, (8-12) we observe that riz = 0 im- 
plies R3 = 0 in the biasing network of Fig. 8-40. 

Let us now consider how thermal runaway can occur when 
ry2 = 0. Consider, for example, the two families of negative- 


Vo = Tyo 11 —M Ip +2 
(assuming r,, > 0) 


Slope = —1/r,, 
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Fig. 8-6. A graphical illustra- 
tion of the two interacting 
mechanisms responsible for 
the thermal-runaway phenom- 
enon commonly observed in a 
three-terminal resistor. 


temperature-coefficient characteristic curves shown in Figs. 8-6c 
and 8-6d. The solid curves represent the characteristics at tempera- 
ture 7T;, while the dotted curves represent the characteristics at 


temperature 72, where Tz > 71. 


Consider first the load lines L; in Fig. 8-6c and Lz in Fig. 8-6d. 
At T= 7}, the operating point will be at Q in Fig. 8-6c, where 
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Ip = ky. Similarly, the operating point will be at Q in Fig. 8-6d, 
where J; = /;. When the temperature increases to T2, the curves 
corresponding to Jz = Ay and 4 = /, shift upward as shown by 
the dotted curves. This will result in a relocation of the operating 
point. Let us suppose that the new operating point Q’ in Fig. 8-6c 
is at the intersection between the load line L; and the new dotted 
curve Iz = ky (at T2). Similarly, let us suppose the new operating 
point Q’ in Fig. 8-6d is at the intersection between the load line L2 
and the new dotted curve J; = /2 (at T2). At this point, two inter- 
acting phenomena may occur simultaneously. 

First, if Q’ lies above the constant-power hyperbola through 
Q in Fig. 8-6c and 8-6d, then the power dissipation at temperature 
T> will be greater than the dissipation at 7;. This may induce a 
self-heating effect and further raise the temperature, thus moving 
the operating point even further up the load line. This will further 
increase the heating effect, and the result is a cumulative rise in 
temperature. When the operating point moves beyond the maxi- 
mum-power hyperbola, the device will be destroyed. (The above 
mechanism is similar to that encountered earlier in the biasing of 
two-terminal resistors.) 

In addition to the cumulative-heating mechanism, there is a 
second mechanism which hastens the thermal-runaway phenom- 
enon. To see this, let us examine the operating points Q and Q’ 
again. Observe that the value of the parameter J, (Fig. 8-6c) at Q’ 
is not the same as the value at Q. In particular, we found 
I(T = T2) > In(T = T}). Similarly, the value of the parameter J; 
(Fig. 8-6d) at Q’ is not the same as the value at Q. In particular, 
I(T = T2) > 11(T = 7). The effect of an increase in the value 
of the parameters J) and J; is that the new operating point 
will move up higher than if the parameters remain constant. This 
introduces a push-pull effect which hastens the thermal-runaway 
phenomenon. 

Of course, the above two mechanisms are not really separable 
because they occur simultaneously. However, we can avoid ther- 
mal runaway by treating these two mechanisms separately. 

Since the first thermal-runaway mechanism in the three- 
terminal biasing circuits is identical with that in the two-terminal 
biasing circuits, we can generalize the earlier criterion as follows: 


FIRST THERMAL-RUNAWAY CRITERION FOR THREE-TERMINAL RESISTORS 


Let U19,Vig,J29,V29) be the prescribed operating point of a three- 
terminal nonlinear resistor. In order to prevent the cumulative-. 
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heating mechanism from occurring in a biasing circuit where 
ry2 = O, it is sufficient that 


Vv 

Ni = (8-21) 
Q 
eo 

r22 > (8-22) 
29 


if the resistor has a negative temperature coefficient. Conversely, if 
the resistor has a positive temperature coefficient, reverse the in- 
equality signs in Eqs. (8-21) and (8-22). 


Observe that the above criterion is stated for the case r12 = 0. 
If ri2 #0, the voltage intercepts of the load lines L; and Lz will 
depend on the value of the parameters J; and J, as shown in 
Fig. 8-6a and b. However, since the slope of these load lines re- 
mains the same, the criterion will still be valuable in determining 
the appropriate conditions. 

In order to prevent or minimize the second thermal-runaway 
mechanism, it is necessary to move the load lines in a direction to 
minimize the change in the values of J; and J. For example, in 
the characteristic curves shown in Fig. 8-6c it is desirable that as 
the value of the parameter /2 increases, the load line L; moves to 
the left. This will result in a smaller increase in J;. Similarly, 
in the characteristic curves shown in Fig. 8-6d it is desirable that 
as the value of the parameter J; increases, the load line Lz moves 
to the left. This will result in a smaller increase in J. From Fig. 
8-6a and b we observe that in order to move L, to the left, 
it is necessary and sufficient that ry2 > 0. Similarly, in order to 
move L» to the left, it is necessary and sufficient that rj2 > 0. In 
either case, we conclude that r12 0. This observation is im- 
portant enough to be stated as a theorem:1 


SECOND THERMAL-RUNAWAY CRITERION FOR THREE-TERMINAL RESISTORS 


In order to minimize the effect of the second thermal-runaway 
mechanism, it is necessary that rz ~ 0. In particular, if x, is the 
parameter of the characteristic curve in the V;-/; plane, and x2 is 
the parameter of the characteristic curve in the V2-/2 plane, then 
712 must be chosen such that 


1. The load line L; will move in such a direction as to minimize 
the change in the value of x2 in the V14- plane. 
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1~n the early days of tran- 
sistors the biasing network 
shown in Fig. 8-46 with 
R3 =fr12 = 0 was often 
chosen because this circuit 
had been used successfully 
for biasing vacuum tubes. 
It took a while, after burn- 
ing out many transistors, 
for engineers to realize that 
a transistor has a different 
temperature characteristic, 
and that the resistor R3 
should always be inserted 
to prevent a thermal runa- 
way. 
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2. The load line L» will move in such a direction as to minimize 
the change in the value of x, in the V2-/ plane. 


The first and second thermal-runaway criteria for three- 
terminal resistors are valuable in the design of practical biasing 
circuits. For example, if we want to bias a temperature-sensitive 
nonlinear resistor such as a transistor by the biasing circuit shown 
in column | of Table 8-1, it is important that we do not make 
R; = 0. This is so because R3 = rg for this circuit. Given a 
specific three-terminal resistor, it is possible to derive a number of 
shortcuts and rules of thumb. However, since no new concept is 
involved, we shall leave the details of this to a more design- 
oriented course. 


Exercise 1: When the solar cell is used as a power source, the external biasing 
network is usually just a load resistor. Since the power available is very small, it 
is important that we bias the solar cell at an optimal point Q in order to obtain 
maximum power dissipation in the load resistor. (a) Find a systematic graphical 
procedure for locating the optimum point corresponding to each level of light Il- 
lumination. (b) Specify the DP plot of the passive load resistor so that maximum 
power dissipation is attained for all levels of light illumination for the solar cell 
type INXX11. 


Exercise 2: Discuss the thermal-runaway phenomenon in a positive temperature 
coefficient two-terminal resistor. 


Exercise 3: Derive the biasing equations listed in column 1 of Table 8-1 directly 
from the circuit by writing KVL and KCL equations. 


Exercise 4: Repeat Exercise 3 for column 2 of Table 8-1. 
Exercise 5: Repeat Exercise 3 for column 3 of Table 8-1. 


Exercise 6: Find an example of a biasing network for which one or more resistors 
as determined from Table 8-1 may come out negative. 


Exercise 7: Discuss the two mechanisms leading to thermal-runaway phenomena 
in a positive temperature coefficient three-terminal resistor. 


8-3. SYNTHESIS OF DP PLOTS 


There are many occasions when it is necessary to synthesize a net- 
work having a prescribed DP plot. We have already seen many ex- 
amples which demonstrate the usefulness of DP plots not only as 
a powerful analytical technique, but also as a basic approach to 
synthesis. In fact, much of the material in the remaining chapters 
of this book will depend heavily upon our ability to synthesize a 
network with a prescribed DP plot. It is important from a prac- 
tical point of view that the “ingredients” or “building blocks” be 
commercially available or that they can be readily assembled 
using only commercially available components. We shall find 
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TABLE 8-2 Basic building blocks for synthesis. 
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PASSIVE COMPONENTS 


u u 
a“ 


7) R 


t i l 
+ 
D 0) E ED 


(a) Positive resistor (6) Junction diode (c) Zener diode 


(e) Concave resistor 


ACTIVE COMPONENTS 


(a) Independent voltage source (6) Independent current source 


(R, I) 


(f) Convex resistor 


(c) Negative resistor 


“ld Sl eee a eee 


(d) Operational (g) Rotator 


amplifier 


(e) Controlled 
source 


(f) Scalor 


(h) Reflector 


it convenient to classify the building blocks into two groups, 
namely, passive building blocks and active building blocks.+ A list of 
passive components that we shall use in this chapter is shown in 
the upper half of Table 8-2 with their somewhat idealized v-i 
curves.2 The first four resistors, positive resistor, junction diode, 
zener diode, and constant-current diode, are commercially avail- 
able components. By combining these basic components as shown 
in (e) and (f) of this table, we obtain the concave resistor 


1 Recall that a two-terminal 
resistor is passive if, and 
only if, its v-i curve lies 
only in the first and the 
third quadrants. Other- 
wise, it is active. 


2For simplicity, we shall 
represent all v-i curves in 
piecewise-linear form. The 
discrepancy arising from 
this approximation can be 
easily taken care of after 
the synthesis is done. 
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1To avoid the clumsy nota- 
tion 1/R, we shall let the 
parameter associated with 
each segment of a piece- 
wise-linear v-i curve denote 
either the slope G (con- 
ductance in mhos) or the 
reciprocal slope R (resist- 
ance in ohms) of the seg- 
ment. We shall resolve any 
possible ambiguity by 
using the symbols G; and 
g; for conductances and 
the symbols R; and r; for 
resistances. When specific 
numbers are involved, the 
units in mhos or ohms will 
be attached. 


The same principle can be 
extended to the synthesis 
of multivalued DP plots; 
however, we shall not dis- 
cuss this more esoteric 
case in this book. 


we 
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and convex resistor defined earlier in Figs. 6-20 and 6-21. Since these 
two elements will be used most often, we shall denote them by the 
symbols shown on the right of the respective v-i curves. Notice that 
only two parameters are needed to completely specify these resis- 
tors, namely, the slope G and the voltage intercept E for the con- 
cave resistor and the reciprocal of the slope R and the current 
intercept J for the convex resistor.!. Hence, it is unnecessary 
to draw the v-i curves of these elements. Notice that the junction 
diode (approximated by an ideal diode) can be considered as 
a special case of a concave resistor with (G,E) = (00,0). 

A list of active components is shown in the lower part of 
Table 8-2. The independent voltage source, independent current 
source, and the negative resistor are two-terminal active elements, 
whereas the operational amplifier, the controlled source (four 
possible types), the scalor, the rotator, and the reflector are four- 
terminal or two-port active elements. Among these components, 
the independent sources and the operational amplifiers are com- 
mercially available. The rest of the components may be easily 
synthesized in terms of appropriate transistor circuits and opera- 
tional amplifiers (see Sec. 3-7). 

From the practical point of view, passive components are 
preferred over active components not only because they are 
cheaper, but also because all active components require an exter- 
nal power supply, a nuisance, to say the least. Moreover, active 
components are usually more sensitive to element parameter 
variations. They also often lead to instability problems. These dis- 
advantages do not, however, imply that these elements are not 
practical. On the contrary, most of the important practical circuits 
are active circuits, and, therefore, require the use of active ele- 
ments. As a matter of fact, the advent of integrated circuits is 
quickly changing the designer’s attitude because from the user’s 
point of view, a seemingly complicated circuit can be integrated 
so that it is no larger than a passive component. We shall now dis- 
cuss how the building blocks in Table 8-2 can be systematically 
combined into a network with a prescribed DP plot. We shall start 
with the simplest monotonic DP plot and then go to current- 
controlled and voltage-controlled DP plots.? 


8-3-1 SYNTHESIS OF MONOTONIC DP PLOTS 


A DP plot I is said to be monotonic if the slope at each point on 
Tis nonnegative. A monotonic DP plot is said to be concave (con- 
vex) if the slope is a monotonically increasing (decreasing) func- 
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tion of the terminal voltage. Any monotonic DP plot may be broken 
up into a combination of concave and convex curves. This suggests 
that we should be able to synthesize any monotonic DP plot with 
concave resistors, Convex resistors, and batteries. 

Consider first the concave DP plot shown in Fig. 8-7a. This 
can be realized by two concave resistors in parallel as shown in 
Fig. 8-7b. It is clear from the parallel-combination technique that 
the second concave resistor does not come into play until v > ve. 
This means that if we connect a third concave resistor with E = 
U3 > V2, then the DP plot will remain the same as in Fig. 8-7a 
until v > v3. In other words, each additional concave resistor in- 
troduces a new breakpoint and changes the slope of only the last 
segment beyond this breakpoint. It is a simple matter, therefore, 
to synthesize a concave DP plot with any number of segments in 
the first quadrant. Since any DP plot in the third quadrant can be ob- 
tained by rotating its complementary DP plot in the first quadrant 
by 180° with respect to the origin (Fig. 8-7c), it can be realized by 
the complementary network in accordance with the complemen- 
tary-network theorem; namely, simply transpose the terminals of 
the concave resistors in Fig. 8-7b as shown in Fig. 8-7d. 

By a dual argument, the convex DP plot in Fig. 8-7e can be 
realized by two convex resistors in series as shown in Fig. 8-7f. 
Again, notice that each time a new convex resistor with J = i3 > ig 
is added in series, a new breakpoint is introduced and only the 
slope of the last segment of the original DP plot is altered. The 
complementary DP plot in Fig. 8-7g can be realized by the com- 
plementary network shown in Fig. 8-7h. 

Consider next the DP plot shown in Fig. 8-77. Notice that it 
is made up of a concave curve (segments I, 2, 3) and a convex 
curve (segments 4, 5).1 As usual, the first three segments can 
be realized by the two concave resistors shown in Fig. 8-7. The 
remaining two segments are realized by the two convex resistors 
in the same figure. The parameters (Gj,E;) of each concave resistor 
and (R;,J;) of each convex resistor are easily determined from the 
corresponding two adjacent segments. The basic procedure for 
realizing an arbitrary DP plot in the first quadrant should now be 
obvious. Starting from the leftmost segment, the DP plot is 
realized one segment at a time. Each new concave (convex) segment 
is realized by connecting a concave (convex) resistor in parallel 
(series) with the previously synthesized network. Observe that 
while the DP plot is being built up from left to right, the network 
is being built up from right to left. We shall refer to this procedure 
as the segment-by-segment method. It is important to observe that 
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1 To be systematic, we shall 
always label the segments 
from the left to the right. 
Moreover, the voltage and 
current at the left break- 
point of segment / will be 
denoted by v; and i;. Simi- 
larly, the conductance and 
resistance of segment / 
will be denoted by g; and 
r;, respectively, where gj = 
Wigs 
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the key concept which makes this method so easy to apply is that 
each time a concave, or a convex, resistor is added the previously 
synthesized DP plot remains unchanged. Only the last segment is 
decomposed into two segments. Observe also that the segment-by- 
segment method requires as many concave and convex resistors as 
there are breakpoints. 

So far, we have restricted our DP plot to the first quadrant (or 
the third quadrant). Consider now an arbitrary monotonic DP 
plot. Our first step will be to apply the nonlinear Thévenin’s theorem 
and obtain a new DP plot which passes through the origin. This is 
achieved simply by connecting a battery in series with the network 
(to be synthesized) having the new DP plot. Since the original DP 
plot is monotonic, it is clear that the new DP plot can lie only in 
the first and the third quadrants. Since the above preliminary step 
is rather trivial to do, there is no loss of generality in our restrict- 
ing the following discussions only to passive monotonic DP plots. 
The segment-by-segment method for realizing this type of DP 
plot is best explained with the help of a numerical example. 


EXAMPLE 


Consider the passive monotonic DP plot shown in Fig. 8-8a. As 
usual, we label the segments from | to 8. The pertinent information 
describing each segment is tabulated in Fig. 8-8b. Again, the 
voltages e; and i; pertain to the left breakpoint of segment j. To 
synthesize this DP plot, the simplest procedure is to start with the 
segment through the origin, segment 5 in this case. The segments 
in the first quadrants are then synthesized one at a time. After this 
is done, we repeat the procedure to synthesize the segments in the 
third quadrant.” 

Starting with segment 5, we obtain the resistor R5 = 2 kQ. 
Since segments 6 and 7 form parts of the concave curve, they can 
be realized by two concave resistors in parallel as shown in Fig. 
8-8c. The parameters Ge and £¢ are simply obtained from Gg = 
26 — 25 = 1.5 mmho and E£¢ = ve = 10 volts. Similarly, G7 = g7 — 
ie oc an dig 7 — 12.5 volts. To obtain segment 8, we connect 
a convex resistor with Rg = rg — r7 = 4kQ and Jg = ig = 15 ma. 
The network to the right of terminals a-b, therefore, realizes the DP 
plot in the first quadrant. 

To synthesize the DP plot in the third quadrant, we first con- 
nect a convex resistor in series with the preceding network and 
obtain segment 4. The parameters of this resistor are given by 
Ri]. — 75 = co and [4 = 1, — 2.5 ma.; The next two seg- 
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1 Bxcept portions of the DP 


plot which lie on the/ axis 
or the v axis. 


2 Alternately, we can syn- 


thesize the DP plot in the 
third quadrant before 
going to the first quadrant. 
In fact, we may even jump 
back and forth, provided 
the order taken in each 
quadrant is consecutive. 


+ The negative sign is needed 


to compute for the voltage 
and current parameters of 
all segments in the third 
quadrant because we are 
using the complements of 
the concave and the con- 
vex resistors, with the ter- 
minals transposed. 
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Segment 8} 


Kw 
number mmhos 7 


| a [95 2.0 


Re =2 kQ (G,, E,): G,=15 mmhos, E, =10 volts 
(G,, E,): Gees, B= 125 volts (R,, Tye R= 4kQ, th 15 ma 
(R,, Hae Te oo, lin =2.5ma (G,, E,): G, = 1 mmhos, E, = 10 volts 
(G,, E,): G, = 2 mmhos, fp, = 15 volts (R,, I,): R, =5/3 kQ; Ue =15ma 

(c) 


Fig. 8-8. A numerical example ments (3 and 2) are part of a complementary concave segment and 
illustrating the general proce- 


dure for synthesizing any hence can be realized by the two concave resistors shown in Fig. 

monotonic DP plot. 8-8c. The parameters of these resistors are given, respectively, by 
G3 = g3 — g4 = 1.0 mmho and E3 = —v, = 10 volts, and by 
Ge = g2 — g3 = 2.0 mmho and Ez = —v3 = 15 volts. Finally, to 
realize the last convex segment (segment 1), we connect a convex 
resistor with Ry = ry — re = % kQ and 4 = —i2 = 15 ma. 


The above method is clearly applicable for realizing any pas- 
sive monotonic DP plot. We shall now describe another method 
which is sometimes more convenient. 
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The decomposition method is based on the concept of splitting 
a DP plot into two simpler components. Each component DP plot 
can be further decomposed into even simpler components which 
are more amenable to synthesis. For example, if the DP plot con- 
tains a portion which is identical with the v-i curve of an existing 
device, such as a varistor, then it is more practical to decompose 
the DP plot into two component DP plots, one coinciding with the 
device’s v-i curve. 

Another technique for decomposition is motivated by the 
simplicity in synthesizing DP plots which lie only in the first 
quadrant. The technique consists of splitting the DP plot along the 
i axis or along the v axis. Accordingly, we have the series-decom- 
position technique and the parallel-decomposition technique. 

To illustrate the series-decomposition technique, let us con- 
sider the same DP plot I in Fig. 8-8a and split it along the 7 axis, 
thereby obtaining two component plots I’; and Ts. This first plot 
I, coincides with the DP plot [ in the first quadrant, but with the 
negative 7 axis included as part of Ty, as shown by the vg-ig curve 
in Fig. 8-9a. The second plot Iz is obtained by rotating that part 
of the DP plot T in the third quadrant by 180° with respect 
to the origin, and then adding the negative 7 axis as part of 2, as 
shown by the vp-ip curve in Fig. 8-9b. Observe now that if we con- 
nect the networks N, and N, back to back in series as shown 
in Fig. 8-9c, the resulting DP plot will be exactly I. Since both Ty 
and Is are now restricted to the first quadrants, they can be easily 
realized by the methods described earlier. Moreover, since only the 
first quadrant is of interest here, the junction diode normally 
present inside the concave and convex resistors can be eliminated. 
The portion of the vg-ig and vUp-ip curves coinciding with the nega- 
tive-current axis can be approximately realized by a single junction 
diode across the input terminals. For example, the two circuits 
shown in Fig. 8-9d and e are two simple realizations for IP; and 
Tz, respectively. 

The parallel-decomposition technique is the dual of the tech- 
nique described above. This time, the DP plot is split along the 
voltage axis to obtain the vg-i, and v,-i, curves shown in Fig. 8-9f 
and g. Again, these DP plots are in the first quadrants and can be 
easily realized. The final DP plot is obtained by connecting the 
two networks N, and N, in the back-to-front parallel configuration 
shown in Fig. 8-9h. 

One practical disadvantage of the segment-by-segment method 
is that the breakdown voltage E (current J) of each additional 
zener (constant-current) diode must be greater than that of the 
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0 5p 10) 915 9120 7p. )volts 0 5 10° 15 20) yp), volts 
(f) (g) (h) 


Fig. 8-9. Any passive mono- 


tonic DF plot can be realized preceding diode. Since higher-voltage (current) zener (constant- 
by either the series-decomposi- 


tion technique or the shunt. Current) diodes are more expensive,! we shall conclude this section 
decomposition technique. by presenting two nonlinear ladder networks which do not have 
this problem. It can be easily verified that the concave DP plot 

Aon is because higher- shown in Fig. 8-10a can always be realized by the zener-diode 
ee eer diodes ladder network shown in Fig. 8-105. Notice that the breakdown 
are usually realized in voltage of each zener diode depends only on the voltage between 
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two adjacent breakpoints and not on the absolute voltage of each 
breakpoint as in the segment-by-segment method. By duality 
arguments, the convex v-i curve shown in Fig. 8-10c can be 
realized by the constant-current diode ladder network shown in 
Fig. 8-10d.1 


Exercise 1: Explain why we choose the conductance (resistance) parameters g; 
and G; (r; and R;) when dealing with concave (convex) DP plots and resistors. 


Exercise 2: Verify the following observations concerning the network shown in 
Fig. 8-8c. (a) The two-port subnetwork on each side of terminals a-b (excluding 
Rs) can be interchanged. (b) The junction diode associated with the concave and 
convex resistors to the right of terminals a-b can be replaced by a single diode 
inserted (in series) through terminal a. 


Exercise 3: Show that the segments of the DP plot of Fig. 8-8a can be realized in 
the following orders: (a) segments 5, 4, 6, 3, 7, 2, 8, 1; (b) segments 5, 6, 7, 4, 
3, 2, 8, 1; (©) segments 5, 6, 4, 3, 2, 7, 1, 8. Find a network realization for each 
case. 


Exercise 4: Find a network realization for N, and N, of Fig. 8-9/. 


Fig. 8-10. Two practical non- 
linear ladder networks for real- 
izing an arbitrary concave or 
convex DP plot in the first 
quadrant. 


practice by connecting 
several lower-voltage (cur- 
rent) zener (constant-cur- 
rent) diodes in _ series 
(parallel). 


1 The v-i curves of the zener 
diodes, constant-current 
diodes, and junction diodes 
in Fig. 8-10 are assumed 
to be as given in Table 8-2. 
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1This corresponds to that 

negative-resistance _ seg- 
ment which most closely 
approaches a_ horizontal 
line. 


? Recall that a negative re- 
sistance can be realized in 
practice by connecting a 
positive resistance across 
one port of a negative-im- 
pedance converter (see 
Sec. 3-7). 
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Exercise 5: Derive the equations specifying Gj, £; for the zener-diode ladder net- 
work and Rj, J; for the constant-current diode ladder network in Fig. 8-10. 


8-3-2 SYNTHESIS OF NONMONOTONIC DP PLOTS 


We have shown that any monotonic DP plot can be realized by 
using only passive components (top portion of Table 8-2) and at 
most one independent source such as a battery. To realize a non- 
monotonic DP plot, however, active components are generally 
needed. 

Consider first the current-controlled DP plot shown in Fig. 
8-lla. Notice that if we connect a large-enough positive resistance 
(Fig. 8-115) in series with a network N having this DP plot, we 
would obtain the monotonic DP plot shown in Fig. 8-llc. Ifa 
current-controlled DP plot contains m negative-resistance segments, 
and if the most negative segment! has a resistance — Rmax, then by 
choosing a positive resistance R > Rmax in series with N, a mono- 
tonic DP can always be obtained. Suppose now we connect a 
positive resistance R and a negative resistance — K in series with 
the network N as shown in Fig. 8-11d. Obviously, the DP plot of 
this network is identical with that of N (Fig. 8-1la). Notice, how- 
ever, that the positive resistor R and the network N can be replaced 
by an equivalent network N’ whose DP plot is monotonic. This 
DP plot can be realized by the techniques presented in the pre- 
ceding section, and hence the DP plot shown in Fig. 8-lla can be 
realized by the network shown in Fig. 8-11, 

The dual technique can be applied to synthesize any voltage- 
controlled DP plot. This time, the two resistors must be connected 
in parallel, and the magnitude of the conductance must be chosen 
greater than the conductance of the most negative segment. Hence, 
the above discussions can be summarized by the following: Any 
current-controlled or voltage-controlled DP plot can be realized 
by exactly one negative resistance and a network with a monotonic 
DP plot.? 

It must be emphasized, however, that in synthesizing non- 
monotonic plots, unlike monotonic plots, which are always stable 
and easy to synthesize, the presence of the negative resistance may 
often lead to unwanted oscillations. The reason for the oscillation 
will be given in Chap. 14. Another problem associated with the 
above realization techniques is that the DP plot is extremely sen- 
sitive to changes in the value of the negative resistance. We shall 
now discuss another method which is usually more stable from a 
practical point of view. We shall present the method for a voltage- 
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/N’ 
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(d) (e) 


controlled DP plot, leaving the dual for the problems. The founda- 
tion of this method is based on the following two theorems. 


SCALOR-ROTATOR REALIZATION THEOREM 


Any passive voltage-controlled DP plot with finite slopes can be 
realized by a cascade connection of a scalor, a rotator, and a net- 
work with a monotonic DP plot. 


In order to prove this theorem, let us represent the voltage- 
controlled DP plot by i = f(v) and let its slope be given by 
G(v) = df(v)/dv. If a resistor with this DP plot is connected across 
port 2 of the rotator as in Fig. 3-27 in Chap. 3, we can derive the 
slope di;/dv; of the new DP plot seen across port 1| of the rotator 
by first substituting v2 = v and ig = —i = —f(v) into Eqs. (3-88) 
and (3-89);1 thus 


v1 = (cos Ov — (sin 8) f(v) (8-23) 
iz = (sin Ov + (cos A) fv) (8-24) 


R,=7509 


I,=2ma 


R,=1,5009 
I,= 42ma 


Fig. 8-11. Anillustration show- 
ing that any current-controlled 
DP plot can be realized by con- 
necting a negative resistor in 
series with a network charac- 
terized by a monotonic DP plot. 


1For simplicity, we assume 
that the scale factor R = 1. 


398 


Resistive nonlinear networks 


Differentiating these equations with respect to v, we obtain 


dv, 


“1 = cos 6 — (sin 6)G(v) (8-25) 
dv 
a = sin 8 + (cos #)G(v) (8-26) 


Dividing Eq. (8-26) by Eq. (8-25) and simplifying, we obtain the 
desired slope 


diy _ _ tan 6 + Gv) (8-27) 
dv; 1 — (tan #)G(v) 
In order for the rotated v;-i; curve to be monotonic, we require 
that di;/dv; > 0. It is easy to see from Eq. (8-27) that this condition 
implies 


—tan # < G(v) < cot 6 (8-28) 


If we let Gmin and Gmax be the minimum and maximum values of 
G(v), respectively, then Eq. (8-28) implies that the range of the 
angle of rotation # must be restricted by 


tan=* (— Grin) < 0 "cot! (Graz) (8-29) 


Depending on the given function f(v), we may or may not be 
able to find a range of values for @ which satisfies Eq. (8-29). How- 
ever, if we connect a current scalor with a scaling constant k; 
in cascade with the rotator, then the slope of the original v-i curve 
should be divided by k;. In this case, Eq. (8-29) becomes 


— Gini G 
—1 min =—1 max e 
tan Saree < 0 cot sa (8-30) 


It is now easy to see that if the value of k; is chosen such that 
[Gein ne (8-31) 


then since the slope of the DP plot is finite by hypothesis, the 
quantity under the radical sign is a finite number; therefore, 
k; #~ co, and there is always a range of values for 6 which satisfies 
Eq. (8-30). 
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Network with 
monotonic 


Network with 
monotonic 
DP plot 


Scalor Reflector 


(b) 


What we have shown, therefore, is that any voltage-controlled 
v-i curve can be transformed into a monotonic v,-i; curve by 
simply choosing the value k; of the current scalor and the angle of 
rotation @ of the rotator in accordance with Eqs. (8-30) and (8-31), 
respectively. If we now reverse the steps in the above proof, we 
shall arrive at the procedure for synthesizing a voltage-controlled 
DP plot by the scalor-rotator network shown in Fig. 8-12a. This 
proves the theorem. Before we consider a numerical example, we 
shall state a somewhat analogous result using a reflector instead 
of a rotator. 


SCALOR-REFLECTOR REALIZATION THEOREM 


Any passive voltage-controlled DP plot with finite slopes can be 
realized by a cascade connection of a scalor, a reflector, and a net- 
work with a monotonic DP plot. 


The proof of this theorem follows arguments similar to those 
given earlier and will, therefore, be left as an exercise. The circuit 
configuration for this case is shown in Fig. 8-125. 

As a numerical example, consider the voltage-controlled v-i 
curve shown in Fig. 8-13a. It is easy to see that the value k; = 6 
satisfies Eq. (8-31), and with this value the angle 9 = 28° is chosen 
[arbitrarily, so long as it satisfies Eq. (8-30)]. Hence, the current 
(ordinate) of the v-i curve in Fig. 8-13a is divided by the number 
k, = 6 as shown by the lower dotted curve. If we rotate this curve 
by 28° counterclockwise, we obtain, indeed, the monotonic DP 
plot shown in Fig. 8-13a. This DP plot is then synthesized by the 
segment-by-segment method. The resulting circuit is shown con- 
nected to the scalor-rotator combination as in Fig. 8-135. In order 
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Fig. 8-12. Two basic circuits 
utilizing a scalor, a rotator, and 
a reflector for realizing arbi- 
trary voltage-controlled DP 
plots. 


1, ma 


12 
Desired v-i curve 
to be synthesized 
10 
8 Monotonic v-z curve obtained 
by rotating the scaled v-i 
curve by 28° in a counter- 
é clockwise direction 


Scaled v-z curve (k= 6) 


> v, volts 


4.3 volts 


5 kQ 


Scalor Rotator 
(k, =6) (0 = —28°) 
Vp-ty curve Uy a; curve 


(b) 
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Vertical scale: 2ma per division 
Horizontal scale: 2 volts per division (c) 


Monotonic resistor 


Fig. 8-13. A numerical example illustrating the synthesis of a voltage-controlled v-i curve by the scalor-rotator combination. 
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to compare the way the actual curve differs from the prescribed 
curve, the network in Fig. 8-13b was built, and the vy-i1, vo-i2, and 
v-i curves are measured as shown in Fig. 8-13c.! These scope 


tracings show a remarkable agreement with the curves in Fig. 
8-13a. 


Exercise 1: Show that any voltage-controlled DP plot can be realized by a nega- 
tive resistor and a network with a monotonic DP plot. 


Exercise 2: Derive Eqs. (8-29), (8-30), and (8-31). 


Exercise 3: Prove the scalor-reflector realization theorem and verify that the con- 
stant kj of the scalor and the angle of reflection @ are also given by Eqs. (8-31) 
and (8-30), respectively. 


Exercise 4: State and prove the dual theorems for realizing a current-controlled 
DP plot by means of scalors, rotators, and reflectors. 


8-4 SYNTHESIS OF TC PLOTS 


We have already seen a number of practical applications (for 
example, Sec. 6-6) which require the synthesis of a network with a 
prescribed TC plot. We shall see more applications in the next two 
chapters. Since there are four different types of TC plots, we shall 
describe at least one method for each. 


Synthesis of i,-vs.-v; TC plot. This type of TC plot can be realized 
by the simple series circuit shown in Fig. 8-14a. The DP plot of the 
nonlinear resistor R is identical with the prescribed TC plot but 
with the i, axis replaced by the 7 axis. This follows from the 
observation that v = uv; and i = i,. The problem of realizing a pre- 
scribed i,-vs.-v; TC plot reduces, therefore, to the synthesis of one 
DP plot, a task we already know how to do. 


Synthesis of v,-vs.-i; TC plot This type of TC plot is the dual of 
that presented above. Hence, the dual circuit shown in Fig. 8-145 
constitutes a simple realization. The DP plot of R in this case is 
identical with the prescribed TC plot but with the v, axis replaced 
by the v axis. 


Synthesis of v,-vs.-v; TC plot This type of TC plot can be realized 
by the circuit shown in Fig. 8-14c. The DP plot of the nonlinear 
resistor is identical with the prescribed TC plot but with the v, axis 
replaced by the i axis. Observe that this circuit is obtained by adding 
a current-controlled voltage source to the circuit of Fig. 8-14a. 
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tracings is located at the 
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(a) 


(6) 


(c) 


Fig. 8-14. Basic circuit realiza- 
tions for four different types of 
TC plots. 


1Controlled sources are 
presently expensive to 
build and are more sensi- 
tive to parameter varia- 
tions. These disadvantages, 
however, are gradually 
disappearing because of 
the advances in integrated- 
circuit technology. 


2One may take advantage 
of this arbitrariness to 
select R; so that it includes 
the internal resistance of 
the “physical” voltage 
SOUTCE Uj. 


(d) 


Synthesis of i,-vs.-i; TC plot. This type of TC plot is the dual of 
that presented above and can, therefore, be realized by the dual 
circuit shown in Fig. 8-14d. This time, the DP plot of the non- 
linear resistor R is identical with the prescribed TC plot but with 
the 7, axis replaced by the v axis. 

While it is true that the last two realization techniques are 
completely general, they are not necessarily the most practical be- 
cause of the need for the controlled sources.! On many occasions 
it may be desirable to choose a more practical circuit. We shall 
now describe two methods for achieving this. 


8-4-1 TC PLOT SYNTHESIS BY A NONLINEAR 
VOLTAGE- OR CURRENT-DIVIDER NETWORK 


We shall now show that any v,-vs.-v; TC plot can be realized by a 
nonlinear voltage-divider network and any i,-vs.-i; TC plot can be 
realized by a nonlinear current-divider network. Consider first the 
nonlinear voltage-divider network shown in Fig. 8-15a. The resistor 
R; is linear, and its resistance may be arbitrarily chosen.? Our 
problem is to find the appropriate DP plot for the nonlinear 
resistor Re in order to realize the prescribed TC plot. This can be 
easily found by applying the template method discussed earlier in 
Sec. 6-5-1. As will be obvious soon, it is more convenient to redraw 
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Fig. 8-15. Examples showing the graphical procedure for realizing a TC plot by two basic nonlinear voltage-divider networks. 
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the prescribed TC plot with v; as the vertical axis and v, as the 
horizontal axis. To illustrate the procedure, suppose the TC plot 
shown in Fig. 8-15b is to be synthesized. Suppose further that 
R, = 2 kQ. Our first step is to draw the family of straight lines 
representing the v,-i, curve with v; as the parameter as shown in 
Fig. 8-15c. The slope of these lines is negative because we have de- 
fined the reference direction for i, in such a way that ig =/. 
Notice that the i, axis is aligned with the v; axis of Fig. 8-155 so 
that the abscissa of each point on the TC plot is identical with the 
corresponding point in Fig. 8-15c. Moreover, since the given TC 
plot is piecewise-linear, we need only to drop a vertical guideline 
from each breakpoint until it intersects the line corresponding to 
the same value of v;. Hence, the TC plot in Fig. 8-150 is 
easily “transferred” into the vg-iq plane as shown in Fig. 8-15c. 
Since i, = i and Ug = v, this transferred TC plot can be redrawn 
in the v-i plane as shown in Fig. 8-15d. This is the desired DP plot 
for Ry and can be realized by the methods discussed earlier. 

An alternate method for realizing an arbitrary TC plot is the 
voltage-divider network shown in Fig. 8-15e. This time the resistor 
Rz is linear and may assume arbitrary values. Our problem is to 
find the appropriate DP plot for Ry. As usual, it is more conven- 
ient to plot the TC plot with v; as the vertical axis as in Fig. 8-15f. 
If we denote this TC plot by v; = g(v,), then the voltage v across 
R, is given by v = Vj — Uo = B(Uo) — Uo, OF 


v = f(s) (8-32) 
where 
Fo) = 8(Uo) — Vo (8-33) 


This function represents g curve in the v-vs.-v, plane obtained by 


subtracting the [C plot v; = 2(Vo), from the'line vy; = v,'as shown 
in Fig. 8-15g.1 The next step is to a 


Up = Roi (8-34) 
Substituting Eq. (8-34) for v, in Eq. (8-32), we obtain the desired 
DP plot 

1 Although we denote Eq. v = f(Rei) (8-35) 


(8-33) by a functional nota- 
tion, the method is appli- 2 : : F nee 
cable even if f(v,) repre- Notice that Eq. (8-35) is obtained simply by dividing the scale of 


sents a multivalued curve. the v, axis in Fig. 8-15g by Ro, and then relabeling this axis by i. 
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The last step is to redraw this v-i curve with i as the vertical axis 
in order to conform with our usual practice. Hence, to obtain the 
DP plot of Ry, we first divide the scale of the v, axis in Fig. 8-15g 
by R = 2K and relabel this axis by i in milliamperes. The result- 
ing DP plot for Ry is shown in Fig. 8-15/. 

It can be easily shown that if the slope of the TC plot 
dv,/dv; < 1 or if dv;/dv, > 1, then the DP plot for the nonlinear 
resistor R» in Fig. 8-15a, or the nonlinear resistor Ry, in Fig. 8-15e, 
will always be monotonic. For this class of TC plot, therefore, the 
above voltage-divider method is much more practical. 

An important point that we have tacitly assumed so far 
is that there are no loading effects, that is, i, = 0. In practice, the 
output terminals are invariably connected across an external load 
which may draw some current. In most cases, this external load 
can be represented by an equivalent load resistor Ry. If Ry is non- 
linear, the circuit in Fig. 8-15a is more appropriate because the re- 
sistor R, can be included as part of Ry before the network is 
synthesized. For example, if the DP plot of Re (obtained without 
loading effect) is given by 7 = g(v), and if the load resistor has a 
Up-i Curve given by iz; = A(vz), then since R and Ry, are in parallel, 
we have v = uz,. Hence, we may “extract” this vz-i, curve from the 
v-i curve and obtain a new v’-i’ curve given by 7’ = g(v’) — hv’) = 
Ff’). In other words, the DP plot of R2 that must be synthesized 
is given by i’ = f(v’) and not i = g(v). On the other hand, if Rz is 
linear, then the circuit in Fig. 8-155 may be more convenient to 
use because in this case R; can simply be chosen equal to Re. In 
both cases the loading effect can be easily taken care of, provided 
the load remains unchanged. 

Although our discussions so far have been restricted to the 
synthesis of vp-vs.-v; TC plots by voltage dividers, it is clear that 
the dual procedures can be used to synthesize any j,-vs.-i; TC 
plots by current dividers. We shall leave the details for doing this 
as an exercise. 


See 1C PLOT SYNTHESIS BY 
OPERATIONAL AMPLIFIER CIRCUITS 


The disadvantage of the voltage- and current-divider methods is 
that whenever the slope of the TC plot dv,/dv; > | or di,/di; > 1, 
the DP plot of the nonlinear resistor becomes nonmonotonic. The 
simplicity of these methods is thereby overshadowed by the need 
to synthesize nonmonotonic DP plots. We shall now present 
another method which does not have this disadvantage. 
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Fig. 8-16. Any v,-vs.-vj TC plot 
can be realized by an opera- 
tional amplifier circuit using 
one nonlinear resistor. 
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Phase inverter 


Consider first the operational amplifier circuit shown in Fig. 
8-16a. In view of the principle of virtual short circuit (Sec. 3-6-2), 
we obtain i; = i and 


by = Ryip = Ryi = Roo) (8-36) 


where g(v) is the v-i curve of the nonlinear resistor R. But 
v = —(—v;) = v;, and hence Eq. (8-36) becomes 


by = Ryg(vi) (8-37) 


This equation shows that any TC plot v, = f(v;) can be realized 
by the circuit in Fig. 8-16a, provided that the DP plot of the non- 
linear resistor R is chosen to be 


,_ SL) 
c= Te (8-38) 
Observe that if we replace R; in Eq. (8-38) by a constant Ko, then 
this constant can be used to change the scale of the output voltage 
UV, of the TC plot. Observe also that Eq. (8-38) implies that the DP 
plot of the nonlinear resistor will be monotonic as long as the TC 
plot is monotonic. 
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An alternate realization using an operational amplifier is 
shown in Fig. 8-165. If we denote the v-i curve of the nonlinear re- 
sistor R by v = A(i), then the relation between v, and v; is easily 
found to be given by 


Vi 
Ow 7 (=) (8-39) 


i 


This equation implies that any TC plot v, = f(v;) can be realized 
by the circuit shown in Fig. 8-165, provided the DP plot of 
the nonlinear resistor R is chosen to be 


v = f(Rii) (8-40) 


Observe that if we replace R; in Eq. (8-40) by a constant Kj, then 
this constant can be used to change the scale of the input voltage 
v; of the TC plot. Again, the DP plot of the nonlinear resistor will 
be monotonic as long as the TC plot is monotonic. 

If the TC plot is nonmonotonic, then all methods presented so 
far will require the synthesis of a nonmonotonic DP plot. Under 
appropriate conditions, however, it is possible to trade one non- 
monotonic resistor with four monotonic ones, as will be demon- 
strated in the following section. 


Exercise 1: Verify the realizations shown in Fig. 8-15d and h by actually 
constructing the TC plots. 


Exercise 2: Show that the DP plot for the nonlinear resistor in each of the volt- 
age-divider networks is monotonic if the slope of the TC plot dv,/dv; < 1 or if the 
reciprocal slope du;/dv, > 1. 


Exercise 3: There are applications wherein not only the TC plot and the load re- 
sistor are specified, but also the DP plot across the voltage-source ter- 
minals. This can be achieved by making both resistors in the voltage-divider net- 
work nonlinear. (a) Describe a general synthesis procedure for achieving this set 
of specifications. (b) Specialize the procedure to the case when the input DP plot 
is a straight line. Such a network is called a constant-resistance network. 


Exercise 4: Describe the general procedure for realizing any i,-vs.-i; TC plot by 
means of a nonlinear current-divider network. Consider two cases, first with R, 
assumed to be linear, and then with Re assumed to be linear. 


Exercise 5: Compare the advantages and disadvantages of the two circuits 
shown in Fig. 8-16. 
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1The nonmonotonic DP 
plot is necessary in the 
method presented earlier 
because these networks 
have common input and 
output terminals. In order 
to obtain a TC plot with 
negative-slope segments 
and using only monotonic 
resistors, the network to- 
pology must have more 
than one path for currents 
to flow to the output ter- 
minals. 
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8-5 SYNTHESIS OF JOINTLY PRESCRIBED 
DP PLOT, TC PLOT, AND LOAD v-i CURVE 


The methods presented so far require the synthesis of a nonmono- 
tonic DP plot whenever the TC plot contains one or more segments 
with negative slopes.! The fact that the TC plot of the trivial net- 
work consisting of a pair of crossed wires is given by vp = —0; 
suggests that this requirement is not necessary in general. In fact, 
we shall now derive a method based on the lattice network shown 
in Fig. 8-17a. The foundation of this method is given by the fol- 
lowing theorem. 


LATTICE NETWORK SYNTHESIS THEOREM 


A symmetric lattice network containing only monotonic resistors 
can always be synthesized to have a prescribed TC plot v, = T(v), 
a prescribed load resistor vy-i, curve i, = gz(Uz), and a prescribed 
DP plot i = g(v) across the input terminals provided the following 
three conditions are satisfied: 


Conditions anes 5 en eae dame ke 
dv dv, 
Condition 2: -—1< a) <1 (8-41) 
ae ; daT(v) de(v)/dv 
Condition 3: i FONE His 


Observe that condition | implies that both the DP plot and 
the load resistor vz-i, curve are strictly monotonically increasing 
functions. Condition 2 implies that the magnitude of the slope of 
the TC plot must be less than unity. The last condition imposes a 
constraint between the slope of the TC plot and the slopes of the 
DP plot and the v;-i, curve at corresponding points. If the curves 
are plecewise-linear, which we shall assume in the following dis- 
cussion for simplicity, the slope at each breakpoint can be chosen 
to correspond to either one of the two segments. 


The proof of this theorem will be given in Chap. 12. Mean- 
while, let us assume that it is true and proceed to derive a synthesis 
procedure. Since the above theorem guarantees that all resistors of 
the lattice network will come out monotonic, it follows from the 
uniqueness theorem (Sec. 5-6) that the network has a unique solu- 
tion. Hence, we may apply the symmetric lattice network theorem 


>vu_, volts 


(0) 
Vg =T(v) 
- > vu, volts a9 > v, volts 
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2r 1; =G,(v) 
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Fig. 8-17. Graphical procedures for synthesizing a nonlinear lattice network with a prescribed DP plot, TC plot, and load 
v-i Curve. 
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(Sec. 7-7-1) to the network in Fig. 8-17a and conclude that v4 = V2 
and iy = i. Suppose now we write the KVL equations around the 
loops formed by nodes a-c-b and c-a-d and use the relation v4 = V2 
to obtain 


O= Oi op Oh SS th sp Ob 


Ui, —= —U{ += 02 
Solving for v; and v2 from these equations, we obtain 


— Yv — Uz) (8-42) 
Uo = Y(v “F Up) (8-43) 


Next, let us write the KCL equations at nodes a and c and use the 
relation i4 = ie to obtain 


i=h + le 
ip=y—i4 = — 12 


Solving for 7; and iz from these equations, we obtain 


iy 


(i + iz) (8-44) 
iz = “(i — iz) (8-45) 
Let us now observe from Fig. 8-17a that since vz, = Up, the TC plot 
Vo = T(v) can also be written as 


vy, = T(v) (8-46) 


Hence, the load resistor vz-i, curve i, = gr(vp) can be expressed in 
terms of the driving-point variable v by a graphical composition be- 
tween this curve and the TC plot, namely, 


in = gr(T(o)) (8-47) 


Finally, let us substitute Eqs. (8-46) and (8-47) into Eqs. (8-42) to 
(8-45) to obtain 


vy = ’v — “T(v) = Fy(v) (8-48) 
vg = ov + ’T(v) = Fv) (8-49) 
iy = 2g(v) + 2g(TV)) = Gi) (8-50) 
in = ¥g(v) — Yer(T)) = Gv) (8-51) 
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Observe that these equations are now functions of the same 
variable v and can be readily obtained graphically. 

It remains for us to eliminate the variable v from the two 
curves F(v) and G,(v) to obtain the v,-i; curve of resistor Ry. This 
again can be readily done graphically. Similarly, we can graphically 
eliminate the variable v from the two curves F2(v) and G2(v) to ob- 
tain the vo-i2 curve of resistor Rp. Let us illustrate this procedure 
by an example. 


EXAMPLE 


Suppose the prescribed load resistor curve i, = gz(vz), the pre- 
scribed TC plot v, = T(v), and the prescribed DP plot i = g(v) are 
given, respectively, in Fig. 8-17b to d. An inspection of these 
curves shows that conditions 1, 2, and 3 are satisfied, and hence, 
we are guaranteed that the method is valid. 

The first step in the synthesis procedure is to obtain the 
curves 0; = F\(v) and ve = F2(v) as defined by Eqs. (8-48) and 
(8-49). This is easily done graphically as shown in Fig. 8-17e. 
Notice that the ordinates of the TC plot must be divided by 2 be- 
fore carrying out the subtraction and addition operations graph- 
ically. 

The next step is to obtain the curves 7; = G(v) and iz = G2(v) 
as defined by Eqs. (8-50) and (8-51). Before we do this, however, 
we must first obtain the curve i, = g7(7T(v)) by a graphical com- 
position between the load resistor curve i, = gz(vz) and the 
TC plot vz, = T(v). This curve is shown in the upper portion 
of Fig. 8-17f together with the curve 7; = iz = 2g(v) (obtained by 
dividing the ordinates of the DP plot by 2). The results of adding 
and subtracting the ordinates of these two curves are shown 
by the curves 7; = G,(v) and ig = G2(v) in Fig. 8-17. 

The last step in the synthesis procedure is to obtain the v4-11 
curve of resistor Ry and the ve-i2 curve of resistor Rg.¢ The v4-/4 
curve is easily obtained by a graphical elimination procedure be- 
tween the curves v1 = Fi(v) of Fig. 8-17e and i; = Gy(v) of 
Fig. 8-17f. The result is shown in Fig. 8-17g. Similarly, the 
U2-ig curve is obtained by a graphical elimination procedure 
between the curves v2 = F2(v) of Fig. 8-17e and ig = G2(v) of Fig. 
8-177. The result is shown in Fig. 8-17h. As expected, both resis- 
tors R4 and Rg are monotonic. They can, therefore, be easily 
realized by the methods described earlier. 


The above graphical procedures are relatively simple. How- 
ever, if a numerical error is committed, it is sometimes difficult to 
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1Unlike the other meth- 
ods which are applicable 
to all cases, although we 
may end with nonmono- 
tonic resistors, the present 
method is not valid in 
general if the three con- 
ditions are not satisfied. 


7 Since the lattice network 
is symmetrical, the v4-/ 
curve of the upper resistor 
R, is identical with the 
v3-i3 Curve of the lower re- 
sistor. Similarly, the v2-ly 
curve of resistor Rg across 
terminals a-d is identical 
with the v4-i4 curve of re- 
sistor Rg across terminals 
c-b. 
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detect. A computer program can be easily written to carry out the 
graphical procedures above. Among other things, the computer 
can be instructed to check the three conditions given in Eq. (8-41) 
and to print out the complete solution if these conditions are 
satisfied. If one or more conditions are not satisfied, the computer 
can still be instructed to carry out the procedures, only this time 
we expect the resistors Ry and Rz to be nonmonotonic and hence 
the solutions may or may not be correct. In this case, the computer 
must be instructed to find the DP and TC plots of the synthesized 
network and to check them against the specifications. 

There is nothing we can do if the conditions are not satisfied. 
In fact, as we shall show in Chap. 12, if the magnitude of the 
slope of the TC plot is greater than 1 at some points on the plot, 
then the resistors will be nonmonotonic. Physically, this agrees 
with our intuition that it is not possible for a network containing 
only monotonic resistors to produce a larger output voltage than 
the applied input voltage. This is because some of the input power 
will be dissipated as heat. 

If we are interested only in the TC plot, however, we can 
divide its ordinate by an appropriate constant so that the three con- 
ditions are always satisfied. In this case, we might as well assume 
that the load resistor vz-i, curve and the DP plot are both linear. 
This TC plot can then be synthesized by the above lattice network. 
The final TC plot is obtained by connecting a voltage-controlled 
voltage source in cascade with the resulting lattice network. Hence, 
we have shown that any v, = T(v) TC plot can be realized by 
a symmetric lattice network (containing only monotonic resistors) 
and possibly a voltage-controlled voltage source. 


Exercise 1: Verify that the network synthesized in Fig. 8-17 indeed satisfies the 
specifications. HINT: Apply the method used in Example 2 of Sec. 7-6. 


Exercise 2: In many practical applications, the load resistor vz-i, curve and the 
DP plot are both linear. Show how the graphical procedures can be simplified in 
this case. Apply this procedure to realize the TC plot shown in Fig. 8-17c 
but with the load resistor and DP plot both represented by a 1-kQ linear resistance. 


Exercise 3: Find the procedures for synthesizing a prescribed TC plot i, = T(i), a 
prescribed load resistor curve i, = g7(vz), and a prescribed DP plot i = g(v) by 
the symmetric lattice network shown in Fig. 8-17a. What are the conditions that 
must be satisfied in this case? 


Exercise 4: Repeat Exercise 3 but with the TC plot replaced by v, = T(i) and then 
ige— nO) 
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8-6 SUMMARY 


Synthesis of operating points (biasing) 


Ls 


Any two-terminal resistor can be biased to operate at a pre- 
scribed point on its v-i curve by a resistor-battery biasing net- 
work. To satisfy other design criteria, a nonlinear biasing net- 
work may be desirable. 


. Any three-terminal resistor can be biased to operate at a pre- 


scribed point on its characteristic curves by one of the three 
biasing networks tabulated in Table 8-1. 


. The thermal-runaway phenomenon may occur in both two- 


terminal and three-terminal resistors. This phenomenon can be 
avoided by a properly designed biasing network. 


Synthesis of DP plots 


1. 


Any monotonic DP plot can be realized by using only linear 
resistors, concave resistors, convex resistors, and, at most, one 
battery. The concave and convex resistors can, in turn, be 
realized by junction diodes, zener diodes, constant-current 
diodes, and linear resistors. The synthesized network is always 
stable. The two methods are the following: 

a. Segment-by-segment method. 

b. Series- and parallel-decomposition methods. In these meth- 
ods, the concave portion of the DP plot can be easily realized 
by a nonlinear ladder network containing only zener diodes, 
linear resistors, and one junction diode. The convex portion 
can be realized by a nonlinear ladder network containing 
only constant-current diodes, linear resistors, and one junc- 
tion diode. 


Any current- or voltage-controlled DP plot can be realized by 

three methods: 

a. A negative resistor in series (parallel) with a monotonic 
resistor 

b. A scalor-rotator combination and a monotonic resistor 

c. A scalor-reflector combination and a monotonic resistor 


Synthesis of TC plots 


te 


Any one of the four types of TC plots can be realized by 
a nonlinear resistor and a controlled source. 


Any monotonic TC plot is best realized by the following more 
practical methods: 
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. If the slope of each point on the v,-vs.-v; (io-VS.-1i) TC plot 


is positive and less than unity, use the nonlinear voltage- 
divider (current-divider) method. 


. If the slope of each point on the v,-vs.-v; TC plot is greater 


than unity, use the operational amplifier method. 


. If the magnitude of the slope of each point on the v,-vs.-v; 


(ij-vs.-i;) TC plot is less than unity (but may be negative), 
use the symmetric lattice network. 


. If the magnitude of the slope of the v,-vs.-vj (io-VS.-ii) 


TC plot is greater than unity (but may be negative), a 
voltage-controlled voltage source (current-controlled current 
source) may be used in cascade with the symmetric lattice 
network. 


Synthesis of jointly prescribed DP plot, TC plot, and load v-i curve 
This set of simultaneous specifications can be realized by a sym- 
metric lattice network under appropriate conditions. (For the 
Uo-VS.-v; TC plots, the conditions are given by Eq. 8-41.) 


PROBLEMS 


8-1 


The biasing-circuit configuration 3 in Table le $d is is ta. be used 
to bias a p- np transistor type 2NXX18B. "The desired) operat- 
ing point is given by Js = —0.2 ma and Vcg = —5 volts. The fol- 
lowing biasing-circuit elements are chosen: E = — 10 volts, R4 = 


Ss 50kQ, Ro = pe Find the other element values of the biasing 


8-2 


8-3 


8-4 


circuit. 


The biasing-circuit configuration 2 in Table 3-1 1 isch Q be used 
to bias a p-channel FET type 2NXX20. the mothe point is 
given by Vps = —15 volts and Ves = 0.6 volt. The following 
biasing-circuit elements are chosen: E = /—30 volts, Ro = 13 kQ, 
and R4 = 300 kQ. Find the other element values of the bias- 
ing circuit. 


An n-p-n transistor type 2NXX17B is to be biased in the common- 
emitter configuration with Js = 0.6 ma and Veg = 5 volts. The 
n-p-n transistor is known to have a negative temperature coefficient. ~ 
Use the biasing-circuit configuration 2 in Table 8-1 and as- 
sume that E = 15 volts and Ry = 10 k®. Find the remaining ele- 
ments of the biasing network in order to minimize the possibility 
of thermal runaway. 


A p-n-p transistor type 2NXX18A is to be biased in the common- 
emitter configuration with Jg = —100 pa and Vo, = —5 volts. 
The p-n-p transistor has a negative temperature coefficient. Use the 
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biasing-circuit configuration 2 in Table 8-1. Assume E = —15 volts 
and Ry = 50 k®. Find the remaining elements of the biasing net- 
work in order to minimize the possibility of thermal runaway. 


8-5 The circuit shown in Fig. P8-S is called a common-emitter ampli- 
fier. From various practical considerations which need not be de- 
tailed here, it is desired that this circuit be operating at Voz = 5 
volts and J¢ = 34 ma, and that the two resistors R; and R, be re- 
lated by RyR4/(Ri + Ra) = 500 Q. Without using Table 8-1, find 
the values of £, Ry, and Ry. 


Fig. P8-5. 


8-6 Synthesize the DP plots shown in Fig. P8-6a to f with concave re- 
sistors, convex resistors, and, at most, one battery. 


v, volts + 
—40 


v, volts 


416 Resistive nonlinear networks 


+ +> p, volts 
40 60 


(f) 


Fig. P8-6 (Continued). 


8-7 Using only concave resistors, convex resistors, and, at most, one 
battery, synthesize the DP plots shown in Fig. P8-7a and b. 


ma iD} 
volts 


>v, volts 


Fig. P8-7. 


8-8 Synthesize the DP plots shown in Fig. P8-8a to g using only posi- 
tive resistors, zener diodes, and constant-current diodes. 


hi 


volts 


(a) 


(e) (f) 


8-9 Using only concave resistors, convex resistors, and, at most, one _ Fig. P8-8. 
battery and one negative resistor, synthesize the DP plots shown in 
Fig. P8-9a to d. 


i ma 
6 


iL ), WO 
6 


>v, volts > v, volts 


-—80 -60 —40 


(d) 


(c) 
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Fig. P8-11. 
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Synthesize the DP plots shown in Fig. P8-9a to d by the following 
methods: 

(a) scalor-rotator combination 

(b) scalor-reflector combination 


(a) Show that any concave DP plot can be realized by the zener- 
diode ladder network shown in Fig. P8-1 1a. 

(b) Show that any convex DP plot can be realized by the constant- 
current diode ladder network shown in Fig. P8-110. 
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8-12 Synthesize the DP plots shown in Fig. P8-6a and b by the follow- 
ing methods: 
(a) For the concave DP plot, use the nonlinear ladder network 
shown in Fig. 8-10 of the text. 
(b) Repeat (a) using the nonlinear ladder network shown in Fig. 
P8-1 la. 
(c) For the convex DP plot, use the nonlinear ladder network 
shown in Fig. 8-10d of the text. 
(d) Repeat (c) using the nonlinear ladder network shown in Fig. 
P8-1 1b. 


8-13 Synthesize the TC plots shown in Fig. P8-13a to c by the following 
methods: 
(a) a nonlinear voltage divider with R; = 500 Q 
(b) a nonlinear voltage divider with Ry = 500 Q 
(c) an operational amplifier with a linear feedback resistor 
(d) an operational amplifier with a nonlinear feedback resistor 


Av,, volts | Up, volts Up, volts 


0 
(c) 
Fig. P8-13. 
8-14 Synthesize the TC plots shown in Fig. P8-14a to c by the following 
methods: 
(a) a nonlinear current-divider with R; = 1,000 Q 
(b) a nonlinear current-divider with Ry = 1,000 eee 


hi,, ma Az, ma 


6+ 


(a) (b) 
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The TC plot shown in Fig. P8-15a is required to compensate for 

the undesirable nonlinearity of a pressure transducer. The nonlin- 

ear voltage-divider network shown in Fig. P8-15b is proposed for 

this purpose. The resistor Rj is a varistor type INXXS. 

(a) Find the DP plot of Ro. 

(b) Synthesize R2 using only concave resistors, convex resistors, 
and, at most, one negative resistor. 


Fig. P8-15. 


Fig. P8-16. 


8-16 


When a load resistance Ry is connected across a nonlinear voltage 

divider as shown in Fig. P8-16a, the original TC plot of the net- 

work will be altered. In order to preserve the original TC plot, we 
can consider R, either as a component of Re as shown in Fig. 

P8-165 or as a part of the resistor-source combination as shown in 

Fig. P8-16c. 

(a) Find the procedure for determining R3 in Fig. P8-16d. 

(b) Find the procedure for determining Ro» in Fig. P8-16c. 

(c) Assuming that Rz = 500 Q and R; = 500 Q, synthesize the 
TC plot shown in Fig. P8-13a with the network shown in 
Fig. P8-16d. 

(d) Assuming that Rp = 500 Q and R; = 500 Q, synthesize the 
TC plot shown in Fig. P8-13c with the network shown in 
Fig. P8-16c. 
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8-17 Show that if a TC plot I contains one or more segments with 
Slopes |mj| > 1, it can always be reduced to a new TC plot I” with 
segment slopes |m;| < 1. This is obtained by cascading the network 
realizing I” with a voltage-controlled voltage source v, = kui, 
as shown in Fig. P8-17. If M is the maximum absolute value of the 
slopes of I’, find the minimum value of & in order that the slopes 
of segments of I” be less than unity. 


-~N 
FE 


oO 


Fig. P8-17. 
8-18 Using only concave and convex resistors, synthesize the jointly 
prescribed TC plot, load vz-i, curve, and DP plot shown in 
Fig. P8-18a to c, respectively. Fig. P8-18. 


Uo, volts 


9-1 BASIC PHILOSOPHY 


Although we have not yet studied a completely general method 
for analyzing arbitrary resistive nonlinear networks, we have 
nevertheless learned enough theory to enable us to look at some 
interesting practical problems. We have found it convenient and 
instructive to classify these practical problems into two main 
categories, the dc-resistive functional networks and the ac-resistive 
functional networks. Accordingly, the present chapter deals with 
the first category, and the next chapter deals with the second 
category. 

Although no essentially new concepts will be introduced 
in these chapters, many new insights concerning the application of 
the preceding material to physical problems will be given. We hope 
that the practical applications considered in these chapters will 
provide enough motivation for the student to undertake a serious 
study of the general theory of resistive nonlinear networks given in 
subsequent chapters. 

We have devoted a considerable portion of the book to the 
operating-point concept, the DP plot concept, and the TC plot 
concept. Our ultimate objective, however, is to design a network to 
perform a given task. We shall call this network a functional net- 
work, in contrast with those hypothetical networks which serve 
primarily as illustrations or as exercises. 

Traditionally, the subject of functional networks is taught by 
the “cookbook approach.” This usually consists of a collection of 
various types of functional circuits and methods for analyzing 
them. In this approach, the starting point is the network in ques- 
tion. This is followed by a brief description of the function per- 
formed by the network. An approximate analysis is then given, 
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which usually leads to some design criteria. This procedure is 
applied to as many functional networks as possible during the 
period of time allotted. This method essentially requires that one 
memorize the recipes associated with a list of functional networks. 

There are at least three very serious defects in the above 
approach. First, since the network concerned is usually given 
without any indication of the logical steps which led to its dis- 
covery, the procedure is not clear, and the reader is deprived of the 
sequence of thought required in any creative process. Second, since 
the method used to analyze a given network is usually tailored to 
suit only that particular network, it is often of a specialized 
nature. It is, therefore, impractical to try to fit each new network 
into the same mold. Third, since new networks are being discovered 
at an amazing rate, no one has enough time or energy to study all 
existing functional networks in this manner. In view of the above 
shortcomings, we are forced to abandon the traditional approach 
in favor of our black-box approach. 

In the black-box approach, our starting point is always a 
statement of the desired task to be performed by a network. The 
next step is to translate this statement, if possible, into a set of 
network specifications. For example, the given task may consist of 
finding a network whose output voltage is equal to the square of 
the input voltage. In this case, it is easy to find an equivalent 
specification; i.e., synthesize the TC plot v, = v,”. Of course, it is 
not always easy, or even possible, to find an equivalent specification 
in the form of a TC plot or a DP plot. For example, the given task 
may consist of finding a network whose output voltage is the 
derivative of the input voltage. In this case, it is clear that the 
specification cannot be expressed in terms of a TC plot or a DP 
plot. However, the specification can be expressed as u,(t) = dv;(t)/dt. 
Once the specification is clearly formulated, the last step consists 
of the synthesis of a black box that meets the specifications. 

Conceptually, it is convenient to represent the task to be per- 
formed by the multi-input, multi-output black box shown in Fig. 
9-1a. In this figure we have shown symbolically a set of input signals 
x1(t), X2(f), . . . , Xm(t) and an associated set of desired output sig- 
nals yi(t), yo(t), . . - » Vn(t), where x,(¢) or y(t) may represent a cur- 
rent waveform or a voltage waveform. The black box can, therefore, 
be interpreted as a machine, or more precisely, a “signal processor” 
which processes the input signals and transforms them into the 
given set of output signals. 

In this chapter, we shall consider mostly the simpler case 
where there is only one input signal x(t) and only one output sig- 
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Fig. 9-1. The black-box repre- 
sentation of a  miulti-input, 
multi-output and a single-in- 
put, single-output signal proc- 


essor. 
x(t) 


x,(t) 


o—>—_ Multi-input 


x(t) 
—— 


x(t) 
——— 


multi- output 
black box 


(a) 


Single-input 
single-output 
black box 


(d) 


y, (t) 


Yo(t) 


Y(t) 
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a 
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nal y(f), as symbolized by the single-input, single-output black box 
shown in Fig. 9-15. We shall further restrict ourselves to those 
specifications which can be realized by dc-resistive networks, 
leaving those that require ac-resistive networks to the next chapter. 

At this point, one may raise the objection that in view of the 
presence of parasitic elements, such as lead inductances and stray 
capacitances, any physical network is by nature a dynamic network. 
Why then do we study resistive functional networks? This question 
is best answered by stating the fact that while all physical networks 
are dynamic networks, some of these actually behave more like re- 
sistive networks, except possibly during brief intervals of time or 
during situations where the frequency of the signals is exceedingly 
high. We shall refer to this class of networks as quasi-resistive net- 
works, in contrast with those networks which are truly dynamic 
networks. Since the operation of a quasi-resistive network does 
not depend primarily on the presence of parasitic elements, this 
class of networks is usually designed first as a resistive network. 
The effects due to the parasitic elements are then analyzed, and 
attempts are usually made to compensate for such undesirable 
effects. This is often accomplished in a number of ways, such 
as (1) make a careful layout of the wiring to minimize the parasitic 
capacitance between wires and the parasitic inductance in the 
leads, (2) choose high-quality components, that is, those having 
v-i curves which are valid up to some reasonably high frequencies, 
and (3) add small compensating inductances and capacitances at 
the right places. For convenience, we shall refer to the uncompen- 
sated network as the “skeleton network” and the compensation 
techniques as the “frostings.” In line with our objective to empha- 
size basic concepts rather than detailed design considerations, we 
are interested only in the realization of a skeleton network to 
perform a given task. We shall leave the frostings to a more 
design-oriented follow-up course. 

In the following sections, we shall consider various classes of 
common dec-resistive functional networks. Our basic philosophy is 
always to express the specifications in terms of one or more DP 
plots or TC plots or a combination of both. 


9-2 FUNCTIONAL BLACK BOX FOR WAVEFORM GENERATION 


There are many applications which require a specific signal wave- 
form other than those commonly available from signal generators. 
For example, in automatic control systems, a control signal is 
usually required to achieve an optimal operation. The signal re- 
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quired to control the rocket motor of a spacecraft during soft- 
landing is a fairly complex waveform. The signals generated by 
many biological systems such as the brain are usually difficult to 
measure, and hence it is desirable that these signals be simulated 
by electronic means. We may classify the signals to be generated 
into periodic waveforms and aperiodic waveforms. 


9-2-1 GENERATION OF PERIODIC WAVEFORMS 


One of the simplest methods for generating a periodic waveform 
v(t) is to transform a sinusoidal waveform into v(¢). This particular 
waveform is chosen because it can be easily generated in practice. 
The desired waveform v(¢) is obtained by applying the sinusoidal 
waveform across the input of a nonlinear network with an appro- 
priate TC plot. This TC plot is easily obtained by a graphical 
elimination procedure between v;(t) = F sin wf and u,(¢). 


EXAMPLE 


A 60-Hz triangular waveform of amplitude E is required in a cer- 
tain biological simulation study. To find the TC plot for gener- 
ating this waveform, we choose a sinusoidal signal of the same fre- 
quency and amplitude. The graphical elimination procedure is 
applied to these two signals as shown in Fig. 9-2. The resultant TC 
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Fig. 9-2. The graphical elimi- 
nation procedure for determin- 
ing the TC plot of a sine-wave- 
to-triangular-wave generator. 


Uo, volts 
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plot shown in the upper right-hand corner of this figure can 
be synthesized by the methods described in Chap. 8. 


The above TC plot turns out to be monotonic and hence can 
be easily synthesized. It is quite common, however, for the TC plot 
to come out nonmonotonic or even multivalued. In this case, 
a different input signal may lead to a more practical network 
realization. 


9-2-2 GENERATION OF APERIODIC WAVEFORMS 


If the desired waveform v,(f) is not periodic, it must be defined 
over some prescribed time interval 4) < ¢ < fg. The waveform for 
t > ft is of no interest because, in practice, this signal is usually 
disconnected at some time fy from the circuit of interest. Hence, 
we may still use a sinusoidal input signal, provided its period T is 
greater than or equal to the time interval of interest, that is, 
1 2p aStey 

If the above approach leads to a multivalued TC plot which is 
difficult to realize, we may choose another input signal waveform. 
A more convenient signal to choose is 


oe kt hh < PSIG (9-1) 


In this case, if vu. = f(f) is the desired waveform, then solving 
for ¢ in Eq. (9-1) and substituting it in f(4), we obtain the desired 
TC plot 


var( 0 


This equation guarantees that the TC plot is always a single- 
valued function and can, therefore, be realized by the methods 
described in Chap. 8. 


Exercise 1: Find a practical method for realizing the TC plot shown in Fig. 9-2 
and synthesize a network for this. Explain what practical considerations have been 
taken. 


Exercise 2: Find an appropriate periodic signal waveform similar to Eq. (9-1) so 
that when it is applied across a network having the TC plot described by Eq. (9-2), 
it will generate a prescribed aperiodic waveform v,(t) = f(t) over the time inter- 
WEN ©) < p< TF, 
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9-3 FUNCTIONAL BLACK BOX FOR WAVESHAPING 


The networks discussed in the preceding section require a fixed 
input signal to obtain a prescribed output signal. There is another 
important class of practical applications for which the input may 
be any signal waveform v,(‘), and the output waveform v,(f) is 
related to v,(¢) in accordance with some specified operations. Since 
the input waveforms are being shaped to produce a desired output 
waveform, we shall refer to this class of networks as waveshaping 
networks. We have already encountered many waveshaping net- 
works in Chap. 6. In particular, any nonlinear network which per- 
forms an algebraic or transcendental operation is a waveshaping 
network. For example, the networks described by the TC plots 
Vo = Ap + Ay; + AgU;? + +++ + Anvi", Vo =k log v, vo = vil, 
Up = Sin vj, etc., are all waveshaping networks. We shall now con- 
sider some common practical examples. 


9-3-1 CLIPPING NETWORKS 


Given an arbitrary input signal v,(¢) such as the waveform shown 
in Fig. 9-3a, it is sometimes desirable to transform this signal into 
an output waveform v,(¢) in accordance with one of the following 
three sets of specifications shown in Eqs. (9-3), (9-4), and (9-5). 


Case I 


vere U{() whenever v,(t) > Fy (0-3) 
Ey whenever v(t) << Fy 


In this case, we can imagine v,(t) as obtained by clipping off that 
part of the input waveform below the line v; = £; as shown 
in Fig. 9-3b. Any network which accomplishes this task is called a 
base clipper. 


Case 2 
U{(t) whenever U;(t) < Ee 


(9-4) 
E>, whenever v;(t) > E2 


UL 


In this case, we can imagine v,(f) as obtained by clipping off that 
part of the input waveform above the line v; = E2 as shown in Fig. 
9-3c. Any network which accomplishes this task is called a peak 


clipper. 
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(e) (f) (g) 


(i) (Gi) 


(k) 


Fig. 9-3. Classification of various types of clipping networks and their realization. 


Synthesis of dc-resistive nonlinear functional networks: the black-box approach 


Case 3 


v{(0) whenever E2 < u,(t) < Fy 
Of) as) By whenever u;(t) > EF, (9-5) 
E» whenever u;(t) << Fe 


In this case, v,(f) is obtained by clipping off that part of the input 
waveform below the line vj = Ey and above the line v; = Fy 
as shown in Fig. 9-3d. Any network which accomplishes this task 
is called a base-and-peak clipper. 

Our next objective is to find the TC plot, if it exists, associated 
with each of the clippers defined above. An examination of the 
waveform in Fig. 9-3b and the operation defined by Eq. 9-3 leads 
to the TC plot shown in Fig. 9-3e. Since the slope of this plot is not 
greater than unity, we may choose the simplest realization, a non- 
linear voltage divider described in Chap. 8. By the template 
method, we readily obtain the DP plot for the nonlinear resistor 
Re as shown in Fig. 9-3f. The resulting network is shown in Fig. 
9-3¢. In practice, the ideal diode is usually replaced by a junction 
diode. This will alter the TC plot slightly, and the resulting wave- 
form will suffer some distortion. 

An examination of the waveform in Fig. 9-3c and the opera- 
tion defined by Eq. (9-4) results in the TC plot shown in Fig. 9-3h. 
The DP plot of the nonlinear resistor Rz is shown in Fig. 9-37, and 
the complete network realization is shown in Fig. 9-3). 

Finally, the TC plot of the base-and-peak clipper as obtained 
from Fig. 9-3d and Eq. (9-5) is shown in Fig. 9-3k. The DP plot of 
the nonlinear resistor R2 is shown in Fig. 9-3/. This DP plot can be 
realized by connecting the two nonlinear resistors similar to Re of 
Fig. 9-3g and j in parallel, as shown in Fig. 9-3m. If E; > 0 and 
E2 < 0, as is usually the case, the corresponding DP plot can be 
realized by two back-to-back zener diodes in series (see Fig. 7-15d), 
thereby eliminating the two batteries. 

The above clipping networks are widely used in applications 
wherein some portion of an input signal is undesirable for subse- 
quent operations. For example, the incoming pulse signal of many 
communication systems are usually contaminated with noise1 
(superimposed on top of the signal). This noise can be removed by 
passing the signal through a peak clipper. Another example 
of the use of clipping networks is in the synthesis of square waves. 
For example, the vertical pulse waveform shown in the upper 
right-hand corner of Fig. 6-37d can be transformed into a square 
wave by clipping off both the top and the bottom portion of this 
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Fig. 9-4. A practical applica- 5 , 3 A 
Be ee TS ah clip. Waveform as shown in Fig. 9-4a. Our first instinct suggests that we 


per. connect the tunnel-diode pulse generator of Fig. 6-37a across 
a base-and-peak clipper as shown in Fig. 9-4b. This is incorrect, 
however, because i, ~ 0 in this circuit, and hence the /oading effect 


of the base-and-peak clipper will alter the original TC plot of the 
tunnel-diode network. 
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There are two practical approaches to overcome the loading 
effects. One approach is to choose as large a value for Rj as pos- 
sible so that the DP plot seen by the tunnel diode approximates 
an open circuit. This method is the most economical; however, the 
loading effect cannot be completely eliminated. The more general 
approach is to “sandwich” an isolation box (see Fig. 3-20c) between 
the two circuits as shown in Fig. 9-4c.1 


9-3-2 ANALOG-TO-DIGITAL CONVERTERS 


The digital computer has often been called the most important 
invention of the twentieth century. It has made automation pos- 
sible in virtually every field. One of the fundamental characteris- 
tics of the digital computer is that it can handle only digits. As a 
consequence, if we want to use a digital computer to perform 
some automatic operations on a given signal v(Z), as in the process 
of guiding a rocket into a proper orbit, this signal must be given 
as a stepwise or discrete function of time. Since most physical sig- 
nals such as v;(¢) in Fig. 9-Sa are continuous functions of time, it 
is necessary to convert u,(¢) into an approximate discrete signal 
0,(t) as shown in Fig. 9-55. A network which accomplishes this 
task is sometimes called an analog-to-digital converter. Obviously, 
the smaller the stepsize AE, the more accurate is the representation. 
The TC plot for an analog-to-digital converter with stepsize AF is 
easily seen to be given by Fig. 9-5c. Since the slope at each jump 
is co, let us choose the operational amplifier circuit (with a linear 
feedback resistor Ry = 1 kQ) described in Chap. 8. The problem 
reduces to that of realizing a DP plot (in the milliampere-volt 
plane) which is identical with the TC plot shown in Fig. 9-5c. 
Notice that this DP plot can be easily synthesized by a series and 
parallel combination of the two component DP plots shown in 
Fig. 9-5d and e, where k = 1, 2,..., m. These component DP 
plots can be realized, respectively, by two zener diodes connected 
back-to-back in series and two constant-current diodes connected 
back-to-front in parallel. The resulting ladder network shown in 
Fig. 9-5f is easily seen to be a realization of the required DP plot. 
If we connect this network in place of the nonlinear resistor R in 
the operational amplifier circuit shown in Fig. 9-5g, we would ob- 
tain the desired TC plot. 


Exercise 1: Obtain the DP plots for the nonlinear resistor Re shown in Fig. 9-3f, 
i, and J. Verify the network realizations shown in Fig. 9-3g, 7, and m. 


Exercise 2: Find the effect on the output waveform resulting from our replacing 
the ideal diodes in Fig. 9-3g, j, and m by junction diodes (such as type 1NXX2). 
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Fig. 9-5. Synthesis of an ana- 
log-to-digital converter. 
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Exercise 3: The duals of voltage clippers are called current clippers. (a) Define 
the three types of current clippers. (b) Specify the TC plots corresponding to the 
three types of current clippers. (c) Synthesize each of the three types of current 
clippers using only current sources, linear resistors, ideal diodes, and constant- 
current diodes. 


Exercise 4: Show how the triangular waveform in Fig. 9-2 can be transformed 
into a symmetrical trapezoidal waveform. Do not neglect loading effects. 


Exercise 5: Suppose the TC plot shown in Fig. 9-5c is to be synthesized using a 
nonlinear voltage divider. (a) If Ri is linear, find the DP plot for Ro. (b) If Re is 
linear, find the DP plot for R. 


9-4 FUNCTIONAL BLACK BOX FOR COMPENSATION 


Another common problem in practice consists of designing an 
appropriate nonlinear network for compensating or equalizing some 
undesirable features of a given device, instrument, or an entire 
system. The basic approach to this problem consists of finding an 
appropriate TC plot, if it exists, for achieving this task. Once the 
TC plot is found, it can be synthesized by the techniques described 
in Chap. 8. We shall illustrate this approach by two common 
applications. 


EXAMPLES 


1. Most transducer (Fig. 9-6a) characteristic curves relating an 
output voltage v and a physical variable x are nonlinear. This 
nonlinearity is undesirable for several reasons. First, it is 
difficult to calibrate a nonlinear scale accurately because the 
interpolation is not linear. Second, the transducer output volt- 
age is usually used to activate some controller mechanism 
whose design is greatly complicated by the nonlinearity of the 
transducer. A fundamental problem in transducer design, there- 
fore, consists of designing a compensating network so that the 
resulting transducer characteristic curve is linear over some 
specified range. 

As an example, the characteristic curve of a typical vertical- 
position transducer is shown in Fig. 9-6b, where v is the output 
voltage and x = 9 is the tilt angle from the vertical position in 
degrees. This type of transducer is often used aboard spacecraft, 
missiles, ships, etc., in order to monitor the tilt angle. To 
linearize this transducer, we seek a two-port compensating net- 
work connected as shown in Fig. 9-6c. Our problem is to deter- 
mine the v,-vs.-v TC plot of this network so that the overall 
transducer characteristic curve is given by vp = ké, where k is 
a constant. The graphical procedure for determining the v,-vs.-v 
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Fig. 9-6. Synthesis of a com- ‘ . ‘ ; 
pensating network for lineariz- plot corresponding to k = 10 is shown in Fig. 9-6d. The result- 
7 $ ns eae nominest, ing TC plot in the upper left-hand corner of this figure can be 
cnaracteristics. 


easily synthesized by the techniques in Chap. 8. 


2. We have already seen in Chap. 8 that the operating point of a 
nonlinear resistor changes with temperature. One approach for 
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overcoming this problem is to design a biasing network which 
also depends on temperature in an inverse manner. Another 
approach is to synthesize a network which produces an output 
‘voltage as a prescribed function of temperature. For example, 
a varactor diode is a nonlinear capacitor whose incremental 
capacitance C(v) = dq(v)/dv is shown in Fig. 9-7a. By changing 
the applied voltage v = —Vg, the operating point Q can be 
moved to any point having a desired capacitance value. We 
have already mentioned in Chap. | that this property can be 
used to tune in radio stations by simply changing the bias volt- 
age. The same principle can be used to change the frequency 


4C(v) 
+ 
Temperature- 
dependent v 
biasing 
@ network ‘= 
>v 
i a. Vg 
(a) (b) 
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of oscillation of an oscillator or multivibrator.t Now, in prac- 
tice, the frequency of any oscillator changes with temperature 
because of changes in the component values. However, if we 
measure experimentally, at each temperature, the correction in 
capacitance needed to bring back the oscillation frequency to a 
constant value, then we can translate this data into the form of 
a required biasing voltage u(T) as a function of temperature. 
This voltage can be derived from a temperature-dependent 
biasing network as shown in Fig. 9-7b. As a specific example, 
the biasing voltage required to maintain the frequency of a 
large class of oscillators used in portable military electronic in- 
struments is shown in Fig. 9-7c. In other words, if we can vary 
the biasing voltage in accordance with this curve, then the 
oscillator frequency will remain unchanged over the prescribed 
temperature range. One method for synthesizing the tempera- 
ture-dependent biasing network is to combine thermistors in 
such a way as to produce the desired output voltage. This 
approach is satisfactory only over a small temperature range. 

A more general approach is to break up the network into 
three parts as shown in Fig. 9-7d. The first part is simply 
a voltage-divider network where the resistor Ry = Ri(T)) is any 
temperature-dependent /inear resistor such as an NTC therm- 
istor.2 The output voltage across Re is given by: 


Ro 


vi(T’) — PAC earn: es Ree 


(9-6) 
Since R;(7’) is the resistance of an arbitrarily chosen thermistor, 
it is unlikely that v,(7) will fit the prescribed relationship in 
Fig. 9-7c. However, we can always find a temperature-independ- 
ent shaping network having an appropriate v = f(v;) TC plot so 
that the composition 


v = f(T) =WT) 0-7) 


is the desired curve. Observe that what we did here was to shift 
the burden of realizing an appropriate temperature-dependent 
resistor R,(7’) into the synthesis of a temperature-independent 
shaping network. Hence, the resistor Ry here plays the role of 
a “sensing” element rather than a compensating element. 


Exercise 1: In many practical problems, it is desirable to generate an output volt- 
age v as a function of some physical variable x. Find a general procedure 
for achieving this task. 
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Exercise 2: Show that under appropriate conditions the network to the right of 
the resistor Ry (including Ry») in Fig. 9-7d can be replaced by a symmetric, non- 
linear lattice network. Give the detailed procedure for doing this. 


9-5 FUNCTIONAL BLACK BOX FOR REGULATION 


If we connect a linear load resistor Ry across a physical volt- 
age source, usually called a power supply, with terminal voltage E 
as shown in Fig. 9-8a, and if we measure the voltage vy, as we de- 
crease the value of Rz, we observe that the value of vz; also 
decreases. This observation, of course, contradicts the definition 
of an ideal voltage source. To resolve this paradox, a more refined 
model must be chosen for the voltage source as shown in Fig. 9-85, 
where the resistor Rs is usually called the internal source resistance. 
This results in a voltage divider where the voltage uz is seen to de- 
crease as Ry decreases. In addition to the effect introduced by Rs, 
the output voltage uv, of any physical voltage source may also vary 


Refined model of 
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Fig. 9-8. The characterization 
of a voltage regulator in terms 
of a DP plot, and a possible 
network configuration for real- 
izing it. 
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because of other external causes. For example, the internal volt- 
age of a generator decreases whenever its prime mover slows down. 

In many electronic instruments and systems, it is necessary 
to design a network to compensate for the above variations, 
so that under certain restrictions, the output voltage vz, as seen by 
the load resistor Ry, will remain constant. To be more specific, we 
are given the following specifications: 


1. The load resistance Ry, may vary over some specified range. 


Rin re Ry << Rmax (9-8) 


2. The internal voltage variation AE may vary over some specified 
range. 


IM Sheers << AE AF max (9-9) 


where AE win < O and AE, ax — 0. 

The problem is to design a two-port black box so that when 
it is connected between a physical voltage source and a load, as 
shown in Fig. 9-8c, the output voltage vy, remains constant at 
some prescribed value vz, = Eo, as long as the variations in 
R, and AE fall within the above specifications. Such a two-port 
black box is called a voltage regulator. 

Our first objective is to characterize the black box shown in 
Fig. 9-8c, either in terms of a TC plot or a DP plot. Since the out- 
put current 7 is not zero, but in fact varies as the load resistance 
changes, it is not meaningful to characterize the black box by a 
single TC plot. On the other hand, since the concept of DP plots 
is well defined regardless of the networks connected across the 
driving-point terminals, it is but natural for us to characterize the 
voltage regulator in terms of the DP plot seen across terminal a-b 
of the black box N, as shown in Fig. 9-8c. Observe that this DP 
plot includes the resistance R, and the voltage source E + AE. 

Since the black box N is in parallel with R;, the output volt- 
age vy, 1s simply the intersection of the DP plot of N and the load 
line v = —R;zi, where the value of Ry may vary according to Eq. 
(9-8). This means that if we draw the load lines corresponding to 
the two extreme values Rpax and Rmin, aS shown in Fig. 9-8d, 
then any intermediate load line will necessarily fall within the 
sector bounded by these two load lines. In order to obtain a con- 
stant output voltage vy, = Eo for all values of load resistance Ry 
within the specified range, it is necessary that the DP plot of N be 
a vertical segment inside this sector, as shown in Fig. 9-8d. The 
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shape of the DP plot outside the sector is irrelevant and may as- 
sume any convenient form, such as the plot shown in Fig. 9-8e. 

Our next objective is to find a two-port network so that when 
one of its ports is connected to a physical voltage source, the DP 
plot across the other port satisfies the above condition. Many two- 
port networks can be found. We shall consider only the simplest 
case, that is, a resistor Ry in place of the two-port network, 
as shown in Fig. 9-8/. In order to find the DP plot of Re, we re- 
verse the procedure for obtaining DP plots of two resistors in 
parallel. This can be done by subtracting the ordinates of the 
pertinent portion of the DP plot of N, as shown in Fig. 9-9a, from 
the DP plot of the resistor-voltage source combination (corre- 
sponding to a typical generator voltage E + AE), as shown in 
Fig. 9-9b. The resulting v2-i2 curve contains a vertical segment in 
the first quadrant between 7 = (J; — J3) and i = (Iz — J3) as 
shown in Fig. 9-9c. Since the remaining portion of the DP plot is 
immaterial, we are free to choose any commercially available re- 
sistor which meets the above specification in the first quadrant. This 
immediately suggests a zener diode connected as shown in Fig. 9-9d. 
For flexibility, we have added a resistor R in series with the inter- 
nal resistance Rs. To obtain the DP plot of N, we draw the v2-i; 
curve of the resistor-voltage source combination and the v»-i2 
curve of the zener diode as shown in Fig. 9-9e. Observe that since 
AE may vary according to Eq. (9-9), we have shown two ve-i1 
curves corresponding to the two extreme cases. The resulting DP 
plot of N corresponding to an intermediate value E + AE is 
shown in Fig. 9-9f; Observe that in order for this DP plot to 
satisfy the requirement shown in Fig. 9-8e, it is necessary that 
I, < Ig. This requirement can be easily met by a suitable choice 
of the series resistance R. The complete voltage-regulator network 
is shown in Fig. 9-10a. 

In practice, the zener diode is rated by the maximum current 
Tmax that it can safely handle. Therefore, we must also satisfy the 
condition 


ig <a Imax (9-10) 
From Fig. 9-10a we obtain 
ip =i— iy (9-11) 


The value of i is found by determining the operating point Q of 
the network as shown in Fig. 9-10b. Let this be denoted by 
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(d) 


(c) 


i = —Ig, where Ig is the distance shown in Fig. 9-10b. The value 
of i; is found by substituting the output voltage v2 = Ep into the 
DP plot equation 


Observe that this DP plot corresponds to the dotted line through 
p= E + AF in Fig. 9-100. 

Therefore, the value of i; is simply the intersection P between 
the DP plot and the vertical line through v = Ep as shown in Fig. 
9-10b. Let us denote this current by 7; = —Ip, where Ip is the dis- 
tance shown in Fig. 9-105. 

Substituting the values of 7 and 7; into Eq. (9-11), we obtain 
in = Ip — Ig (9-13) 
This equation shows that the distance between points P and Q is 
equal to the magnitude of the current flowing through the zener 
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Fig. 9-10. The complete volt- 
age-regulator network and the 
graphical procedure for deter- 
mining the optimum value of 
the current-limiting resistor R. 
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diode. Hence, in order to satisfy Eq. (9-10), we must be sure that 
point P must be close to point Q. 

Observe that if we decrease the value of R but keep the inter- 
nal voltage source constant, the breakpoint P will move downward 
because the slope of the v2-i; curve decreases. This will increase 
the distance between points Q and P, thereby increasing the cur- 
rent in the zener diode. The role played by the resistor R is now 
obvious: it limits the current drawn by the zener diode so that con- 
dition (9-10) can be satisfied. 

One might be led to conclude at this point that R should be 
chosen as large as possible in order to prevent “burning out” the 
zener diode. That this is not true is readily seen by the load-line 
construction shown in Fig. 9-10c. Observe that because R is too 
large, the operating point Q corresponding to some load resistance 
R, no longer falls on the vertical segment, and the output voltage 
is different from Ep. 

There must, therefore, be an optimum value for R. This can 
be found by examining the worst case that might happen, that is, 
when Ry; = Rmin and AE = AEpin. The corresponding load-line 
construction is shown in Fig. 9-10d. Clearly, the largest value of 
R that can be chosen occurs when the operating point Q corre- 
sponding to the minimum load Rmin coincides with the breakpoint 
P. With this optimum value of R, it is seen that for any other value 
of generator voltage AE > AEmin, such as shown in Fig. 9-10e, the 
operating point Q will always lie along the vertical segment v = Eo. 

Although the above discussion is restricted only to a simple 
zener-diode voltage-regulator circuit, the same principle can be ex- 
tended to analyze and synthesize other types of voltage-regulator 
circuits. In particular, the DP plot seen across the load resistor must 
necessarily contain a vertical segment as in Fig. 9-8e. 


Exercise 1: The dual case of a voltage regulator is a current regulator. Find 
a simple realization. 


Exercise 2: Find the effect on the voltage regulation when an actual zener diode 
with an almost, but not quite, vertical segment is used in place of the ideal 
zener diode. 


9-6 SUMMARY 


Basic philosophy Given a set of specifications involving the proc- 
essing of signals, our first step is to translate the functions to be 
performed into circuit theoretic terms. In many practical cases, the 
specifications can be expressed in terms of a combination of one 
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or more TC plots and DP plots. Once this equivalent specification 
is found, the techniques discussed in Chap. 8 can be used to 
realize the pertinent networks. The advantage of this approach is 
that any network which accomplishes the same task must be de- 
scribed by the same combination TC plots and DP plots. This 
makes it unnecessary to study each circuit as a separate entity. 


Functional black box for waveform generation The network is designed 
to transform a specific input waveform into a prescribed out- 
put waveform. 


1. A periodic waveform is usually generated by applying a sine 
wave of the same frequency across a network with an appro- 
priate TC plot. 


2. An aperiodic waveform can always be generated by applying 
a linear time function v; = At across a network with an appro- 
priate TC plot. 


Functional black box for waveshaping The signal-processing operation 
is applicable to arbitrary input signals. For example, a clipping net- 
work is designed to clip off the lower portion (base clipper), the 
upper portion (peak clipper), or both the lower and upper portions 
(base-and-peak clipper) of an input signal. 


Functional black box for compensation This class of network is used 
to correct or equalize some undesirable features of an existing de- 
vice, circuit, or system. Two common applications are as follows: 


1. To linearize the nonlinear characteristics of transducers. 
2. To generate a temperature-dependent output voltage. 


Functional black box for regulation This class of network is used to 
regulate the output signal waveforms over a wide range of load 
resistors. The most common example is a voltage regulator. 


PROBLEMS 


9-1 Given an input waveform v,(¢) and an output waveform »v,(/), the 
TC plot obtained from a graphical elimination between these 
signals may be a monotonic function, a single-valued function, or 
a multivalued function. 

(a) Find some simple criterion in terms of v,(¢) and v,(t) so that 
the TC plot is monotonic. 

(b) Find some simple criterion in terms of v,(¢) and v,(¢) so that 
the TC plot is a single-valued function. 
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9-2 A triangular waveform of either polarity as shown in Fig. P9-2a 


and b is available. Design a network to transform these signals into 
the output waveforms shown in Fig. P9-2c and d, respectively. 
Such a network is called a frequency doubler. 


Fig. P9-2. 
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A third harmonic sinusoidal generator is a signal processor for 
converting an input voltage u,(t) = E sin wf into an output voltage 
v(t) = KE sin 3ot. 

(a) Find the TC plot of a third harmonic sinusoidal generator 


corresponding to k = — ', 1, and 2. 
(b) Design a third harmonic generator with E = 10 volts and 
Ie = P. 


(c) Repeat (6) with k = 2. 


An nth harmonic sinusoidal generator is a signal processor for 

converting an input voltage v,(f) = E sin wt into an output voltage 

v(t) = KE sin not. 

(a) Find the nature of the TC plot ifn is an odd integer. Is it a 
single-valued function? 

(b) Repeat (a) for even integers. 

(c) Repeat (a) and (5) for nonsinusoidal periodic signals. 


An nth-order subharmonic sinusoidal generator is a signal proces- 

sor for converting an input voltage v(t) = E sin wf into an output 

voltage u,(t) = KE sin (w/n)t. 

(a) Find the nature of the TC plot ifn is an odd integer. Is it a 
single-valued function? 

(b) Repeat (a) for even integers. 

(c) Repeat (a) and (5) for nonsinusoidal periodic signals. 


In a medical experiment a dog’s heart is to be stimulated by 
a periodic pulse of the form shown in Fig. P9-6a, where the quan- 
tities T, 7, and E are all variable. A signal generator capable 
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9-7 


9-8 


9-9 


9-10 


of generating a symmetrical, positive, triangular waveform with 
arbitrary amplitude and frequency is available. Design a network 
for accomplishing this task. Use the output voltage of the signal 
generator as the input of this network. 


4v, (4), volts 
E 


be 


t 
sl | 
. id 

Find the TC plot of a signal processor for converting an input 


voltage v;(¢) into an output voltage v(t) according to the following 
rule: 


v(t) v,(0) whenever v(t) > 3 volts 
: 3 whenever v;(t) < 3 volts 

(a) Synthesize the above TC plot using an ideal diode and a 
battery. If v{(t) = 6 sin 271, sketch the output voltage. 

(b) If the ideal diode is replaced by a junction diode type INXX2 
and the same input signal in (a) is applied, find the resulting 
output voltage. Compare this with the desired output voltage 
as obtained in (a). 

(c) In order to minimize the discrepancy between the actual out- 
put signal obtained in (db) and the desired output signal, the 
battery voltage E of the network obtained in (a) should 
be changed when the junction diode is introduced in place of 
the ideal diode. Find the new voltage E. 


Repeat Prob. 9-7 for the case where the output signal is given by 
the following rule: 
U;(C) whenever u,(t) > —3 volts 


v(t) = 
—3 whenever u;(t) << —3 volts 


Repeat Prob. 9-8 for the case where the output signal is given by 
the following rule: 


v;(2) whenever vu,(t) < —3 volts 
Volt) nay 


—3 whenever vu;(t) > —3 volts 


In a certain instrumentation problem, it is required to design a 
network so that the output current is the natural logarithm of the 
input current; that is, 


In i;(0) whenever i;(¢) > 1 ma 


ig(t) = 


0 whenever i;(¢) < 1 ma 


Fig. P9-6. 
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(a) Design a network for accomplishing this specification. 
(b) Repeat (a) for the dual case where the variable / is replaced 
by the voltage v. 


The v-vs.-x relationship of a certain pressure transducer for meas- 
uring eyeball pressure is shown in Fig. P9-11. Design a nonlinear 
compensation network so that the overall characteristic of the 
transducer is given by v, = ‘Ax. 


It is desired to design a thermistor network in a refrigerator-oven 
environmental chamber to give an output voltage v,(t) which 
is linearly related to the temperature inside the chamber. Such an 
arrangement would allow the voltage across a temperature-sensitive 
device under observation (inside the chamber) to be plotted 
directly versus temperature by an x-y recorder whose movements 
are controlled by the device’s output voltage. As a starting point 
in the design, consider the themistor voltage divider circuit shown 
in Fig. P9-12a. 

(a) Ifthe thermistor is assumed to be operating on its linear re- 
gion with a resistance R,(7) as shown in Fig. P9-12d, find the 
voltage v(T’) across the 1-k® resistor Ro. 

(b) Find the TC plot of the compensating network so that 
the overall characteristic is given by v, = 1 + T/100 volts. 

(c) Synthesize the complete network using only concave resistors, 
convex resistors, a battery, and an isolation box. 

(d) Synthesize the TC plot in (b) by a symmetric lattice network. 

HINT: Replace the I-k@ resistor Ry» in Fig. P9-12a by an appropriate 

nonlinear lattice network with an equivalent 1-kQ linear DP plot. 


R,(T), ko 
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The most commonly used temperature-sensing element in the de- 
sign of temperature-dependent networks is the NTC thermistor. 
When operating at low voltages, the thermistor can be represented 
by a temperature-dependent linear resistance 


R(T) = Roe8G/T-1/To) 
where T = absolute temperature of thermistor 


Ro = resistance at temperature To 


8 = constant which depends on material of which therm-_ 
istor is made 
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Thermistors with a wide range of Ro and £ are commercially 

available. It is possible to “shape” the resistance-vs.-temperature 

curve of a thermistor by combining it with other elements. The five 

most common combinations are shown in Fig. P9-13a to e. 

(a) What is the effect of R, on the resistance-vs.-temperature 
curve of the composite elements in Fig. P9-13a and b? 

(b) What is the effect of the choice of B and Ro of the two therm- 
istors Ri(7) and R2(T) in Fig. P9-13c and d on the overall re- 
sistance-temperature curve? 

(c) What is the effect of Ry, Ro, and R3 on the overall resistance- 
temperature curve in Fig. P9-13e? 

(d) Find the general shape of the resistance-vs.-temperature curve 
of the composite elements in Fig. P9-13. 


A certain voltage power supply can be represented by a 15-volt in- 
ternal voltage source in series with a 300-Q internal source resistance. 
The internal voltage source is known to have a maximum voltage 
variation of +2 volts. If the load resistance to be connected to the 
power supply is at least 500 Q, design a voltage regulator to main- 
tain the output voltage constant at 6 volts. The available zener 
diodes have a maximum current rating of 20 ma. You may assume 
that the zener diodes have perfectly vertical segments. 


The negative-resistance portion of a thermistor can be utilized to 

design voltage regulators. The basic circuit is shown in Fig. P9-15. 

Assume that the thermistor is maintained at a fixed temperature 

ef 307 C. 

(a) Plot the v,-vs.-v; TC plot. 

(b) Determine the approximate range of input voltages for ob- 
taining almost constant output voltage. 

(c) Repeat (a) and (b) with Ry = 50 kQ. 

(d) Repeat (a) and (6) with Rp = 1 kQ. 

(e) Compare the amount of regulation for the above three differ- 
ent values of Rr. 


75 kQ 


Fig. P9-15. 
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An accurate method for designing a vacuum gage in practice is to 
use the principle that the quantity of gas in a vacuum chamber 
changes the heat dissipation constant, and hence the ambient 
temperature, of a thermistor placed inside the chamber. A simple 


Fig. P9-13. 
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way to design such a vacuum gage is to connect two identical 
thermistors in the bridge circuit shown in Fig. P9-16a. Thermistor 
R, is sealed inside an evacuated glass bulb and placed inside the 
chamber. This is the reference element. Thermistor Rz is exposed 
directly to the environment of the chamber. This is the sensing 
thermistor. The ambient temperature of the reference thermistor is 
given to be 50°F. The vacuum pressure (in millimeters of mercury) 
inside the chamber changes the ambient temperature of the sensing 
thermistor in accordance with the experimentally determined curve 
shown in Fig. P9-16d. 

(a) Find the family of v-vs.-i DP plots across terminals a-b (re- 
place resistor R by an open circuit) with the ambient tem- 
perature 7 as the parameter. 

(b) Determine the vg-ir curve of the calibrating resistor R so that 
the voltmeter (with infinite internal resistance) reading will be 
a linear function of the vacuum pressure as shown by the 
calibrated scale in Fig. P9-16c. 
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10-1 CHARACTERISTICS OF ELECTRONICALLY 
CONTROLLED SWITCHES 


The functional networks presented in Chap. 9 are de-resistive net- 
works, and hence can be characterized either by a TC plot or by a 
DP plot for all time ¢. However, there are many important practical 
resistive functional networks which contain ac sources, and there- 
fore cannot be characterized by a TC plot or a DP plot for 
all time ¢. The ac sources in these networks usually play the role of 
controlling signals, and these signals generally consist of stepwise 
waveforms. This means that during some interval of time, the net- 
work can be considered as a dc-resistive network which can be 
characterized by a TC plot or a DP plot for that interval. Such 
networks can be considered as controlled resistors whose TC plots 
or DP plots vary with time. 

The most common controlled resistors are the electronically 
controlled switches. In its most general form, an electronically con- 
trolled switch is a two-port black box connected between a load 
and a source, as shown in Fig. 10-1a. The black box usually has 
one or more controlling signals s;(‘), so(t),...,5,(4), so that for 
some specified combinations of the signal waveforms, the black 
box reduces to a series switch as shown in Fig. 10-1, to a shunt 
switch as shown in Fig. 10-1c, or to a set of switches as shown in 
Fig. 10-1d. For convenience, we shall henceforth refer to these 
controlling signals as the switching signals. We shall consider first 
the series switch and then the shunt switch, leaving the more com- 
plicated configuration shown in Fig. 10-1d to the last. Our main 
motivation for studying electronically controlled switches is that 
they behave exactly like mechanical switches except that they can 
be turned on and off much more rapidly. Moreover, the switching 
operation can be achieved by remote control. 
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Fig. 10-1. A general configura- 
tion of an electronically con- 
trolled switch and its various 
specialized forms. 
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Fig. 10-2. The representation 
of a series switch and a shunt 
switch in equivalent forms. 
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It is more convenient to represent the electronically controlled 
switch as shown in Fig. 10-2a for the series configuration, or as 
shown in Fig. 10-26 for the shunt configuration. If we replace the 
network connected to terminals a-b of the electronic switch by its 
Thévenin equivalent circuit, then in both cases we obtain the 
equivalent network shown in Fig. 10-2c. For the series switch, we 
have 


Req Ree AL (10-1) 
Vegi (10-2) 


For the shunt switch, we have 


R.R, 
aes ELS = 10-3 
s i. R; + Ry, ( ) 

Ry (10-4) 


= ——__); 
CO REI oF 


Observe that as far as the electronic switch is concerned, the 
external network connected across its driving-point terminals is the 
same in both the series and the shunt configurations. It suffices, 
therefore, for us to characterize the electronic switch in terms of 
the equivalent network shown in Fig. 10-2c. 

In order to function as a switch, it is necessary that for some 
specific combination of the switching signals, the electronic switch 
must “look like” an open circuit, and for another combination of 
the switching signals, the electronic switch must “look like” a short 
circuit. We intentionally use the term “look like” and not “become,” 
because it is not necessary for the electronic switch to actually be- 


come an open circuit or a short circuit. In order to clarify these 


s(t) 


S2(t) 
| pigeal aAN) 


Sn(t) 
ee AS ZY 
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seemingly contradictory statements, let us refer to Fig. 10-2c again 
and observe that the function that must be performed by the elec- 
tronic switch is this: given a range of values of Ueq, that is, 


| = Veq = Pex (10-5) 
we would like to have the current 
i-—0 (10-6) 


for some specified combination of the switching signals, and to 
have the voltage 


SS (10-7) 


for another specified combination of the switching signals. Of 
course, if the electronic switch becomes either an open circuit or a 
short circuit, Eqs. (10-6) and (10-7) would automatically be satis- 
fied. But this is not the only way these equations can be satisfied. 
In fact, if we draw the load line in the v-i plane corresponding to 
the two extreme values specified by Eq. (10-5), as shown in Fig. 
10-3a, then at any time ¢, the load line corresponding to the input 
time function Ueq(t) must necessarily be parallel to these load 
lines, and is bounded between them. Since at any time ¢, the volt- 
age v and the current i are found to be the intersection between the 
DP plot of the electronic switch and the load line at time /, it is 
clear that in order to satisfy Eq. (10-6), it is both necessary and 
sufficient that the DP plot be given as shown in Fig. 10-35 by 


Emin < << Drax 
nd 0 for LOVES (10-8) 
arbitrary elsewhere 
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Fig. 10-3. The DP plots repre- 
senting the two states of an 
electronically controlled switch. 


>vU 


Typical load line 


Extreme position of 
(a) possible load lines (6) 


452 


1Tt is important to dif- 
ferentiate between the 
equivalent input signal 
and switching signal. The 
equivalent input signal is 
the information-bearing 
signal, in contrast with the 
switching signal, whose 
only function is to turn on 
or off the electronic switch. 
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Similarly, in order to satisfy Eq. (10-7), it is both necessary and 
sufficient that the DP plot be given as shown in Fig. 10-3c by 
Ea E 
0 for —“ si xc“ 
v= Reg ~ Req 
arbitrary elsewhere 


(10-9) 


The electronically controlled switch is, therefore, completely char- 
acterized by the two DP plots shown in Fig. 10-3b and c corre- 
sponding to the two specified combinations of switching signals. 
Observe that the DP plot shown in Fig. 10-3b “looks like” an open 
circuit only if the terminal voltage v lies within the interval 
(Emin, Emax). Similarly, the DP plot shown in Fig. 10-3c “looks 
like” a short circuit only if the terminal current i lies within the 
interval (Emin/Req, Emax/Req). For convenience, we shall say the 
switch is “off” if the switching signals result in i = 0, and we shall 
say the switch is “on” if the switching signals result in v = 0. 

It must be emphasized that the two voltages Emax and Emin 
are associated with the equivalent voltage veg and not the actual in- 
put voltage v;. However, given the range of the input voltages v;, we 
can immediately determine the corresponding range of Veg from 
Eq. (10-2) for the series switch or Eq. (10-4) for the shunt switch. 
Similarly, the value of Req can be determined from Eqs. (10-1) or 
(10-3). For convenience, we shall usually refer to Ueq as the equiva- 
lent input signal. 

In many practical applications, the input voltage v; assumes 
only one polarity for all time, that is, either v,(t) > 0 or v,(t) < 0. 
Correspondingly, we have either Emin = 0 or Emax = 0. The above 
type of electronically controlled switch will henceforth be referred 
to as a unidirectional switch, in contrast with a bidirectional switch 
where neither Einin nor Emax is zero. We shall now proceed to syn- 
thesize some commonly encountered electronically controlled 
switches. 


10-2. SYNTHESIS OF SINGLE-CONTROLLED 
UNIDIRECTIONAL SWITCHES 


Consider the synthesis of an electronic switch corresponding to the 
case where the equivalent input signal ve,(¢) > 0 for all time ¢, 
and where there is only one switching signal s(t).1 We would like 
the switch to be “on” when s(t) = 0 and “off” when s(f) = E. If 
the range of the equivalent input signal is 


Ou Eee (10-10) 
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Load line 


(a) 


then the DP plot of the switch must be as shown in Fig. 10-4a 
when s(f) = E and in Fig. 10-46 when s(t) = 0. Observe that the 
v-i curve beyond the horizontal or vertical segment is completely 
arbitrary. This gives us freedom to choose from a number of com- 


hi 


s(t) 


Load line — 


(b) 


DP plot for 
s(t)=E£ 


DP plot for 
s(t)=0 


(g) 


Fig. 10-4. The DP plots repre- 
senting the two states of a 
single-controlled unidirectional 
switch and their realizations in 
the form of a series switch and 
a shunt switch. 


ponents that might fit the above description. For example, the 
simple ideal diode circuit shown in Fig. 10-4c would qualify 
because when s(t) = E, the DP plot shown in Fig. 10-4d contains 
the prescribed horizontal segment, provided 


E Zz Emax 


(10-11) 
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Although the switching 
sensitivity is defined here 
as the ratio between two 
voltages, it could also be 
defined as the ratio be- 
tween any two appropriate 
quantities, e.g., two cur- 
rents. 
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Similarly, when s(t) = 0, the DP plot shown in Fig. 10-4e contains 
the prescribed vertical segment. If we connect this circuit in place 
of the black box shown in Fig. 10-2a or b, we obtain the simple 
series switch shown in Fig. 10-4f or the shunt switch shown in Fig. 
10-4g. Remember that these two circuits are applicable only when 
v(t) > 0. However, we can apply the complementary-network 
theorem (Sec. 7-8) to realize the corresponding circuit when 
v(t) < 0 by simply interchanging the two terminals of the ideal 
diode and the switching voltage source s(f). 

In practice, we must choose an element which closely resem- 
bles the ideal diode, and the junction diode is usually chosen for 
this purpose. We must expect, therefore, that a physical electronic 
switch can only approximate the ideal case. In other words, when 
the switch is “off,” the current 7 in the switch will be quite small 
but not zero. Similarly, when the switch is “on,” the voltage v 
across the switch will be quite small but not zero. 

Although this switch is used in many applications, it has the 
disadvantage that in view of Eq. (10-11), a relatively large switch- 
ing signal is required to turn the switch off; that is, the voltage 
must be at least as large as the maximum equivalent input voltage. 
In many remote-control systems, the switching signal must be 
transmitted over vast distances, and hence it is uneconomical to 
use a large switching signal. In this respect, it is convenient to de- 
fine the switching sensitivity n of the switch as! 


E; max 
E 


= (10-12) 


where Emax is the maximum amplitude of the input signal and E 
is the minimum amplitude of the switching signal required for sat- 
isfactory operation. For example, the switching sensitivity of the 
switch presented above is equal to unity. Clearly, when the switch- 
ing signal amplitude is our main concern, a high-switching-sensi- 
tivity switch would be desirable. 


10-2-1 A HIGH-SWITCHING-SENSITIVITY 
TRANSISTOR SWITCH 


The typical collector-to-emitter characteristic curves of an n-p-n 
transistor are shown in Fig. 10-5a. If we operate this transistor as 
a controlled resistor as shown in Fig. 10-55, then the transistor v-i 
curve corresponding to the switching current i,(t) = Jz = 0 as 
shown in Fig. 10-5c 1s a good approximation to the prescribed 
horizontal segment (representing an open circuit). Similarly, the 
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transistor v-i curve corresponding to i,(t) = Jz = 6 ma as shown 
in Fig. 10-5d is a good approximation to the prescribed vertical 
segment (representing a short circuit).1 The circuit shown in Fig. 
10-55, therefore, qualifies as a unidirectional switch. Since it is in- 
convenient to use a current source as the switching signal, let us 
replace it by the more practical switching voltage source circuit 
shown in Fig. 10-5e. Corresponding to the voltage switching sig- 
nal v,(f) in Fig. 10-5f, the value of the biasing resistor R is found 


Fig. 10-5. The step-by-step 
procedure for synthesizing a 
series or shunt transistor 
switch. 


1 Transistors which are de- 
signed specifically with an 
almost horizontal v-i curve 
when /z = O and an almost 
vertical v-i curve portion 
when J/g > 0 are called 
switching transistors. These 
are readily available com- 
mercially. 


456 


1 The silicon-controlled rec- 
tifier is available commer- 
cially under many different 
trade names. Some of the 
more common aliases 
are the silicon-controlled 
switch (SCS), Trigistor, 
Thyristor, Transwitch, and 
Binistor. A slight distinc- 
tion 1s sometimes given to 
these names in terms of 
the power-handling capa- 
bility and the switching 
speed of the devices. 
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by the load-line construction as shown in Fig. 10-5g. For most 
switching transistors, the value of E is a few volts. On the other 
hand, the value Emax may assume any prescribed value, say 30 
volts, and hence, the switching sensitivity 7 for this circuit is much 
higher than for the diode switch. If we connect this circuit in place 
of the black box in Fig. 10-2a or b, we obtain the series transistor 
switch shown in Fig. 10-5h or the shunt transistor switch shown in 
Fig. 10-5i. 


10-2-2. A HIGH-SWITCHING-SENSITIVITY 
SCR LATCHING SWITCH 


One disadvantage of the transistor switch presented above is 
that the switching voltage signal v,(t) = E must be applied at all 
times when the switch is to simulate a short circuit. This could 
cause considerable drain in power over long periods of time. It is, 
therefore, desirable to design a switch which will stay “closed” 
even after the switching signal is removed. This is called a /atching 
switch. A switch which exhibits this property is given by the 
silicon-controlled rectifier (SCR) circuit shown in Fig. 10-6a.1 The 
v-i curves of the SCR as a function of the controlling gate current 
Ig are shown in Fig. 10-65. Observe that the required horizontal 
segment can be approximated by that portion of the v-i curve near 
the v axis when Jg = 0. Similarly, the required vertical segment 
can be approximated by that portion of the v-i curve near the 
i axis. The fundamental feature of the SCR v-i curves which 
makes it a latching device is that the near-vertical segment in Fig. 
10-6b is a part of the v-i curve for all values of gate current. 
Hence, if we happen to be operating on this segment, then the 
operating point will remain on this segment even if the gate cur- 
rent is reduced to zero. 

In order to analyze how the switching is effected, let us 
assume that initially we are operating on the horizontal segment 
corresponding to Jg = 0 as shown in Fig. 10-6c. If we further 
assume that the value of the equivalent voltage source is bounded 


by 

yal tas < Veq < J coe (10-13) 
where Eynin Corresponds to the voltage intercept of the load line 
passing through point H of the SCR v-i curve, then at any time ¢ 


the load line corresponding to veq(t) will lie between the two 
extreme load lines shown in Fig. 10-6c. Accordingly, the operating 
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point will always be on the lower horizontal segment.! Hence, the 
above situation corresponds to a switch in its “off” state. In order 
to turn on the switch, it is necessary to apply a large-enough 
switching current Jg so that the load lines intersect the resulting 
v-i curve only in its vertical segment, as shown in Fig. 10-6d. 
Once the switch is turned on and the controlling signal is removed, 
the v-i curve of the SCR switches back to the one shown in Fig. 
10-6c. However, since the vertical segment of this v-i curve remains 
intact, the operating point will also remain intact, and the switch 
will remain “on.”’? The result is therefore a latching switch. 

The only way we can turn off the switch is to force the load 
line shown in Fig. 10-6c to move below point H of the v-i curve, 
thus forcing the operating point to switch to the lower horizontal 
segment. In view of the significance of the point H, the corre- 
sponding current Jy is called the holding current. Hence, in order 
to turn off the switch, it is necessary to reduce the anode current i 
below the holding current, that is, 


b<ady (10-14) 
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Fig. 10-6. Graphical analysis 
of an SCR latching switch. 


1 Although strictly speaking 
there are three operating 
points in Fig. 10-6c, only 
the operating point along 
the lower horizontal seg- 
ment is actually attained 
in practice. The reason for 
this will be obvious after 
Chaps. 13 and 14. 


2 Again, when Jg = 0, there 
will be three possible 
operating points, but in 
this case only the operating 
point along the vertical 
segment is actually at- 
tained in practice. This, 
too, will be obvious after 
Chaps. 13 and 14. 
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+ Because of some physical 
phenomenon analogous to 
inertia in physical systems, 
it takes a finite time inter- 
val to turn on or to turn 
off an electronic switch. 
The turn-on and turn-off 
times due to inertia are 
usually furnished by the 
manufacturer of the de- 
vice. 


tActually, the specific 
switching level of s(t) is 
not important here. We 
could just as well require 
the switch to be on when 
s(t) = E and off when 
s(t) = O. In fact, any two 
distinct levels s(#)= EF and 
s(t) = Ez are acceptable 
provided such a switching 
signal is available. 


SIf this is not the case, we 
could simply set Emax and 
— Emin equal to the larger 
of the two magnitudes. In 
this case, the required DP 
plots will become more 
conservative than is nec- 
essary. 
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This can be done in a number of ways. The simplest way consists 
of disconnecting the anode from terminal a momentarily, thus 
forcing i = 0. Another way is to increase the value of Reg momen- 
tarily or to decrease the value of Veq below Emin so that the load line 
through v = Enin will momentarily fall below point H t 

If we connect this switch in place of the black box shown in 
Fig. 10-2a or b, we would obtain the series latching switch shown 
in Fig. 10-6e or the shunt latching switch shown in Fig. 10-6f. In 
practice, the controlling gate current is usually obtained by a cir- 
cuit similar to that shown in Fig. 10-5e. The required switching 
voltage is usually very small, and hence the switching sensitivity 
of this latching switch is extremely high. Because of this, the SCR 
is widely used in practice as a latching switch. 


Exercise 1: Discuss the procedure for designing a transistor unilateral switch 
corresponding to the case u;(7) < O. 


Exercise 2: Synthesize a unilateral switch using the FET as the switching element. 


Exercise 3: In practice, the current source shown in Fig. 10-6a is generally re- 
placed by an appropriate resistor-voltage source combination. Explain how this 
circuit can be designed. What additional information do you need? 


Exercise 4: Synthesize a latching switch using the thyratron listed in Table 3-1 as 
the switching element. 


Exercise 5: The light-activated switch (LAS) is a newly discovered light-controlled 
nonlinear resistor whose characteristic curves are similar to the SCR but with 
the gate current parameter replaced by light illumination. (a) Design a latching 
switch using this element. (b) Give some practical applications of this particular 
switch. 


10-3. SYNTHESIS OF SINGLE-CONTROLLED 
BIDIRECTIONAL SWITCHES 


Consider the more general case of an electronic switch where the 
equivalent input signal veg may assume both polarities; that is, 
Emax > 0 and Emin < 0. We shall consider here only one switching 
signal s(t) so that the switch is on when s(t) = 0 and off when 
s(t) = E.f In this case, the electronic switch is characterized by 
the DP plot shown in Fig. 10-35 when s(t) = E, and in Fig. 10-3c 
when s(t) = 0. For convenience, let us, without loss of generality, 
assume that Emax = —Emin.§ In this case, the DP plots in Fig. 
10-35 and c are symmetrical with respect to the origin over the 
region of interest. Hence, the symmetric DP plot theorem (Sec. 
7-7-2) suggests that we connect two identical unidirectional switches 
(such as the diode switch in Fig. 10-4c) back to front in parallel 
as shown in Fig. 10-7a. The DP plots of this combination corre- 
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sponding to the switching signal in Fig. 10-7b are shown in Fig. 
10-7c and d. Hence, if we choose the switching voltage level 
E > Emax, then the DP plot in Fig. 10-7c would satisfy the re- 
quirements of Fig. 10-35. The DP plot in Fig. 10-7d also satisfies 
the requirements of Fig. 10-3c, regardless of the equivalent input 
signal. Hence, the circuit shown in Fig. 10-7a is a bidirectional 
switch. One disadvantage of this circuit is that two identical 
switching sources are required. We may be tempted to apply the 
v-shift theorem here and replace them by a single source. How- 
ever, we cannot do this because the two sources are connected 
back to front in series and therefore have the wrong polarity com- 
bination. However, these two sources may be replaced by an 
equivalent three-port transformer voltage-source combination 
(see Fig. 7-2le) as shown in Fig. 10-7e.1 If we substitute this 
bidirectional switch in place of the black box in Fig. 10-2a or 5, 
we obtain the bidirectional series switch shown in Fig. 10-7fand 
the bidirectional shunt switch shown in Fig. 10-7g, respectively. 
Since physical transformers are bulky and heavy in comparison 
with solid-state devices, it is desirable to eliminate them if possible.? 
A closer examination of the DP plots in Fig. 10-7c and d might 


s (t) 


Fig. 10-7. Synthesis of a bidi- 
rectional electronic switch. 
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The transformers used 
throughout this book are 
assumed to be ideal for 
convenience. A physical 
transformer will deterio- 
rate in performance as the 
operating frequency in- 
creases to a very high value 
or decreases to a very low 
value. In particular, an 
iron-core transformer will 
not function at all with 
direct current. 


In fact, based on the cur- 
rent state of the art of 
integrated-circuit  tech- 
nology, transformers are 
all but outlawed in virtu- 
ally every circuit. 
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Fig. 10-8. An alternate realiza- : : : 
he of a transformerless bid. | SUggest an alternate circuit. For example, consider first the net- 


rectional switch. work shown in Fig. 10-8a whose DP plot is shown in Fig. 10-85. 
If we connect two of these networks back to back in series as 
shown in Fig. 10-8c, we would obtain the same DP plot shown in 
Fig. 10-7c when s(t) = E, and in Fig. 10-7d when s(t) = 0. There- 
fore, the network shown in Fig. 10-8c is equivalent to the bi- 
directional switch in Fig. 10-7a. Notice that although two switch- 
ing voltage sources are still required, they now have the proper 
polarity combination for a fruitful application of the v-shift 
theorem. The resulting equivalent bridge circuit shown in Fig. 
10-8d constitutes a more practical realization. If we substitute this 
bridge network in place of the black box shown in Fig. 10-2a or 
b, we obtain the bidirectional series switch shown in Fig. 10-8e, or 
the bidirectional shunt switch shown in Fig. 10-8f, Comparing the 
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circuits shown in Figs. 10-7 and 10-8, we observe that, in effect, 
we have traded the transformer for two diodes. This tradeoff 
is usually made in practice because transformers are generally 
more expensive and heavier than diodes. 

Following the same procedure as before, we can easily syn- 
thesize many other bidirectional switches using transistors, SCRs, 
or other nonlinear resistors which are either available now or yet 
to be invented.! As a matter of fact, at least a few dozen electronic 
switches exist in various different configurations and using differ- 
ent components. From the black-box point of view, however, they 
are all characterized by the same DP plot shown in Fig. 10-35 and 
c. There is no point, therefore, for us to study each of these cir- 
cuits as a separate entity. 


Exercise 1: Discuss the deviation in performance of the transformerless bi- 
directional switch in Fig. 10-8 from the ideal switch when the ideal diodes 
are replaced by junction diodes. 


Exercise 2: Synthesize a bidirectional electronic switch using transistors as the 
switching elements. You may use both p-n-p and n-p-n transistors. Avoid trans- 
formers if possible, but in any case use only one switching voltage source. Com- 
pare the switching sensitivity of this switch with the diode switch in Fig. 10-8. 


Exercise 3: Repeat Exercise 2 but using FETs as the switching elements. 
Exercise 4: Repeat Exercise 2 but using SCRs as the switching elements. 


Exercise 5: A paradox arises in analyzing the bidirectional switching circuit shown 
in Fig. 10-8 when the switching signal s(t) is allowed to take on negative values. 
Explain how this paradox can be resolved. 


10-4 SYNTHESIS OF CHOPPERS AND AMPLITUDE MODULATORS 


There are two very common waveform operations which are 
essential in many communication systems. One of these operations 
consists of “chopping” up an input signal, such as the time func- 
tion v;(t) shown in Fig. 10-9a and transforming it into the output 
time function shown in Fig. 10-9b. For obvious reasons, a black 
box that accomplishes this task is called a chopper. Because 
the function of a chopper is to take samples of the input signal at 
regular intervals of time, the black box is sometimes called a 
“sampling circuit.” An inspection of Fig. 10-9a and b immediately 
suggests that a chopper can be characterized by the two linear TC 
plots shown in Fig. 10-9c during alternate intervals of time. 
The second common operation is similar to the chopper ex- 
cept that every alternate “slice” of the input signal is inverted 
about the time axis as shown in Fig. 10-9d and e. The correspond- 
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1 Tt should now be clear that 
any controlled resistor 
which possesses a near- 
horizontal v-i curve for 
some controlling voltage 
and a near-vertical v-i 
curve for another control- 
ling voltage is a potential 
component for synthe- 
sizing electronic switches. 
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(a) 


TC plot during the 
time intervals where 
v,(t) =0 


TC plot during the 
time intervals where 
Up(t) =u; (t) 


(c) 


Fig. 10-9. The chopper and the 
amplitude modulator can be 
characterized by two TC plots 
which are switched back and 
forth by a switching signal. 
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TC plot during the 


time intervals where 


u,(t) =u; (t) 


(f) 


PRACTICAL CHOPPERS 


> v: 


TC plot during the 
time intervals where 
u,(t) = —v,(t) 


ing TC plots during alternate intervals of time are shown in Fig. 
10-9f. A circuit which meets this specification is called an ampli- 
tude modulator. 


The TC plots shown in Fig. 10-9c can be realized by a bidirectional 
electronic switch connected either in series, as shown in Fig. 10-10a, 
or in shunt, as shown in Fig. 10-10, with the input signal v;(¢). The 
switching signal s(¢) as shown in Fig. 10-10c is chosen according 
to the prescribed width AT of each signal slice and the prescribed 
interval T between signal slices. In theory, any bidirectional elec- 
tronic switch can be used for realizing the two chopper circuit 
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configurations shown in Fig. 10-10a and b. In practice, we generally 
connect a resistor R, in series with the input voltage source v;(/) 
of Fig. 10-10a and a resistor Ry, across the output terminals 
of Fig. 10-105. In either case, this results in a voltage divider, and 
the output voltage is, therefore, smaller than the input voltage by 
the voltage-divider ratio. For example, the networks shown in 
Figs. 10-7 and 10-8 are some typical realizations. In practice, the 
chopper circuit shown in Fig. 10-8e is usually called a series 
modulator, while the chopper circuit shown in Fig. 10-8f is usually 
called a shunt modulator, or a Cowan modulator after its inventor. 


10-4-2. PRACTICAL AMPLITUDE MODULATORS 


Conceptually, the simplest way to synthesize the TC plot shown 
in Fig. 10-9f is to use four bidirectional electronic switches, as rep- 
resented symbolically in the circuit of Fig. 10-lla by S1, S2, S3, 
and Sy. Each switch is to be controlled by the switching signal s(¢) 
shown in Fig. 10-115, such that when s(f) = E, switches S; and S2 
are on while switches S3 and S4 are off, and when s(t) = —E, Sy 
and S» are off while S3 and S¥4 are on. It is possible to eliminate 
two of these electronic switches by trading them for two trans- 
formers. This can be accomplished by either the network shown 
in Fig. 10-11¢ or the network shown in Fig. 10-1 1d. 

Observe that the two electronic switches in each of the two 
alternate realizations shown in Fig. 10-llc and d require two 
separate switching signals. Our previous experience with the syn- 
thesis of electronic switches, however, suggests the possibility of 
reducing these to only one switching signal by means of the net- 
work shown in Fig. 10-1 le. In this case, observe that when s(t) = E, 
diodes D; and Dz become short circuits while diodes D3 and D4 
become open circuits. Similarly, when s(?) = —£, diodes D, and 
D2 become open circuits while diodes D3 and D4 become short cir- 


s(t) 


Bidirectional 


electronic 
switch 


Bidirectional 
electronic 
switch 


(a) (b) 
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Fig. 10-10. Two basic config: 
urations of practical choppers. 
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(e) 

Beh are ie tee cuits. Moreover, the two cases are independent of one another in 
thesis of a ring modulator. the sense that only two of the diodes have an effect in the network 
at any one time. This observation suggests that if we combine the 

two sets of diodes as shown in Fig. 10-11f, we would still obtain 

the same result. The. two networks shown in Fig. 10-1le and fare, 

therefore, equivatche, Observe that if we trace along the forward 

direction of each diode in Fig. 10-11, we would eventually return 
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to the original point. For example, starting with diode D,, we 
proceed to Ds, then to Do, then to D4, and finally back to Dy. This 
gives the appearance of a ring, and hence the above network 
is commonly called a ring modulator. 

Both the chopper and the amplitude modulator are widely 
used in telemetering equipment and other long-distance communi- 
cation systems. Some of these applications are given in the form 
of problems at the end of this chapter. 


Exercise 1: Discuss the disparity between the TC plots of the practical chopper 
circuits in Fig. 10-8 and the ideal TC plots shown in Fig. 10-9c. 


Exercise 2: Show that the transformers in the ring modulator can be replaced by 
four linear resistors. What are the disadvantages of doing this in terms of 
the disparity between the resulting TC plots and that shown in Fig. 10-9f? 


Exercise 3: Find another circuit for realizing an amplitude modulator. 


10-5 SYNTHESIS OF MULTICONTROLLED ELECTRONIC SWITCHES 


So far we have considered only electronic switches which are 
turned on and off by a single switching signal s(t). Let us now con- 
sider the more general case where a predesignated combination of 
several switching signals s3(f), So(t), . . . , Sn(f) are needed to turn 
on and off the switch. We shall refer to this class of circuits 
as multicontrolled switches. While a single-controlled switch is 
analogous to a padlock, a multicontrolled switch is analogous to a 
combination lock. Just as the latter is much more versatile, the 
multicontrolled switch has a much wider field of application. Re- 
ferring again to the general configuration shown in Fig. 10-2c, it 
is clear that the DP plot of a multicontrolled bidirectional switch 
is still given by Fig. 10-3, and that for a multicontrolled unidirec- 
tional switch is given by Fig. 10-4. 

We shall consider only the synthesis of a multicontrolled uni- 
directional switch. The bidirectional case can be realized in a 
manner similar to that presented in Sec. 10-3. Consider what 
happens if we connect the two unidirectional switches in parallel 
as shown in Fig. 10-12a. Let us assume for simplicity that the 
switching signals s(¢) and s2(f) are stepwise waveforms as shown 
in Fig. 10-12b and c, respectively. The DP plots across each switch 
at any time ¢ = fo are shown in Fig. 10-12d and e. The resulting 
DP plot is shown in Fig. 10-12f1 Observe that the breakpoint 
voltage v = E at t = fo is always equal to the smaller of the two 
breakpoint voltages $3(to) and s2(¢o). In other words, the break- 
point voltage of the resulting DP plot at any time ¢ depends on 
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1 Review Sec. 6-3-1 on how 
to combine DP plots with 
vertical segments. 
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Fig. 10-12. The DP plot of two 
unidirectional switches in par- 
allel has a breakpoint voltage 
equal to the smaller of the 
breakpoint voltages of the com- 
ponent DP plots. 


1 To avoid unnecessary com- 
plexity in drawing, only 
three sections are shown. 
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the particular amplitude combination of s(¢) and s2(f) at the same 
time. More generally, if m sections of this unidirectional switch are 
connected in parallel with switching signals s,(Z), so(f), .. . , Sn(0), 
then the DP plot at any time ¢ is still given by Fig. 10-12 where 
the breakpoint voltage E is equal to the smallest amplitude of 
these signals at the same time. Since the smallest amplitude of 
each switching signal is zero, the DP plot will look like a short cir- 
cuit (switch is on) whenever one switching signal is zero at a given 
time. This is equivalent to saying that the resulting switch will 
open at a given time f¢ if, and only if, all switching signals 
are simultaneously present (not zero) at the same time ¢. It should 
now be clear that this property allows us to choose all kinds 
of combinations to make the switch open or close at a given time. 
For example, this property can be used in the design of an elec- 
tronic combination lock. Let us now consider two common 
applications. 


10-5-1 SYNTHESIS OF A COINCIDENCE GATE 


If we substitute an n-section multicontrolled switch in place of the 
black box shown in Fig. 10-2c, we would obtain the equivalent cir- 
cuit shown in Fig. 10-13a.1 Notice that if we let E;, Fo,...,E, 
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be the amplitude of the respective switching signals, and if E is the 
smallest among these, then it is necessary that the equivalent in- 
put signal satisfies 


Oe 0.(t) = & (10-15) 


for all time ¢. Under this condition, the output voltage v,(t) = Veq(t) 
if, and only if, none of the switching signals is zero at the same 
time. On the other hand, if at least one switching signal is zero, 
then v,(t) = 0. The sample waveforms shown in Fig. 10-135 to f 
would illustrate this property more clearly. Since the input signal 
can arrive at the output terminals only if all switching signals 
coincide (not zero) at a given time, this circuit is generally known 
as a coincidence gate. We shall now show how coincidence gates 
can be combined to synthesize what is known as a transmission 
gate. 
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Fig. 10-13. The synthesis of a 
coincidence gate and a demon- 
stration of its operating proper- 
ties. 


DP plot when all 
signals are present 


DP plot when at least 


one signal s,(t) =0 


Load line 3L 


>U 2- 


(a) (f) 
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Fig. 10-14. Symbolic represen- 
tation of a multi-input, multi- 
output transmission gate. 


1To simplify the schematic 

diagram, it is common 
practice to omit drawing 
all wires connecting volt- 
age sources or current 
sources to a common ter- 
minal, usually called the 
ground. 
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10-5-2 SYNTHESIS OF MATRIX TRANSMISSION GATES 


Consider the multi-input multi-output black box shown in Fig. 
10-14, where the input and output signals are represented by 
Xi0)y xo), . 4, Xn(Z) aud Vi(Z), vols)... . Vall) especuvely., Lue 
switching signals are given, as usual, by s3(), S2(t), . . - , Sn(t). This 
black box is called a transmission gate if for some specified com- 
bination of switchings, a number of preselected input signals ap- 
pear at the output terminals. For example, Fig. 10-15 shows a cir- 
cuit made up of coincidence gates.! This is easily seen by applying 
the v-shift theorem to shift s2(f) into two identical but separate 
sources. One of the two coincidence gates is made up of diodes D, 
and Dz and is controlled by s;(¢) and s2(t). The other gate consists 
of diodes D3 and Dg, and is controlled by s2(t) and s3(?). 

Observe that aside from the fact that the two coincidence 
gates share one common switching signal s2(f), they are completely 
independent of each other. The three switching signals can be 
used to select any desired combination of output signals. For ex- 
ample, if we want y1(¢) = x3(¢) and ye(t) = 0, we simply apply the 
signals s3(¢) = so(t) = E and s3(t) = 0. If we want yi(‘) = 0 and 
y2(t) = X2(t), we apply the signals sy(¢) = 0 and s2(t) = s3(t) = E. 
If we want both yi(f) = x1(4) and yo2(t) = x2(t), we apply the 
signals s1(¢) = so(t) = s3(t) = E. Finally, if we want y,(¢) = 0 and 
yo(t) = 0, then we apply any combination of the switching signals 
other than those considered above. Hence, with three switching 
signals we can select four possible combinations of the output 
signals. 

Clearly, by an extension of this idea, it is possible to select any 
number of input signals to appear at the output terminals by apply- 
ing a suitable combination of switching signals to an appropriate in- 
terconnection of coincidence gates. When more than two coinci- 
dence gates are used, it is convenient to draw the network in 
a more systematic form. One common configuration consists of 
an array or matrix of diodes such as the network shown in. 
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Fig. 10-16, where there are 10 input signals, 10 output signals, and 
eight switching signals. Observe that the diodes in each row of this 
diode matrix constitute a coincidence gate. Hence, there are a 
total of 10 coincidence gates in this diode matrix. An examination 
of the transmission gate shows that by a suitable choice of four 
out of the eight switching signals, we can select any combination 
of input signals. For example, to obtain yo(*) = xo(f), we have to 
apply only the switching signals s2(¢) = s4(t) = s(t) = s(t) = E. 
On the other hand, if we want to have yo(t) = x2(¢) and yi0(t) = 
X10(¢) simultaneously, then we must apply 53(¢) = s4(t) = s¢(t) = 
S(t) — S(t) = FF. 


Exercise 1: Find what happens if the switching signals in Fig. 10-12 are allowed 
to become negative. What is its effect on the coincidence gate? 


Exercise 2: Synthesize a multi-input bidirectional switch. 


Exercise 3: Show how a coincidence gate may be synthesized to function as a 
chopper. 


Exercise 4: Synthesize a coincidence gate capable of transmitting an input signal 
of both polarities. 


Exercise 5: Design an electronic combination lock to be used in a bank vault. You 
may use one or more matrix transmission gates. 


10-6 SYNTHESIS OF LOGIC-CIRCUIT BUILDING BLOCKS 


Logic can be defined as the science of correct thinking. It dispenses 
with human intuition and concerns itself with the truth and falsity 
of statements as judged strictly from the light of a given set of 
axioms which define the rules of the game. For example, if we let 
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Fig. 10-15. An example of a 
transmission gate made up of 
two coincidence gates. 


470 Resistive nonlinear networks 


8,(t) S5(t) 83(t) 8,(t) $5(t) 66(t) $7(t) 83 (t) 
n Oy, (t) 
PER Mie e eo 
aw OY, (t) 
sine 
ay o ¥3 (t) 
| 2 oe 
Kn oy, (t) 
oe eee 
aii O yz (t) 
oD | Beis ana 
= 8 
c oY, (t) 
oo | Se eS ee 
7 R 
O yz (t) 
. Se 
= R 
oy, (t) 
en. na CU or 
= R 
0 Yq (t) 


Peo) Wee eee 
ot 


O Yio (t) 
x(t) (4) Na | Na Sy Yi0 t 


Fig. 10-16. An example of a xX and x2 represent any two statements or propositions, each of 
matrixtansmission gate con which may either be true or false andit we combine these state- 
taining 10 coincidence gates t f t i Hea “rule” 
and eight switching signal ents to orm a new sta ement ys t en we may deline a ‘rule to 
sources. the effect that statement y is true if, and only if, both statements 
x; and x2 are true. Instead of stating this in so many words, we 


can express this rule by the following table: 


X4 X2 | y 
True True True 
True False False 
False True False 


False False False 
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Notice that this table is an equivalent and somewhat more precise 
way for stating the above rule. It is called a ruth table. Instead of 
spelling out the words frue and false, much time is saved by de- 
noting them by symbols. It is customary to denote the word true 
by a | and the word false by a 0. It is important to realize that the 
1 and the 0 are strictly symbols. They have no numerical signif- 
icance whatsoever. Under this new notation, the above truth table 
becomes 


This particular rule is called a logic AND function. Since it is one 
of the most commonly encountered functions, it is tabulated in 
Table 10-1 with the four other common logic functions, namely, 
the /ogic OR function, the logic NAND function, the logic NOR 
function, and the logic NOT function. Using these five logic func- 
tions as basic building blocks, we can synthesize an infinite variety 
of more complex logic functions. Such logic functions are indis- 
pensable in the design of automatic machines with a certain 
amount of built-in artificial intelligence. For example, a logic 
function can be found to perform all possible alternatives in the 
routing of elevators. They can be used in place of the mechanical 
system of cams in an automatic washing machine. In fact, they are 
the basic building blocks of all digital systems, including digital 
computers. The study of how to find the logic functions for per- 
forming a given task is usually given in a course called switching 
circuit theory. Our objective in this section will be to study how 
the five basic logic functions can be implemented by nonlinear 
networks. Once we have these networks, then we can interconnect 
them to realize any logic function we need, provided we are care- 
ful to take the loading effects into consideration.” 

Since each input variable can assume only state | or state 0, 
we can easily represent these two states by two possible voltage or 
current levels. If we choose two convenient voltage levels E; and 
Eo and associate the level FE; with state 1 and level Eo with state 
0, then all we need to find are networks that will give an output 
voltage level corresponding to a combination of input voltage 
levels in accordance with the desired logic function. For reasons 
that will soon be obvious, the networks which realize the five 
basic logic functions in Table 10-1 are called AND gates, OR 
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1 For simplicity, these func- 
tions are given only for 
one or two input variables; 
it should be recognized, 
however, that they (except 
for the NOT function) can 
be defined for any number 
of input variables. 


2These five types of 
basic building blocks 
are now available com- 
mercially as black boxes 
with only the pertinent 
terminals brought out for 
external connections. 
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TABLE 10-1 Five common logic functions and their defining truth tables. 


Logic function Symbol Truth table 


AND AND y 


OR 


NOR 2 
(NOT-OR) x 


0 
NAND x, 

NAND y 0 

(NOT-AND) x, 

1 


NOT x NOT y 


gates, NAND gates, NOR gates, and NOT gates. Since we are con- 
cerned only with stepwise signals which can assume one of two 
levels, E; or Eo, at any given time, we can apply the results in the 
preceding sections to realize the above logic gates. Again, for 
simplicity, we shall restrict our discussions to one or two input 
variables only. The extension to n input variables is quite obvious. 


10-6-1 SYNTHESIS OF AND GATES 


From the truth table for the AND gate in Table 10-1, we find a net- 
work which produces an output voltage v(t) = E, if, and only if, 
both input signals vy(4) = Ey and v2(t) = Ey. Otherwise v,(t) = Ep. 
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Av, (t) 
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Observe that this requirement can be satisfied by the coincidence 
gate shown in Fig. 10-13a with veq(t) = FE and with the switching 
signal amplitudes also set equal to E. In this case, our two switch- 
ing levels are given by £; = E and Ep = 0. The resulting circuit 
is shown in Fig. 10-17a together with a set of typical input signals 
and the corresponding output signal as shown in Fig. 10-175. 
Notice that if we take the complementary network to the 
AND gate of Fig. 10-17a as shown in Fig. 10-17c,+ we still obtain 
an AND gate provided we let the two levels be represented 
by E; = —E£ and Eo = 0. Notice that the waveforms shown in 
Fig. 10-17d are exactly the negative of the original waveforms in 
Fig. 10-175. Since we are interested only in satisfying the truth table, 
the two AND gates in Fig. 10-17 are equally good realizations. In 
practice, however, sometimes one version is more convenient than 
the other. In order to distinguish between these two alternatives, 
however, it is customary to call the positive voltage version 


Fig. 10-17. Two circuits show- 
ing the complement of a posi- 
tive logic AND gate is a nega- 
tive logic AND gate. 


1This is drawn in accord- 
ance with the complemen- 
tary-network theorem in 
Sec. 7-8. Observe that we 
can either reverse the 
polarities of the two input 
voltage sources or keep the 
polarities but change the 
sign of the original volt- 
age waveforms. We have 
elected to choose the lat- 
ter alternative as shown in 
Fig. 10-17d. 
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1Recall that the comple- 
ments of ideal diodes are 
obtained by reversing their 
terminals; the comple- 
ments of p-n-p (n-p-n) tran- 
sistors are n-p-n (p-n-p) 
transistors; the comple- 
ments of — p-channel 
(n-channel) FETs are 
n-channel (p-channel) 
Eas: 


2 This rule is based on the 
usual reference direction 
and polarity as shown in 
Fig. 10-18a. 
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the positive logic AND gate and negative voltage version the 
negative logic AND gate. In fact, in view of the complementary- 
network theorem, it is clear that each of the remaining logic gates 
in Table 10-1 can be classified into positive logic gates and negative 
logic gates, depending on whether the signal waveforms are posi- 
tive or negative. In fact, as a very useful corollary to the comple- 
mentary-network theorem, we can state the following: 


POSITIVE-NEGATIVE LOGIC NETWORK CONVERSION THEOREM 


Any positive (negative) logic gate or combinations of positive 
(negative) logic gates can be converted into a negative (positive) 
logic gate or combinations of negative (positive) logic gates by re- 
placing all nonlinear resistors by their complements,! and by re- 
versing the terminals of all de voltage and current sources. The 
polarities of all ac sources remain unchanged, but the signs of all 
waveforms are changed to the negative of the original waveforms. 


10-6-2. SYNTHESIS OF OR GATES 


From the truth table in Table 10-1, an OR gate must give a non- 
zero output voltage v, = E; when one or both of the input volt- 
ages are nonzero. The circuit shown in Fig. 10-18a is a simple 
realization of a two-input positive logic OR gate provided £; = 
E> 0 and Eo = 0. In order to verify this realization, we only 
need to find the DP plot seen across the resistor as shown in Fig. 
10-185 corresponding to a typical case v,(4) = E and v(t) = 0. 
Notice that in contrast with the case of a coincidence gate, the 
breakpoint of the DP plot is always equal to the Jarger of the 
breakpoint voltages of the component DP plots. This is why the 
breakpoint voltage of the DP plot of this circuit will never be zero 
as long as one input signal is not zero. The load-line construction 
shows that the circuit behaves exactly as a positive logic OR gate. 
A negative logic OR gate for this case is obtained simply by re- 
versing the terminals of the diodes. 

Logic gates using ideal diodes can often be analyzed by in- 
spection using a few shortcuts which are peculiar to ideal diode 
networks. This is the method of contradiction. It is based on the ob- 
servation that at any time, an ideal diode is either an open circuit 
or a short circuit. It is an open circuit if the voltage across the diode 
is negative, and a short circuit if the current flowing through the 
diode is positive.” In order to prove an assertion by the method of 
contradiction, we first assume that the assertion is not true, and 
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ty 


(c) 


going on this assumption, we try to establish a contradiction. If 
such a contradiction can indeed be established, then our original 
assumption is illegal, and hence the assertion is proved. The con- 
tradiction we seek consists of showing that the voltage across 
a supposedly open-circuited diode is positive. In the case of a 
supposedly short-circuited diode, we seek to show that the current 
flowing through it is negative. To illustrate this method, let 
us verify that the output voltage is equal to E when v;(t) = E and 
v(t) = 0. This assertion would require that diode D, be a short 
circuit. Hence, let us suppose the contrary and redraw the network 
as shown in Fig. 10-18c with D; replaced by an open circuit. This 
shows that v, = 0 (since no current flows through the resistor R), 
and hence by KVL, vp, = v1 — Up = E — 0 > 0. But this contra- 
dicts the requirement that an ideal diode is an open circuit only 
if its terminal voltage is negative. This establishes the desired con- 
tradiction, and the assertion is proved. 

With a little practice, it is possible to apply the method 
of contradiction mentally to a large class of ideal-diode logic cir- 
cuits. It must be emphasized, however, that this method is appli- 
cable only for networks all of whose nonlinear elements are ideal 
diodes. If the ideal diodes are replaced by junction diodes, as is 
usually the case in practice, this method no longer applies, and 


Load line with slope 


1 
equal to R 


(b) 


Fig. 10-18. The operation of a 
positive logic OR gate can be 
analyzed by either the graphi- 
cal load-line method or the 
analytical method of contradic- 
tion. 
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Fig. 10-19. A general method 
for realizing a NAND gate and 
a NOR gate consists of cascad- 
ing an AND gate and an OR 
gate with a NOT gate. 
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other more general methods, such as the graphical load-line 
method, must be used. 


10-6-3 SYNTHESIS OF NAND, NOR, AND NOT GATES 


Let us now study how the NAND gate, the NOR gate, and the NOT 
gate in Table 10-1 may be synthesized. An examination of the 
truth tables in Table 10-1 shows that the output of the NAND gate 
is simply the opposite of the AND gate. Similarly, the output of 
the NOR gate is the exact opposite of the OR gate. Hence, these 
gates can be realized by connecting their outputs to some kind of 
an “inverting network” which converts an input voltage of level 
FE; to an output voltage of level Eo, or vice versa. But this invert- 
ing network is exactly the NOT gate defined in Table 10-1. The 
above development shows that a NAND gate can be realized by 
cascading an AND gate with a NOT gate as shown in Fig. 10-19a. 
Similarly, a NOR gate can be realized by cascading an OR gate 
with a NOT gate as shown in Fig. 10-19b. These two realizations 
are valid provided the loading effects have been taken into con- 
sideration. The basic problem, therefore, consists of realizing 
a NOT gate. 

If we let the two voltage levels be given by £; = E volts and 
Eo = 0 volt, then the output voltage of a NOT gate must be equal 
to E volts when the input voltage is zero, and vice versa. Recall 
that we have already encountered a network with this property, 
namely, the transistor unilateral switch shown in Fig. 10-5. This 
circuit is redrawn in Fig. 10-20a. The collector-to-emitter charac- 
teristics of the transistor corresponding to the two switching volt- 
age levels v; = 0 and v; = E are approximated by the two smooth 
curves as shown in Fig. 10-20b. From the intersection between 
these curves with the output load line, we found that when 


Synthesis of ac-resistive nonlinear functional networks: the black-box approach 477 


vi(t) = 0, v(t) = E, and when v,(t) = E, v(t) = 0. The waveforms 
for vi(4) and v,(f) are, therefore, as shown in Fig. 10-20c. It must 
be pointed out, of course, that these are idealized waveforms. In 
actual transistors, the two idealized curves in Fig. 10-206 will not 
fall exactly on the set of axes, and hence the actual output voltage 
will vary somewhat from the ideal case shown in Fig. 10-20c. 
If the resistor Rj in Fig. 10-20a is chosen to be large enough 
so that the current flowing into the transistor base is not large, then 
we may connect the output terminals of an AND gate or an OR 
gate in place of the voltage source as shown in Fig. 10-20d and e, 
respectively. If the loading effects are negligible, the resulting net- 
works will become a NAND gate or a NOR gate, respectively. Un- 
fortunately, there will always be some loading effects, and this 
must be taken into consideration in any actual design. 
If we recall that one of the characteristics of the FET is its 
almost infinite input resistance, then it is obvious that if we use 
the FET instead of the transistor, the loading effect might be 
negligible. An examination of the characteristic curves of a typical 
FET type 2NXX19 shows that in order to achieve the desired in- fig. 10-20. A transistor NOT 
verting effect, a bias battery E must be connected in series with _ gate can be combined with an 


1 i ; iS 2 ____ AND gate to form a NAND gate, 
the input voltage source as shown in Fig. 10-21a. Under this con ee concn e ce 


NOR gate. 
hv, (t) 
- lene 
si | tiie 
O 


Load line 
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ie AND gate Ju NOT gate 


(d) (e) 
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Fig. 10-21. An alternate reali dition, Ig = O for vi(t) = 0 or vi(¢) = E, as shown by the load-line 

ae aes Lone construction in Fig. 10-215. Similarly, the output load line in Fig. 

FET to minimize loading ef 10-21c shows that u,(t) = E whenever v,(t) = 0, and v,(f) = 0 

fects. whenever v;(¢) = E. Since Ig = 0, we can feel confident this time in 
connecting the AND gate in place of the voltage source as shown 
in Fig. 10-21d, where the two batteries (one from the AND gate 
and one from the NOT gate) are replaced by one battery by 
means of the v-shift theorem. The result is, of course, a NAND gate. 
Similarly, a NOR gate is obtained by connecting the output ter- 
minals of the OR gate in place of the voltage source of the NOT 
gate as shown in Fig. 10-2le. Notice that this time we applied the 
v-shift theorem to move the battery E into the “source” terminal 
of the FET in order that all voltage sources would have a com- 
mon ground. This particular feature is a highly desirable one in 
practice. 

There are many other circuits which can be designed to func- 
tion as various types of logic gates. Since their principles of opera- 
tion are all analogous to those discussed in this chapter, we shall 
not labor further on this point. The reader is referred to the prob- 
lems for more alternate circuit realizations. 


Exercise 1: Generalize the definitions of the AND gate, OR gate, NAND gate, and 


NOR gate to include n input variables x1, x2,..., Xn. Specify the truth table for. 
each. 
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Exercise 2: The AND gate and the OR gate defined earlier in Chap. 3 [Eqs. (3-44) 
and (3-45)] have three additional requirements, that is, i; = 0, i2 = 0, and v, = 0 
whenever vi(t) < 0 or ve(t) < 0. (a) Show why the first two requirements i; = 0 
and iz = O are desirable, even though they cannot be exactly attained in prac- 
tice. (b) Show that the third requirement can be approximately satisfied in prac- 
tice by connecting a junction diode at appropriate locations. 


Exercise 3: Without using the complementary-network theorem, verify that the 
circuit shown in Fig. 10-17c is indeed a negative logic AND gate. 


Exercise 4: Verify the properties of the positive logic AND gate in Fig. 10-17a by 
the method of contradiction. 


Exercise 5: Verify the properties of a negative logic OR gate using ideal diodes by 
the method of contradiction. 


Exercise 6: (a) Show that if we apply the positive voltage waveforms v,(Z) and v2(t) 
of Fig. 10-176 to the negative logic AND gate in Fig. 10-17c, the result is a posi- 
tive logic OR gate. (b) Show that a negative logic OR gate is obtained if we apply 
the negative voltages v,(7) and v2(t) of Fig. 10-17d to the positive logic AND gate 
in Fig. 10-17a. (c) Show that in both cases (a) and (bd), the battery E can be re- 
placed by a short circuit. 


Exercise 7: The circuits shown in Figs. 10-20 and 10-21 are all positive logic gates. 
Draw the corresponding negative logic gates and explain their principles of 
operation. 


Exercise 8: Design a NOT gate using an n-p-n transistor type 2NXX17B. Assume 
that FE; = 10 volts and Ey = O. Discuss any disparity between the output wave- 
form and the ideal waveforms shown in Fig. 10-20c. 


10-7 SUMMARY 

Synthesis of electronic switches The basic core of any electronic 

switch consists of one of the following basic components: 

1. A single-controlled switch which can be turned on or off by a 
single switching signal. 

2. A multicontrolled switch which can be turned on or off by a 
combination of switching signals. 


Each switch is unidirectional if it works only for single-polarity 
input signals. Otherwise, it is bidirectional. 


Classification of electronic switches 

1. Series switch 

2. Shunt switch 

Each switch may be a latching type or a nonlatching type. 


Switching sensitivity This is defined as the ratio between the maxi- 
mum amplitude of the input signal and the minimum amplitude 
of the required switching signal in order to ensure satisfactory 
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Fig. P10-1. 
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operation. The smaller the amplitude of the switching signal needed 
to turn on or off a switch, the higher is its switching sensitivity. 


Some applications of electronic switches 

1. Choppers (e.g., Cowan modulator) 

2. Amplitude modulators (e.g., Ring modulator) 
3. Coincidence gate 


4. Transmission gate 


Logic building blocks These include both positive and negative logic 
blocks. The five most basic components are as follows: 


1. AND gate 

. OR gate 

. NAND gate 
. NOR gate 

. NOT gate 


ao B® W NY 


PROBLEMS 


10-1 Consider the series switching circuit configuration shown in Fig. 
P10-la, where the input voltage v,(t) and the switching signal s(t) 
are given in Fig. P10-1b and c, respectively. 

(a) Find the waveform of the output voltage v,(f). 

(b) Using the results in (a), formulate a simple set of rules for 
determining the output voltage by inspection. 

(c) If the ideal diode is replaced by a junction diode type 
INXX2, find the resulting waveform of the output voltage. 
Compare this with (a). 


s(t) 


>t 


R,=1k2 As(t) 
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10-2 Repeat Prob. 10-1 for the shunt switch configuration, that is, with 
the diode-switching source combination connected across the 
load resistor. 


10-3 Using n-p-n transistor type 2NXX17B, design the single-controlled 
transistor switching circuit shown in Fig. 10-5A with R, = 150 Q, 
Ry = 300 Q, vj = 8 + 5 cos wi, and E < 0.4 volt [E is the ampli- 
tude of v,(d)]. 


10-4 Using a p-n-p transistor type 2NXX18B, design an electronic 
switch with R,; = 200 Q, Rr = 300 Q, and yj = —5(1 + sin wf). 


10-5 Consider the shunt transistor switching configuration shown in 
Fig. P10-5a where v,(t) and v,(t) are shown in Fig. P10-56 and c, 
respectively. 

(a) Find v,(?). 

(b) If Rg is increased to 250 Q, find the resulting v,(¢). What can 
you conclude? 

(c) Find the minimum value of R, in order for v,(2) in (6) 
to come out right. 

(d) Find the switching sensitivity. 


vu, (t) 
R,= 4009 


peated 


R,=400 2 


(a) 


10-6 Consider the series latching-switch circuit configuration shown in Fig. P10-5. 
Fig. P10-6a, where v,(t) and i,(¢) are as shown in Fig. P10-65 and 


} Fig. P10-6. 
c, respectively. 
(a) Find v,(f) and the switching sensitivity. v; (t), volts 
(b) Repeat (a) for the case where Ry; = 100 0. 

2NXX14 


R,=502 


R,=950 2 


(a) 
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Consider the bidirectional electronic switch shown in Fig. P10-7a. 

(a) Find the TC plot between v, and vj when x(7) = 0, 5, and 
10 volts. 

(b) If the maximum absolute value of v,(¢) is 8 volts, find 
the minimum value of x(t) in order for the circuit to func- 
tion as a chopper. 

(c) Find the switching sensitivity of the chopper. 

(d) If x(¢) and v,(¢) are given in Fig. P10-7b and c, respectively, 
find v,(Z). 

x(t) 


Bi re 0.1 sec 


a 
0 t, sec 


(b) 


> 
t, sec 


(c) 


It is often desirable to transmit several unrelated signals through 
the same transmission channel in order to save weight and cost. 
For example, in a certain satellite, only one transmitter was used 
to transmit signals from various sensing instruments for measure- 
ments of pressure, temperature, radiation intensity, cosmic dust, 
etc. In order to accomplish this task using one transmitter, a 
communication system was designed using the time-share multi- 
plex principle, wherein the transmitter takes samples of each 
signal one at a time and repeats this sampling in quick succes- 
sion. If the interval between sampling is short enough, then by 
the well-known Nyquist theorem it is possible to design a re- 
ceiver which will reproduce the desired set of signals satisfactorily. 
The heart of this communications system is nothing but a suit- 
ably designed series of choppers connected as shown in Fig. 
P10-8a. A typical switching signal is shown in Fig. P10-8d. 
(a) If the magnitude of all signals v,(t) does not exceed Umax for 
all time, what must be the relationship between the values 
OW Vawese Die Ton Qiael 18) 
(b) If the signals vi(t), vo(2), ... , Un(t) are to be sampled in the 
order 1, 2, 3,...,n, sketch the required waveforms of the 
switching signals 5(4), so(t), . . . , Sn(t). 


The circuit shown in Fig. P10-9a is used to provide signals to an 
amplifier from a semiconductor strain gage. The characteristics 
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To 
transmitter 


(b) Fig. P10-8. 
for the strain gage are shown in Fig. P10-9b. For test purposes, 
the gage is attached to a beam and subjected to a strain as shown 
in Fig. P10-9c. 
(a) Plot e,(t) when x(t) is given by Fig. P10-9d. 
(b) Plot e,(f) when x(f) is given by Fig. P10-9e. Fig. P10-9. 


500 2 


Strain, win./in. 


{__» 
1.0 v,, volts 
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10-10 Consider the two-input, two-output transmission gate shown in 
Fig. P10-10a. Let the controlling signals be as shown in Fig. 
P10-10b and the input signals be as shown in Fig. P10-10c. 

(a) Find the output signals. 
(b) Find the maximum allowable values for x,(¢) and x2(t). 


5, (t) 
Af Ee 
L 1 1 t 


0 2 4 6 8 10 12 14 
4s,(0) 
5 
| 1 ! t 
0 2 4 6 8 10 12 14 
4s,(t) 
a 
L | L =i 
0 a 4 6 8 10 12 14 
42, (4) (6) 
) | ao ee 
L | Nl = >t 
0 2 4 6 8 10 12 14 
4x, (t) 
7] ee ee 
>t 
0 2 4 6 8 10 12 14 
(a) (c) 


Fig. P10-10._ 10-11 Design a matrix transmission gate to implement the switching 
combinations listed in the following table. It is desired that the 
output signal y,(¢) be equal to the input signal x,(t) whenever the 
switching signals s;(?) assume the value E according to the com- 
binations listed in the table. 


Sy So $3 54 S5 Se 

xy 1; E E V1 
Xo E E E E yo 
X3 E E E V3 
X4 E E y r 
X5 E E Vs 
x6 E E E E V6 
X7 iB E E ya 
Xg 18), E ys 
X9 E E E ay.) 
X10 E E E one 


10-12 By an appropriate circuit arrangement of thermistors with differ- 
ent v-i curves at a given temperature (or identical thermistors, 
each heated to a different temperature), it is possible to design a 
wide variety of latching-combination switches. For this problem, 


2NXX20 
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consider the circuit shown in Fig. P10-12. Assume that the v-i 
curves of Ry, Ro, and Rg are given, respectively, by the NTC 
thermistor (type INXX12) curves corresponding to T = 75, 50, 
and 25°F. 
(a) With the switch S$, closed, find the DP plot across terminals 


(b) 
(c) 
(d) 
(e) 


60 volts == 


a-b. 


Find the operating point of the circuit when S3 is closed 


after S; is closed. 


Find the operating point of the circuit when S3 is closed be- 


fore S, is closed. 


What is the effect of closing S3 after both S, and S, 


are closed? 


Describe the effects of the sequence in the closing of Sj, S», 
and S3 on the circuit performance. Can you suggest some 


practical applications? 


4 kQ 


10-13 Consider the FET circuit shown in Fig. P10-13a. 
If the signals si(¢), so(t), and s3(t) are as shown in Fig. 


(a) 


(b) 
(c) 


a 


P10-136, find v,(t). 


Fig. P10-12. 


What kind of logic functions does this circuit perform? 


Can you find an alternate realization using transistors? 


—30 volts 


R,=30 ka 


0 


Fig. P10-13. 


As, (t), volts 


As,(t), volts 


Ne =| | Reece | 9 |S Sae 


2 4 6 8 10 


As,(t), volts 
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Consider the string of series transistor and FET circuits shown in 

Fig. P10-14a and b. 

(a) Analyze these circuits and find what kind of logic functions 
they perform. 

(b) Find the remaining circuits in order that both positive and 
negative logic functions can be performed. 


You happen to have an old color TV chassis designed to be used 
with a commercial three-gun color tube. Unfortunately, you do 
not have that tube and cannot afford one. Rather than display 
the three color components simultaneously (as in a three-gun 
tube) you choose to display them sequentially. Assume that you 
have solved all your problems except how to gate the three video 
signals (each of whose amplitudes ranges from 0 to 80 volts) 
sequentially to the grid of the TV tube, such that the appropriate 
color signal is present at the grid when the corresponding color 
filter is passing the face of the TV tube. See Fig. P10-15. 
Your three-state device produces the following outputs versus 
color filters at the tube face (assume that the voltage level EF = 
40 volts): 


Output voltage 
Color filters at 


tube face Sy S4 So 5S 
Red 0 E 0 E 
Blue E 0 0) E 
Green E 0 E 0 


Using no more than nine ideal diodes and three linear resistors, 
design the black box N choosing the resistors so as to maximize 
the signal v,(t) without clipping effects. You may represent the in- 
put signals ug(t), va(t), ve(t), s1(2), Si(d), So(t), and s4(t) by ideal 


Fig. P10-14. 
voltage sources. You may also assume that the grid of the 
TV tube does not draw any current. 
Fig. P10-15. 
lon ee es Black-and-white /\\ fmied 
— TV tube B=blue 
s,(t) s/(t) s(t) s(t) G = green 


v,(t) 


3-gun 
color TV 
chassis 


U, (t) 


Grid of 
TV tube 
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10-16 The advanced-engineering department has proposed a fire-warn- 
ing system and fire-extinguishing actuator for an aircraft jet 
engine. A fire-detecting thermovoltaic sensor puts out a 1.1-volt 
direct current when the temperature in the engine nozzle exceeds 
600°C. However, the sensor can produce a current of only 1.5 ma. 
The relay that actuates the fire indicator and fire-extinguishing 
system requires 15 ma through its coil before the contacts close. 
In order to prevent spurious closing of the relay, a preliminary 
engineering design suggests a threshold detector that will actuate 
the relay when the sensor output is 1.0 volt or more. Such a de- 
tector is shown in Fig. P10-16a. The circuit is to be designed to 
actuate the relay when the sensor voltage is equal to or greater 
than 1.0 volt. Your job will be to choose R; and R2 so that the 
circuit will operate properly. The Vp-Jp curve of the tunnel diode 
chosen for this circuit is shown in Fig. P10-165. The input- and 
output-characteristic curves of the transistor are shown in Fig. 
P10-16c and d, respectively. The following information has been 
provided by the preliminary design engineer: (1) The sum of 
R, and R2 must be greater than the maximum negative resist- 
ance of the tunnel diode. (2) The ratio of R; to Re is selected to 
provide enough base current in the transistor to support the col- 
lector current necessary to close the relay. (3) The maximum rat- 
ings on the tunnel diode are maximum forward current = 5 ma, 
maximum reverse current = 10 ma. (4) The maximum ratings on 
the transistor are maximum collector-to-emitter voltage = 14 
volts, maximum emitter-to-base voltage = 5 volts, maximum col- 
lector current = 200 ma, maximum collector dissipation at 
25°C = 200 mw. (5) Once the relay closes it is not necessary for 
it to open until the sensor voltage reaches zero. (6) The relay coil 
current should remain at relatively low values for sensor voltages 
below 1 volt, but the coil current should jump to 15 ma or 
slightly greater as soon as the sensor voltage reaches 1.0 volt 
(threshold detecting action). With the above information select 
R; and R» so that the system will operate as desired. 


Fig. P10-16. 
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Fig. P10-16. (Continued) 10-17 An electronic relay can be considered as a two-port black box 
with port 1 used as the relay terminals and with port 2 connected 
to a switching signal s(t), where s(t) can be either a voltage or a 
current waveform. 
(a) A “normally opened” electronic relay is characterized by 


vy = 0 whenever s(t) > k 
ig SO whenever s(t) << k 


where & is some prescribed threshold level above which the 
relay closes. Assuming that s(t) is a voltage source, find 
a circuit realization of this relay using two linear controlled 
sources, two ideal diodes, and an appropriate nonlinear 
resistor. 

(b) Repeat (a) for the case where s(¢) is a current source. 

(c) A “normally closed” electronic relay is characterized by 


yy =O whenever s(t) < k 
i =O whenever s(t) > k 


where & is some prescribed threshold level above which the 
relay opens. Assuming that s(f) is a voltage source, find 
a circuit realization of this relay using two linear controlled 
sources, two ideal diodes, and an appropriate nonlinear 
resistor. 
(d) Repeat (c) for the case where s(f) is a current source. 
NOTE: In all cases, assume the signal magnitude across port | of 
the relay is bounded by a prescribed range; mamely, Henin <a <— 
Emax and Imin < 11 < Imax. Assume also that the switching signal 
s(¢) is a continuous function of time. 


11-1 WHAT IS A NETWORK MODEL? 


Most of the analysis and synthesis methods presented in the pre- 
ceding chapters are valid only for networks containing two- 
terminal nonlinear resistors and independent sources. At present, 
there are no general methods available for handling arbitrary net- 
works containing nonlinear controlled resistors and n-terminal re- 
sistors (n > 2). The basic difficulty lies in the fact that these 
nonlinear network elements are characterized by families of curves, 
rather than just one curve, as in the case of a two-terminal resistor. 
In some special cases, it may be possible to represent these curves 
approximately by mathematical equations. Since these equations 
are at best approximations, they are said to be mathematical 
models rather than mathematical characterizations. 

For example, by studying the physical phenomena inside a 
transistor, Ebers and Moll succeeded in deriving the following two 
equations which now bear their names:? 


Ip = Ing(et%8/*T — 1) — al eg(etVe8/*? — 1) (11-1) 


Ig = —aplgg(etve8/*T — 1) + Icg(esven/*? — 1) (11-2) 


where Jy and J¢ are the emitter and collector currents; Vgg and 
Vop are the emitter-to-base and collector-to-base voltages; q and k 
are physical constants (representing electron charge and Boltz- 
mann’s constant); 7 is the absolute temperature; and Igsg, Jes, ar, 
and a» are parameters which depend on the construction of the in- 
dividual transistor and must be measured experimentally for each 
transistor. The Ebers-Moll equations are a very good mathematical 
model of a transistor. For example, the characteristics of a typical 
n-p-n transistor (Fig. 11-1a) are shown by the solid curves in Fig. 
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1 The reader is encouraged 
to read the classic paper, 
J. J. Ebers and J. L. Moll, 
Large Signal Behavior of 
Junction Transistors, Proc. 
IRE vola42, pp. lol 
1772, December, 1954. 
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Fig. 11-1. A comparison be- 
tween the experimentally meas- 
ured input- and output-charac- 
teristic curves of a typical com- 
mon-base n-p-n transistor (solid 
curves) and those predicted 
by the Ebers-Moll equations 
(dotted curves). 
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(5) 


11-15 and c. The corresponding characteristics predicted by the 
Ebers-Moll equations (with the parameters Igs, Ics, ar, and ap 
measured from the same transistor) are shown by the dotted curves 
which are superimposed on top of the experimentally measured 
curves. Notice that the approximation is very good indeed. The only 
significant feature of the actual transistor which was not predicted 
is the slope of the curves. The curves obtained from the Ebers-Moll 
equations are almost horizontal, whereas the actual curves show 
that the slope increases as the curves fan out. 

If a network contains only transistors and diodes for which 
accurate mathematical models are available, then we need only 
write the equations of motion of the network as was done in Chap. 
4 and use numerical techniques to find the solution. Unfortunately, 
most practical devices do not have good mathematical models. In 
such cases, we must find some alternate methods to analyze net- 
works containing these elements. 
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The above difficulty can be overcome if it is possible to 
replace each controlled resistor and each n-terminal resistor in a 
given network by an equivalent black box} containing only two- 
terminal nonlinear resistors, linear elements (such as ideal trans- 
formers, gyrators, rotators, etc.), and sources (independent and de- 
pendent sources). This results in a network whose only nonlinear 
elements are two-terminal resistors. This class of network can be 
analyzed by the iterative piecewise-linear method to be given in 
the next chapter. 

Unfortunately, we do not know of a general method for syn- 
thesizing the equivalent black box described above for arbitrary 
controlled resistors and arbitrary n-terminal resistors. The next- 
best thing that we can do is to find a black box which approximately 
represents these elements. We shall refer to such a black box as 
the network model, or simply the model, of the corresponding 
controlled resistor or n-terminal resistor. 

As an example, suppose the hypothetical controlled resistor 
shown in Fig. 11-2a is characterized by the family of v-i curves 
shown in Fig. 11-25.f In order to be able to analyze a network con- 
taining this controlled resistor, we must first synthesize an equiva- 
lent network containing only two-terminal nonlinear resistors, 
linear elements, and sources. Since no method is currently known 
for realizing the curves of Fig. 11-25, we are forced to approximate 
the characteristics of this controlled resistor by the curves shown 
mmbige he 

This family of curves can be realized by the simple network 
shown in Fig. 11-2d, where the v,-i; curve of the two-terminal re- 
sistor is shown in Fig. 11-2e. Hence, the network shown in Fig. 11-2d 
is a model of the controlled resistor. Notice that this is a network 
model but not a mathematical model because it is not represented 
by mathematical equations. Since this model does not give an 
exact representation of the curves in Fig. 11-25, the solutions we 
obtain based on this model will only approximate the correct 
solution. Obviously, there is no sense making models unless the 
discrepancy between the resulting solution and the correct solution 
is negligible. Hence, a network model may be interpreted as an 
approximate equivalent circuit. 


Exercise 1: What is the difference between a mathematical model, a network 
model, and an equivalent circuit? 


Exercise 2: What are the relative advantages of a network model and a mathe- 
matical model? 
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+The definition of equiva- 


lent networks in Chap. 7 
requires that an equivalent 
black box must be indistin- 
guishable externally from 
the corresponding con- 
trolled resistor or n-termi- 
nal resistor that it rep- 
resents. 


+ A controlled source is used 
here in place of an inde- 
pendent source because 
(as will be shown in the 
following sections) the 
controlling variable usu- 
ally represents some volt- 
age or current in the net- 
work model of an n-ter- 
minal device. 
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Fig. 11-2. An example illustrat- 
ing the network model of a 
hypothetical nonlinear con- 


trolled resistor. 


+= vy, volts 
16 


11-2. PRINCIPLES OF MODEL MAKING 


The basic principles of model making are identical with the 
principles of network synthesis presented in Chap. 8. In fact, model 
making and network synthesis differ only in the ultimate objectives. 
In model making, we have no intention to build the synthesized 
network, and hence the availability of the components to be used 
is of no concern to us. For example, in the model shown in Fig. 
11-2d, there is no need to replace the resistor R by a combination 
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of concave resistors, convex resistors, and a negative resistor 
because we shall never build the network anyway. The purpose of 
this model is simply to convert the controlled resistor into a net- 
work containing two-terminal resistors and sources, so that the re- 
sulting network can be analyzed by the general methods to be pre- 
sented in the next chapter. Hence, we are free to use controlled 
sources, ideal diodes, and any two-terminal nonlinear resistors as 
components in the network models. 

Given a controlled resistor or an n-terminal resistor there are 
generally many distinct models that can be found to approximate 
the resistor’s characteristics. Clearly, different models would yield 
different degrees of approximation. In general, the more com- 
plicated the model, the more accurate is the approximation. How- 
ever, in constructing the model for a given resistor, we must 
always bear in mind that, ultimately, we have to analyze the net- 
work whose controlled resistors and n-terminal resistors are re- 
placed by their models. We do not want to complicate the analysis 
by using a complicated model if we can obtain a realistic solution 
with a simpler model. After all, as engineers, we are only after a 
realistic and practical solution. Very seldom do we need to know 
the exact answer. Hence, it would be foolish to try to use a model 
more complicated than necessary. In this respect, a certain model 
may be perfectly satisfactory when used in one network but may be 
completely unsatisfactory when used with another network. In 
other words, there is no such thing as the “best” model for a 
given controlled resistor or n-terminal resistor unless we are 
referring to the model with respect to a particular network con- 
taining the resistor, and the criteria for evaluating the model are 
specified. 

A question that arises in connection with the choice of models 
is, how do we choose the simplest from among a number of 
models that would yield realistic solutions? It is clearly impossible 
to answer this question in general since much depends on a per- 
son’s engineering judgment and previous experience working on 
networks containing similar elements. It is reasonable, however, to 
start with a fairly simple, if not the simplest, model; if the solution 
turns out to be unrealistic, then we repeat the problem with a bet- 
ter model. It must be emphasized again that should a certain 
model in a certain problem result in an unrealistic solution, it 
does not mean that the method or the theory is wrong. It means 
only that a better model should be chosen for that particular 
problem. 

The network model shown in Fig. 11-2d is a fairly good repre- 
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1~In some practical circuits 

such as small-signal am- 
plifiers, the signal is so 
small that a local linear 
model can always be con- 
structed about any operat- 
ing point. Such a model 
is called an incremental 
linear model in order to 
emphasize the fact that it 
is valid only for analyzing 
small-signal circuits. In 
general, the parameters as- 
sociated with the incre- 
mental linear model of a 
given device would vary 
with the location of the 
Operating points. 
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sentation of the controlled resistor throughout the entire v-i plane. 
In practice, however, the operating point of the resistor usually 
lies within a small region of the v-i plane. For example, the 
operating point may lie only within the shaded local region shown 
in Fig. 11-25. In this case there is no need to find a model which 
represents the controlled resistor over the entire v-i plane. In fact, 
a model representing the v-i curves shown in Fig. 11-2f is per- 
fectly acceptable even though the curves outside the local region 
are radically different from the actual curves of Fig. 11-2b. Indeed, 
by concentrating over a certain region of the v-i plane where the 
operating point is known to be located, we can usually synthesize 
a more accurate model than one that covers the entire plane. 
However, outside the local region the model is unsatisfactory. In 
order to differentiate between these two types of models, we shall 
refer to any model which covers the entire v-i plane as a global 
model. Similarly, we shall refer to any model which covers only a 
region of the v-i plane as a Jocal model. Sometimes, the pertinent 
region of the v-i plane may be small enough that the family 
of curves within this region are parallel straight lines. In this case 
the local model can be represented by a linear network with bat- 
teries. (See Fig. 8-4a.) We shall refer to this as a /ocal linear model. 


11-3. SYNTHESIS OF GLOBAL MODELS FOR 
NONLINEAR CONTROLLED RESISTORS 


We have already shown in Chap. 2 that a controlled resistor is a 
two-terminal resistor having a v-i curve that changes with respect 
to one or more controlling parameters. The controlling parameter 
may be some external voltage or current or it may be some non- 
electrical variable such as temperature, light intensity, or pressure. 
Since most practical, controlled resistors have only one controlling 
parameter x, we shall synthesize models only for this type of con- 
trolled resistor. For convenience, we shall assume that the family 
of v-i curves of the controlled resistor has been approximated by 
piecewise-linear segments. We shall further assume that these 
curves satisfy the following two properties: 


1. All v-i curves are parallel with respect to some straight line a 
through the origin of the v-i plane. By this we mean that the 
corresponding segments of the v-i curves are parallel to one 
another, and the corresponding breakpoints lie along a straight 
line parallel to a. 
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2. All v-i curves are uniformly spaced; that is, if the controlling 
variable x changes by some fixed increment Ax (say, x =..., 
—3 Ax, —2 Ax, —Ax, 0, Ax, 2 Ax, 3 Ax,...; n Ax), then the 
current intercept also changes by some fixed increment Aj, and 
the voltage intercept changes by some fixed increment Av. 


Examples of some v-i curves with the above properties are 
shown in Figs. 11-3a, 11-4a, and 11-5a. Observe that in view 
of property 1, this family of curves can be generated by translating 
the v-i curve corresponding to x = 0 along the straight line a. 
Accordingly, we shall call this curve the v-i curve generator. Observe 
also that in view of property 2, it is possible to use a linear con- 
trolled source to translate the v-i curves by uniform increments. 
Let us consider some special cases: 


1. When a coincides with the v axis. An example of a system of 
v-i curves parallel with respect to the v axis is shown in Fig. 
11-3a. The associated v-i-curve generator is shown in Fig. 11-35. 
The model for this controlled resistor is shown in Fig. 11-3c, 
where the nonlinear resistor R is characterized by the v4-i1 
curve in Fig. 11-35. The controlling coefficient k, of the con- 
trolled source is given by 


ip oe (11-3) 
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Fig. 11-3. A family of v-i curves 
parallel with respect to the v 
axis and its model. 
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Fig. 11-4. A family of v-i curves 
parallel with respect to the 7 
axis and its model. 


(a) 


2 
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(c) 


When «a coincides with the i axis. An example of a system 
of v-i curves parallel with respect to the 7 axis is shown in Fig. 
11-4a. The associated v-i-curve generator is shown in Fig. 11-4. 
The model for this controlled resistor is shown in Fig. 11-4c, 
where the nonlinear resistor R is characterized by the v-i-curve 
generator of Fig. 11-4b. The controlling coefficient k; of the con- 
trolled source is given by 


je (11-4) 


. When « is an arbitrary straight line. Consider next the case 


where the straight line a makes an arbitrary angle » with 
the vertical axis, as shown in Fig. 11-Sa. Observe that if we ro- 
tate the v-i curves by p° in the counterclockwise direction or by 
(90 — q)° in the clockwise direction, the straight line a becomes 
the 7 axis or the v axis, respectively. Therefore, the model for 
this controlled resistor can be realized by first synthesizing a 
model N of the rotated v-i curves. The complete model is 
obtained by cascading N with a rotator with 6 = —q@° or 
6 = (90 — gq)”, respectively, as shown in Fig. 11-5b. 


When a family of v-i curves does not satisfy properties | and 2, 


the above models are no longer valid. However, in most practical 
cases, it is easy to modify these models so that they are valid at 
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least over some region of the v-i plane of interest. This modifica- 
tion can usually be achieved by adding appropriate nonlinear re- 


sistors. The principles behind this are similar to those presented in 
Chap. 8. 


shown in Figs. 11-3, 11-4, and 11-5 are still valid provided the controlled source 
in each model is allowed to be nonlinear. Construct a simple example to illustrate 
the procedure. 


Exercise 2: The rotator in the model of Fig. 11-54 is used simply for convenience. 
Show that after the model is obtained, the T-network or the z-network realization 
of the rotator can be absorbed with the network, thereby eliminating the rotator. 


Exercise 3: Show that the family of v-i curves in Fig. 11-5a can be transformed 
into the form shown in Fig. 11-3a or Fig. 11-4a with the help of a negative 
resistor. From this, give a model analogous to that shown in Fig. 11-5b. 


Exercise 4: Show that any nonlinear voltage-controlled voltage source described 
by v2 = f(v1) can be realized by two /inear controlled sources of the appropriate 
type and one nonlinear resistor. 


Exercise 5: Repeat Exercise 4 for the remaining three types of nonlinear con- 
trolled sources. 


11-4 SYNTHESIS OF GLOBAL MODELS FOR 
NONLINEAR THREE-TERMINAL RESISTORS 


A three-terminal resistor is characterized by two sets of v-i curves. 
Although there are six distinct ways to represent these character- 
istics, they are equivalent in the sense that it is possible to trans- 


form one representation into another representation (see Sec. 3-2). Fig. 11-5. A family of v-i curves 
parallel with respect to an arbi- 


trary straight line a and its 


model. 
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Fig. 11-6. Any three-terminal 
resistor can be modeled by two 
controlled resistors. 
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There is no loss of generality, therefore, to assume that the input 
characteristics are given in the v,-i; plane with either /2 or v2 as 
the parameter. Similarly, there is no loss of generality to assume 
that the output characteristics are given in the v2-i2 plane with 
either i, or v; as the parameter. We shall for convenience denote 
the parameter 72 or v2 of the input characteristics by x;. Similarly, 
we shall denote the parameter 7, or v; of the output characteristics 
by X92. 

The simplest way to model a three-terminal resistor is to syn- 
thesize the input characteristics and the output characteristics 
independently by the controlled resistors Ny and N2 as shown in 
Fig. 11-6. After Ny; and N»2 are synthesized, we can usually apply 
the concepts of equivalent networks to further simplify the result- 
ing model. Since the model shown in Fig. 11-6 is completely 
general, the problem of modeling a three-terminal resistor reduces 
to that of modeling controlled resistors. Hence, the principles pre- 
sented in the preceding section are applicable to the modeling of 
three-terminal resistors as well. Let us consider two special but 
quite common cases. 


11-4-1 A BASIC T-NETWORK MODEL 


Consider the two sets of hypothetical v-i curves shown in Fig. 
11-7a and 11-7b. Since these curves are parallel with respect to the 
voltage axis, they can be modeled by the T network shown 
in Fig. 11-7c. The resistor R; is characterized by the v,-i1-curve 
generator (corresponding to ig = 0) of the input characteristics. 
Similarly, the resistor Re is characterized by the v2-ip-curve genera- 
tor (corresponding to i; = 0) of the output characteristics. The 
controlling coefficients ky; and kz are given, respectively, by 


_ An 


es 
INS 


(11-5) 
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Avy 
ke is 
2 Ais (11-6) 


Although the model shown in Fig. 11-7c is simple enough, the 
presence of the two current-controlled voltage sources (connected 
to a common node) suggests that we might be able to apply the 
v-shift theorem and eliminate one of the two controlled sources. 
However, in order to apply this theorem, the terminal voltage 
across the two controlled sources must be identical. We must, 
therefore, perform some transformation to make this possible. 
First, let us redraw the model of Fig. 11-7c into the equivalent form 
shown in Fig. 11-8a. These two circuits are equivalent because we 
have added and subtracted identical controlled sources to and 
from each of the two controlled sources of Fig. 11-7c. The reason 
for doing this is obvious once we realize that the circuit of Fig. 
11-8a can be simplified to that shown in Fig. 11-85. Observe that 
the controlled source —kyi; of Fig. 11-8a can be replaced by an 
equivalent linear negative resistance —k; (ohms) because the con- 
trolling variable 7; is also the current flowing through the con- 
trolled source. Similarly, the controlled source —kyiz of Fig. 11-8a 
can be replaced by an equivalent negative resistance —k, (ohms) 
as shown in Fig. 11-85. 

We can now apply the v-shift theorem to shift the two iden- 
tical controlled sources ky(i; + ig) of Fig. 11-85 into the vertical 
branch shown in Fig. 11-8c. Observe that the controlling variable 
(i; + ig) of this controlled source is also the current entering its 
terminals. Therefore, once again we can replace this controlled 
source by a linear resistance ky (ohms) as shown in Fig. 11-8d. 
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Fig. 11-7. A set of three-termi- 
nal resistor characteristics and 
its representation by a T-net- 
work model containing only 
two-terminal resistors and con- 
trolled sources. 
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(f) 


Fig. 11-8. The step-by-step 
procedure for arriving at an 


ou lent a rela ianecte| We can simplify the model shown in Fig. 11-8d further by re- 
containing, at most, one con- 


se ea Oe placing the nonlinear resistor R; and the negative resistance —k, 
with a new nonlinear resistor Rj. Similarly, we can replace 
the nonlinear resistor Ro and the negative resistance —k, with a 
new nonlinear resistor Rj. The resulting T-network model is 
shown in Fig. 11-8e. It is interesting to observe that in the special 
case where ky = kg, this model reduces to a T network without the 
controlled source, as shown in Fig. 11-8/. 
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11-4-2. A BASIC 7-NETWORK MODEL 


Consider next the hypothetical v-i curves shown in Fig. 11-9a and 
b. Since these curves are parallel with respect to the current axis, 
they can be modeled by the 7 network shown in Fig. 11-9c. The 
resistor R; is characterized by the v,-i,-curve generator (corre- 
sponding to vg = 0) of the input characteristics. Similarly, the re- 
sistor Rg is characterized by the vs-i2-curve generator (correspond- 
ing to v; = 0) of the output characteristics. The controlling 
coefficients k; and ky are given, respectively, by 


Ai; 
ius 
1 ne (11-7) 
Ai 
ko = _ = 
= (11-8) 


Although the above model is simple enough, the presence of 
the two voltage-controlled current sources (connected to a com- 
mon node) suggests that we might be able to apply the /-shift 
theorem and eliminate one of the two controlled sources. Hence, 
by a procedure dual to that used in the preceding section, we re- 
draw the model of Fig. 11-9c into the equivalent model shown in 
Fig. 11-10a. This model can be further simplified by observing 
that the controlled source kyv; can be replaced by an equivalent 
resistance of 1/k, (ohms). This is because the controlling param- 
eter v; is also the voltage across the controlled source. Similarly, 
we can replace the controlled source kyv2 by an equivalent resist- 
ance 1/k; (ohms). The resulting model is shown in Fig. 11-100. 


501 


Fig. 11-9. A set of three-termi- 
nal resistor characteristics and 
its representation by a z-net- 
work model containing only 
two-terminal resistors and con- 
trolled sources. 
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Fig. 11-10. The step-by-step 
rocedure for arriving at an : 3 F 
Sane spree ie ela We can now apply the i-shift theorem to shift the two con- 


containing, at most, one con- trolled sources —A4(v; — v2) into the horizontal branch shown in 


trolled source. 


Fig. 11-10c. Observe that the controlling variable (v, — v2) of this 
controlled source is also the voltage across its terminals. There- 
fore, we can replace this controlled source by an equivalent nega- 
tive resistance —1/k,; (ohms) as shown in Fig. 11-10d. 

We can simplify the model shown in Fig. 11-10d further by 
replacing the nonlinear resistor R; and the resistance 1/k, with a 
new nonlinear resistor Rj. Similarly, we can replace the nonlinear 
resistor Ry and the resistance 1/k, with a new nonlinear resistor 
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R3. The resulting 7-network model is shown in Fig. 11-10e. It is 
interesting to observe that in the special case where ky = ko, this 
model reduces to a 7 network without the controlled source, as 
shown in Fig. 11-10f 

The above T-network and 7-network models are applicable 
to a large class of three-terminal resistors. In particular, any set 
of v-i curves which are parallel with respect to the voltage axis can 
be modeled by a T-network model.! Similarly, any set of v-i 
curves which are parallel with respect to the current axis can be 
modeled by a z-network model. In either case, one controlled 
source at most is required. 

If the characteristics of a given three-terminal resistor are 
more complicated than those considered above, we can often con- 
struct a good model by merely adding appropriate nonlinear re- 
sistors and rotators to the two basic models obtained in this sec- 
tion. Some of the more common techniques for modifying these 
models are given in the next section. 


Exercise 1: Give a geometrical interpretation of the effect of the condition 
ky, = kz on the characteristic curves of the T-network model shown in Fig. 11-8/, 
and of the z-network model shown itn Fig. 11-10. 


Exercise 2: Give a systematic procedure for finding the parameters and v-i 
curves of the T-network and the z-network models directly from the given set of 
characteristic curves. 


11-5 SOME USEFUL TECHNIQUES FOR MODIFYING MODELS 


There are many nonlinear resistors whose v-i curves appear only 
in a certain region of the v-i plane. For example, the v-i curves of 
any passive resistor can appear only in the first and third quad- 
rants.2 Since the v-i curves of the various models presented in the 
preceding sections cover the entire v-i plane, it is necessary to 
modify these models so that their v-i curves are constrained to ap- 
pear only in some desired region of the v-i plane. We shall now 
present techniques to implement some of the more basic network 
constraints. 


11-5-1 CONSTRAINING v-i CURVES TO HALF-PLANES 


Any straight line in the v-i plane separates it into two regions, each 
of which is called a half-plane. Suppose it is required to constrain 
the v-i curves of a controlled-resistor model to appear only in a 
half-plane. Since we can always use the rotator to rotate the v-1 
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1Tf the system of curves is 
not uniformly spaced, the 
model is still valid, pro- 
vided nonlinear controlled 
sources are allowed. 


2Review Sec. 1-9 for the 
significance of passivity. 
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Fig. 11-11. The v-i curves of a 
hypothetical controlled-resistor 
model. (b) 


curves if necessary, there is no loss of generality to assume that 
the half-plane is defined either by a vertical line or by a horizon- 
tal line. Hence, we shall consider only the half-planes v > E, 
v < E,i>TI,ori < I. To be specific, let us suppose the controlled- 
resistor model shown in Fig. 11-lla is characterized by the v-i 
curves shown in Fig. 11-11. 

A simple technique for constraining the v-i curves to the half- 
plane v > E is shown in Fig. 11-12a. The resulting v’-i’ curves 
shown in this figure can be readily verified graphically. We can also 
verify this analytically by observing that since the voltage across 
an ideal diode cannot be positive, vg = E — v’ < 0. But this im- 
plies that v’ > E and the diode can be replaced by an open circuit 
for all v’' > E. Therefore, the v’-i’ curves are identical with the v-i 
curves for v’ > E. It is important to observe, however, that the re- 
sulting v’-i’ curves contain the /ower portion of the vertical line 
v = E. Since this portion of the curves need not be present in the 
original v-i curves, the model shown in Fig. 11-12a is generally valid 
only in the region v’ > E. Observe that when E = 0, a special but 
rather common case, the v-i curves are constrained to the right half- 
plane. In order to constrain the v-i curves to the half-plane v < E, 
all we need to do is to reverse the diode terminals as shown 
in Fig. 11-125. 

By dual procedure we can constrain the v-i curves to the half- 
plane i > —J by the circuit shown in Fig. 11-12c. Similarly, by re- 
versing the diode terminals as shown in Fig. 11-12d, we can con- 
strain the v-i curves to the half-plane i < —TJ. 
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11-5-2 CONSTRAINING v-i CURVES TO QUADRANTS 


We can easily constrain the v-i curves to appear in any quadrant 
by constraining the curves into two separate half-planes. For ex- 
ample, to constrain the v-i curves of Fig. 11-11b to the first quad- 
rant, we first constrain the v-i curves to the night half-plane v > 0 
by diode D; as shown in Fig. 11-13a. This is then followed 
by constraining the resulting v-i curves to the upper half-plane 
i> 0 by diode Dy. Alternately, we can first constrain the v-i 
curves to the upper half-plane 7 > 0, then follow by constraining 
the v-i curves to the right half-plane v > 0, as shown in Fig. 
11-13b. Observe that the only difference between these two models 
is that the v’-i’ curves of Fig. 11-13a contain a portion of the 


v’ axis, whereas the v’-i’ curves of Fig. 11-135 contain a portion of Fig 11-12. Techniques for 
op > constraining v-i curves to half- 
the 7’ axis. 


planes. 
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Fig. 11-13. Techniques for 
constraining v-i curves to quad- 
rants. 
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(d) 


By similar procedures, we can constrain the v-i curves to ap- 
pear only in the second, third, or fourth quadrant. For example, 
the circuits shown in Fig. 11-13c and d can be used to constrain 
the v-i curves to the third quadrant. 


11-5-3. CONSTRAINING v-i CURVES 
TO THE FIRST AND THIRD QUADRANTS 


Another common modeling problem is to constrain the v-i curves 
of a given model to appear only in the first and the third quadrants. 
If the v-i curves are symmetrical with respect to the origin, the 
simplest circuit for accomplishing this task is shown in Fig. 
11-14a. To verify that the v-i curves are indeed constrained to 
these quadrants, as shown in Fig. 11-140, let us apply the v-shift 
theorem to shift the input voltage source v’ into the diode branches 
and observe that when v’ > 0, diodes D, and Dz are short- 
circuited, while diodes D3 and D, are open-circuited. The opposite 
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case occurs when v’ < 0. In either case, it is impossible to obtain 
points in the second and the fourth quadrants. A careful examina- 
tion of this circuit shows that the diode lattice network plays the 
same role as the switching circuit considered earlier in Fig. 10-1 1a. 
Hence, if the given v-i curves are not symmetrical with respect to 
the origin, they will be transformed into a set of symmetrical v’-i’ 
curves, where the curves in the third quadrant are obtained by 
rotating the curves in the first quadrant by 180°. Another circuit 
must therefore be used in order to constrain a nonsymmetrical set 
of v-i curves to the first and third quadrants. One such circuit con- 
sists of a parallel (series) connection of two separate models. One 
model realizes the v-i curves in the first quadrant by the technique 
shown in Fig. 11-13a (Fig. 11-135). The other model realizes the 
v-i curves in the third quadrant by the technique shown in Fig. 
11-13c (Fig. 11-13d). 


Exercise 1: Show a method for constraining the v-i curves to the right of the 45° 
line (v = i). 


Exercise 2: By defining another two-terminal resistor analogous to an ideal 
diode, show that it is possible to constrain the v-i curves to the second or 
the fourth quadrant. Why is it all right for us to define any two-terminal resistor 
that we need for implementing a given constraint without questioning its realiz- 
ability and physical interpretation? 


Exercise 3: Show a method for constraining the v-i curves to the second and the 
fourth quadrants. HINT: See Exercise 2. 
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Fig. 11-14. Techniques for 
constraining symmetrical (with 
respect to the origin) v-i curves 
to the first and third quadrants. 
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1 The controlling coefficient 
wp is usually called the 
amplification factor. For 
global models the ampli- 
fication factor may be 
assumed to be a constant, 
even though it actually 
varies slightly from point 
to point. This is because 
when we are dealing with 
large signals, as in global 
models, the small varia- 
tion in p is negligible. 
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11-6 MODELS OF PRACTICAL THREE-TERMINAL RESISTORS 


Let us now apply the principles presented in the preceding sections 
to synthesize models for some of the more common three-terminal 
resistors. Since no new concept is involved, we shall be brief and 
leave some of the details to the problems. Since the models to be 
synthesized in this section will be referred to again many times in 
the future, it is convenient to identify each model by a name. 
Indeed, the present section can be considered as an appendix, 
listing the models of various common three-terminal resistors. To 
enhance its usefulness, we shall first synthesize an accurate global 
model for each three-terminal resistor considered in this section. 
For most practical purposes, these global models are actually 
more complicated than necessary. For this reason, we shall further 
reduce each global model into simpler models. 


11-6-1 VACUUM TRIODE MODELS 


The standard symbol normally associated with vacuum triodes 
is shown in Fig. 11-15a. The input and output characteristics of 
a typical vacuum triode can be represented to a fair degree of 
precision by the piecewise-linear characteristics shown in Fig. 
11-155 and c, respectively. Since these characteristics appear only 
in the first quadrant, we shall first find two simple models whose 
v-i curves agree with the desired input and output characteristics 
in this quadrant. The v-i curves in the remaining quadrants are im- 
material since we shall later forbid any curve from appearing in 
these regions. Clearly, the two simple linear models shown in Fig. 
11-15d and e have a set of v-i curves which agree with the triode 
characteristics in the first quadrant. The controlling coefficients y 
and 4 can be computed from the given characteristics by! 


AVg hed 
= | AV» (from input characteristics) (11-9) 
and 
ela: (from output characteristi 
ps IVA put characteristics) (11-10) 


The next step is to constrain the v-i curves so that they appear 
only in the first quadrant. Since the triode v-i curves contain 
a portion of the horizontal axis, we choose the technique of Fig. 
11-13a to modify the models as shown in Fig. 11-15fand g. Com- 
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(d) 


: at La 


(f) 


Fig. 11-15. The step-by-step 
procedure for synthesizing a 
global vacuum triode model. 


bining these two controlled-resistor models, we obtain our first 
triode model A as shown in Fig. 11-16a. 

The typical values for y, Ee,, and Ep, are generally quite 
small and may be neglected for most practical purposes. Hence, 
setting the coefficients y, E«@,, and Ep, in triode model A to zero, 
we obtain the simpler triode model B shown in Fig. 11-166. Ob- 
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(6) Triode model B (c) Triode model C 


Fig. 11-16. Three models of a 
vacuum triode. 


serve that the ideal diode D3 of triode model A has also been re- 
moved since it is no longer needed in the absence of the con- 
trolled source y Vp. 

The triode model B is still a global model. In practice, the 
vacuum triode is usually operated within the first quadrant. Under 
this condition, we can eliminate the ideal diode D4, whose only 
purpose is to prevent the output characteristics from appearing in 
the second quadrant, and obtain the triode model C shown in 
Fig. 11-16c. Observe that this model is a “local model’ because 
for positive values of Vg, the output curves of this model will con- 
tain curves in the second quadrant, and they do not represent the 
actual triode output characteristics. Hence, triode model C is valid 
only if the operating points of the network lie in the first quadrant. 


11-6-2 VACUUM PENTODE MODELS 


The standard symbol normally associated with vacuum pentodes 
is shown in Fig. 11-17a. Although the pentode is a five-terminal 
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resistor, it is usually operated as a three-terminal resistor. The in- 
put and output characteristics of a typical vacuum pentode (with 
Eg, and Eg, fixed by batteries) can be represented to a fair degree 
of precision by the piecewise-linear characteristics shown in Fig. 
11-176 and c, respectively. Since the pentode input characteristics 
are identical with the triode input characteristics, the same con- 
trolled-resistor model shown in Fig. 11-15fis applicable here. 

Since the pentode output characteristics are uniformly spaced, 
and since all breakpoints lie in a straight line corresponding to the 
resistance R,, we can apply the principles presented in Sec. 11-3 
to synthesize an output-characteristic model. Combining this with 
the input-characteristic model, we obtain the pentode model A 
shown in Fig. 11-17d. For most practical purposes, the values of 
y and Eg, are small and may be neglected, in which case we ob- 
tain the simpler pentode model B as shown in Fig. 11-17e. 
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Fig. 11-17. Two models of a 
vacuum pentode. 


(d) Pentode model A (e) Pentode model B 
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(e) n-p-n transistor model Bp (f) n-p-n transistor model Cp 


Fig. 11-18. Three models of 
an n-p-n transistor in the com- 
mon-base configuration. 


11-6-3 n-p-n TRANSISTOR MODELS 


The standard symbol normally associated with an n-p-n transistor 
in the common-base configuration is shown in Fig. 11-18a. Its 
input and output characteristics can be represented quite accurately 
by the piecewise-linear v-i curves shown in Fig. 11-185 and c, re- 
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spectively. Applying the principles in Sec. 11-3, we obtain the 
global n-p-n transistor model Ag as shown in Fig. 11-18d.1 The 
controlling coefficients kg and a are given by 


ae AV (from third quadrant of (11-11) 
AVcs! the input characteristics) 
ax |ale (from first quadrant of (11-12) 
Alp the output characteristics) 


For most practical purposes the values of kg and R, are 
negligible, in which case we obtain the simpler but still very 
realistic n-p-n transistor model By as shown in Fig. 11-18e. 

In many large-signal transistor circuits such as multivibrators, 
we can further simplify the above model without introducing 
significant errors. The simplification consists of assuming Rg; = 0, 
Ro; = 0, and Re, = oo. Under these assumptions the concave re- 
sistor reduces to an ideal diode in series with a battery, and the 
nonlinear resistor R reduces to an ideal diode in parallel with a 
current source Jogo. The resulting n-p-n transistor model Cg is 
shown in Fig. 11-187. 

The parameters associated with models Ag, Bp, and Cg must 
be obtained from the transistor characteristics in the common-base 
configuration. However, the majority of transistor manufacturers 
furnish their transistor characteristics in the common-emitter 
configuration because these characteristics are easier to obtain 
in practice. While it is possible to find the parameters of models 
Ag, Bp, and Cg from the common-emitter characteristics directly, 
the procedure is tedious, and the result is often not very accurate. 
It is more convenient, therefore, to synthesize separate transistor 
models for the common-emitter configuration. 

The symbol and characteristics of a typical n-p-n transistor in 
the common-emitter configuration are shown in Fig. 11-19a to c. 
Applying the principles in Sec. 11-3, we obtain the n-p-n transistor 
model Ag shown in Fig. 11-19d.2 The controlling coefficients kz, 
kc, and B are given by 


AVzr (from first quadrant of 
leas ne (ili) 
AVcr the input characteristics) 

_ {Ale (from third quadrant of 11-14 
go AI,| _ the output characteristics) ( ) 
ee Alc (from first quadrant of (11-15) 

Alp the output characteristics) 
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1The subscript B implies 
that the characteristic 
curves are obtained with 
the transistor in the com- 
mon-base configuration. 


2The subscript E denotes 
the common-emitter con- 
figuration. 
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(e) n-p-n transistor model B (f) n-p-n transistor model Cz 


Fig. 11-19. Three models of an 

n-p-n transistor in the common- ; 

emitter configuration. For most practical purposes, the values of kg, kc, and R, are 

1 Observe that model Czis Negligible, in which case we obtain the simpler but still very 
not a special case of model realistic n-p-n transistor model Bp shown in Fig. 11-19e. 


Bz. It is, however, approxi- In many large-signal transistor circuits we can further modify 
mately equivalent to set- 


ting Rey = Oand Ro, ~ 00 model By to obtain the still simpler n-p-n transistor model Cy 
in model Bg. shown in Fig. 11-19f4 
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It is important to observe that because different approxima- 
tions are involved, models Ag, Bg, and Cx are only approximately 
equivalent to models Ap, Bg, and Cg. In many practical problems 
it is useful to find a relationship between a and £ and a relation- 
ship between J¢go and Jcgo. Since these parameters pertain only 
to the collector v-i curves in the first quadrant, we may re- 
place the diode De in models Cg and Cg by open circuits. This al- 
lows us to write the following two KCL equations from models 
Cg and Cp, respectively: 


Ic = Icpo — alp 
= Icgo — a{— (Us + Ic)] (11-16) 
Ic = Icro + blz (11-17) 


Solving for J¢ from Eq. (11-16) and equating it to Eq. (11-17), we 
obtain 


IcBo a 
I, Ble = fe af 11-18 
cEO + PLB al xe) ) B ( ) 


Equating the corresponding terms, we obtain 


[eee (11-19) 


L 
Tero = G a (11-20) 


Conversely, we can solve for a and f from Eggs. (11-19) and (11-20) 
to obtain 


=~ 18 11-21 

pwr) Soe 
sf - 

Iczo = B 1) (22) 


Since B > 1 for most transistors, Eq. (11-22) can be written as 
Icno = BI cpo (11-23) 


This equation shows that the current source J¢go in the common- 
emitter model plays a much more significant role than the current 
source Iggo in the common-base model. Because of this, we may 
generally neglect Icgo but not I cro: 
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AT 


(a) (b) 


(e) p-n-p transistor model B, (f) p-n-p transistor model Cz 


Fig. 11-20. Three models of a p-n-p transistor in the common-base configuration. 
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11-6-4 p-n-p TRANSISTOR MODELS 


By similar procedures, we can construct models for p-n-p transis- 
tors whose symbol is shown in Fig. 11-20a. However, since we al- 
ready have the n-p-n transistor models, we can more easily obtain 
the p-n-p transistor models by applying the complementary- 
network theorem. This consists of interchanging the terminals of 
all nonlinear resistors and independent sources of the n-p-n transis- 
tor models. Hence, for the common-base p-n-p transistor charac- 
teristics shown in Fig. 11-205 and c, we immediately obtain the 
corresponding p-n-p transistor models Ag, Bg, and Cg as shown 
in Fig. 11-20d to f. Similarly, for the common-emitter p-n-p tran- 
sistor in Fig. 11-2la and its characteristics in Fig. 11-21b and c, 
we obtain the corresponding p-n-p transistor models Ag, Br, and 
Cz as shown in Fig. 11-2ld, e, and f, respectively. Clearly, the 
controlling coefficients for the various controlled sources are given 
by the same expressions defined for n-p-n transistors. Similarly, 
the relationships between a, 6, Ic¢go, and Icgo are also given by 
the same expressions derived earlier for n-p-n transistors. 


11-6-5 n-CHANNEL FET MODELS 


The symbol and piecewise-linearized characteristics of a typical 
n-channel FET are shown in Fig. 11-22a to c. Since the input 
characteristics are independent of the output variables Jp and 
Vps, it can be modeled by a two-terminal resistor Rg with the v-i 
curve shown in Fig. 11-22b. The output characteristics can be 
modeled by one controlled source and two nonlinear resistors. 
The complete n-channel FET model A is shown in Fig. 11-22d. 
The v;-i; curve of Ri is shown in Fig. 11-22e, and the v2-ig curve 
of R»z is shown in Fig. 11-22f The controlling coefficient k is given 
by 


_ Alp 11-24 


11-6-6 p-CHANNEL FET MODELS 


The symbol of a p-channel FET is shown in Fig. 11-23a. The 
characteristics of a p-channel FET differ from the characteristics 
of an n-channel FET only by a negative sign in the variables J, 
Vos, Ip, and Vps. Hence, applying the complementary-network 
theorem once again, we obtain the p-channel FET model A shown 
in Fig. 11-23. 


U7, 
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Ii. IT. 


Vero 


(a) (b) 


(d) p-n-p transistor model A 


(e) p-n-p transistor model By (f) p-n-p transistor model Cp 


Fig. 11-21. Three models of a p-n-p transistor in the common-emitter configuration. 
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(f) 


Fig. 11-22. An n-channel FET 
model A. 


(d) 


Exercise 1: (a) Find all pertinent parameters associated with the triode model A 
for triode type 2NXX22. (b) Sketch the characteristic curves predicted by this 
model, as well as the triode models B and C as extracted from model A. (c) Com- 
pare the accuracy of each model. 


Exercise 2: (a) Find all pertinent parameters associated with the pentode model 
A for pentode type 2NXX24. (b) Sketch the characteristic curves predicted by 
this model and its simpler version given by pentode model B. (c) Compare the 
accuracy of each model. 


Fig. 11-23. A p-channel FET 
model A. 
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Exercise 3: Repeat Exercise 1 for the n-p-n transistor type 2NXX15. 
Exercise 4: Repeat Exercise 1 for the n-p-n transistor type 2NXX17A. 
Exercise 5: Repeat Exercise 1 for the p-n-p transistor type 2NXX16. 

Exercise 6: Repeat Exercise 1 for the p-n-p transistor type 2NXX18A. 


Exercise 7: (a) Find all pertinent parameters associated with the n-channel FET 
model A for the FET type 2NXX19. (b) Sketch the characteristic curves predicted 
by this model and compare with the actual curves. 


Exercise 8: Repeat Exercise 7 for the FET type 2NXX20. 


Exercise 9: Explain why the models for the transistors in the common-base con- 
figuration are different from those in the common-emitter configuration; i.e., they 
cannot be obtained by simply interchanging the base and the emitter terminals. 
How can we reconcile this with our earlier observation that the character- 
istics corresponding to different reference terminals are equivalent, and can be 
derived from one another? 


11-7 SUMMARY 


Classification of models A model can be either a mathematical 
model or a network model. Mathematical models are useful for 
numerical analysis, while network models are useful for qualitative 
and quantitative circuit analysis. For convenience, network models 
usually contain piecewise-linear resistors and linear controlled 
sources. They are ideally suited for the iterative piecewise-linear 
method to be presented in the next chapter. 


Types of network models A network model may be either a global 
model or a local model. A global model must approximate the 
characteristic curves of the device over the entire v-i plane. A local 
model need approximate the curves over only some prescribed 
region of the v-i plane. 


Basic philosophy of network model making A model must always be 
a compromise between simplicity and reality. Some networks may 
require a global model; others may require only a local model. If 
the region of operation is known, as from previous experience, 
then a local model should be chosen. This is because the local 
model (extracted from a global model) is always simpler. We can 
afford, therefore, to increase the accuracy of local models by 
adding “frosting elements” without increasing their complexity to 
unmanageable proportions. 
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Modeling controlled resistors A large class of controlled resistors 
can be modeled by a network containing two-terminal resistors 
and controlled sources. When the curves are uniformly spaced and 
parallel with respect to some axis, the model consists of a nonlinear 
resistor, a linear controlled source, and possibly a rotator. When 
the spacing is not uniform, a nonlinear controlled source may be 
needed. 


Modeling three-terminal resistors § Any three-terminal resistor can 
be modeled by an interconnection of two controlled resistors. In 
many cases, a simpler realization can be obtained by choosing 
two basic models: 


1. The T-network model 


2. The z-network model 


PROBLEMS 


11-1 Synthesize a global network model to represent each set of con- 
trolled-resistor characteristic curves shown in Fig. P-I1-la toc. 


Fig. P11-1. 


hi, ma 
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p+ 
0.6 08 »v, volts 
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v, volts 
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11-2 Synthesize a global network model to represent the three-terminal 
resistor characteristic curves shown in Fig. P11-2. 


+ 
0.6 


+ 


—>v._, volts 
04 O06 08 1 


> Uy, volts 


Fig. P11-2. 


11-3 Synthesize a global network model to represent the three-terminal 
resistor characteristic curves shown in Fig. P11-3. 


ia 
Vo, volts 


Synthesis of resistive nonlinear network models 523 


11-4 Synthesize a global network model to represent the three-terminal 
resistor characteristic curves shown in Fig. P11-4. 


At, ma 


Fig. P11-4. 
11-5 Synthesize a global network model to represent the three-terminal 
resistor characteristic curves shown in Fig. P11-5. 


volts 
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11-6 Synthesize a global network model to represent the three-terminal 
resistor characteristic curves shown in Fig. P11-6. 


At), ma 


=40.5 —27 —13.5 
+ ee 
40.5 54 Up, volts 


a ae 
10 15 20 Uy, volts 


vA 
4 
av 
4-20 
Fig. P11-6. 
11-7 Synthesize a global network model to represent the three-terminal 
resistor characteristic curves shown in Fig. P11-7. 
——1 = 
-8 
Uy, volts 


11-14 
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Synthesize a global network model for the vacuum tetrode type 
2NXX23. 


Synthesize a global network model for the unijunction transistor 
type 2NXX21. 


Synthesize a global network model for the SCR type 2NXX14. 


Synthesize a global network model for the NTC thermistor type 
INXX12. 


Synthesize a global network model for the PTC thermistor type 
INXX13. 


Modify the global network model obtained in Prob. 11-3 so that 
the resulting characteristic curves are constrained to the first and 
the third quadrants only. 


Modify the global network model obtained in Prob. 11-4 so that 
the resulting characteristic curves are constrained to the first and 
the third quadrants only. 
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1A more rigorous exposi- 
tion of this method is given 
in L. O. Chua, Analysis 
and Synthesis of Multi- 
valued Memoryless Non- 
linear Networks, [EEE 
Trans. Circuit Theory, vol. 
CT-14, no. 2, pp. 192-209, 
June, 1967. 
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12-1 BASIC PHILOSOPHY OF THE 
ITERATIVE PIECEWiSE-LINEAR METHOD 


The methods of analysis and synthesis presented in the preceding 
chapters are graphical in nature. These methods are simple and 
are applicable to many practical nonlinear resistive network prob- 
lems. Unfortunately, these graphical methods are not general 
enough to handle the more complicated non-series-parallel net- 
works containing one or more nonlinear three-terminal resistors. 
Neither are they applicable to nonlinear networks containing con- 
trolled sources. Because of these limitations, it is necessary that 
more general methods of analysis be found to supplement the 
graphical methods. So far, the most general method of analysis is 
the iterative piecewise-linear method.+ This method is applicable to 
any nonlinear network in the canonic form. A network is said to be 
in canonic form if it satisfies the following two assumptions: 


1. All nonlinear elements in the network are two-terminal resistors. 


2. The v-i curve of each nonlinear resistor in the network is 
represented by piecewise-linear segments. 


These assumptions are not as restrictive as they seem to 
indicate. Indeed, if a network is not already in the canonic form, 
we can always transform it into the canonic form. This can be 
done by the following steps: 


Step 1 Apply the principles of Chap. 11 to substitute each three- 
terminal resistor or controlled resistor in the network by a network 
model containing only nonlinear two-terminal resistors, controlled 
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sources, independent source, and other linear elements, such as 
linear resistors, rotators, ideal transformers, NICs, and gyrators. 


Step2 Represent the v-i curve of each nonlinear resistor by piece- 
wise-linear segments. Therefore, without any loss of generality we 
shall, for convenience, assume that all networks in this chapter are 
already in the canonic form. 

The basic philosophy of the iterative piecewise-linear method 
consists of treating a nonlinear network as if it were a number of 
distinct linear networks having identical network topology. Each 
linear network can then be analyzed independently by well-known 
linear techniques. This is possible because by assumption the v-i 
curves of all nonlinear resistors are represented by piecewise-linear 
segments. If we know that corresponding to a given input voltage 
or current, the network is operating at a certain segment of each 
nonlinear resistor in the network, then we can extend the corre- 
sponding segment of each resistor beyond its breakpoint, thus 
forming a new linear network, without affecting the solution of the 
original network. We shall now render this concept more precise. 

Let N be a de nonlinear resistive network in the canonic form. 
Therefore N may contain any number of linear elements (positive 
or negative resistances, rotators, ideal transformers, NICs, gyrators, 
etc.), dc independent sources, controlled sources, and nonlinear 
two-terminal resistors characterized by arbitrary piecewise-linear 
v-i curves (may be multivalued or even disconnected). Let these 
nonlinear resistors be labeled consecutively from R; to Rm, where 
m is the total number of nonlinear resistors in the network. 

Corresponding to each nonlinear resistor Rj, let s; be the num- 
ber of piecewise-linear segments of the associated v-i curve. Let 
«8; = 1/nrj represent the slope (conductance) of segment k of R;.f 
Let segment & of R; or its extension intersect the v; and i; axes at 
v; = EL; and i; = ;Jj, respectively. Let segment k of R; be defined 
for all ,Ej << uj < x£} and for all 5 <i; < xj. Figure 12-la 
shows a typical segment k of R;, illustrating the various symbols 
defined above. Observe that each segment k is completely specified 
by: 


1. Slope of segment k = 49; = 1/x7j. 


2. Voltage intercept of segment & = ;,£; or current intercept of 
segment k = xJj. 


3. Interval of definition for segment k, namely, ,.E7 < vj < xEF or 
KG <j < xl. We shall denote this by ,D,(v) = (,Ej,n£}) or 
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+ Throughout this chapter, 
the right subscript 7 will 
always refer to the non- 
linear resistor R; and the 
left subscript k will refer to 
segment k of the v;-i; curve 
of RG: 
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(c) 


Fig. 12-1. The parameters de- 
fining a piecewise-linear seg- : ; iP Wie 
ment and the associated itera- ADA — (x15 nf). The variable v or i inside the parentheses 


tivesinevenmicr, Nomen equiv: indicates whether the interval of definition is along the voltage 


acobeIrculis: or the current axis. 


In view of the above notations, the voltage axis v; of R; is sub- 
divided into intervals, each defining a particular segment. Similarly, 
the current axis i; of R; is subdivided into the same number of 
intervals. Observe that if we restrict the terminal voltage v; and 
terminal current i; to lie within the prescribed intervals of defini- 
tion ;,D,(v) and ,D,(i) for segment k, then R; can be replaced by an 
equivalent linear network as shown in Fig. 12-1b or c. By an 
appropriate choice of values for the parameters x7;, .Ej, «gj, and 
xJ;, the linear equivalent networks shown in Fig. 12-15 and c can 
represent any segment of the v;-i; curve. Clearly, there are as many 
sets of parameter values for x7;, x£j, 4), and ;J; as there are 
segments. Since the equivalent networks of Fig.12-15 and c are 
simply the Thévenin and Norton equivalent circuit for segment / 
of R;, and since there are s; distinct sets of parameters to iterate, 
we shall call the equivalent networks of Fig. 12-16 and c the itera- 
tive Thévenin equivalent network and the iterative Norton equiva- 
lent network, respectively. 

As an example, suppose the v;-i; curve of R; is as shown in 
Fig. 12-2a. Let us tabulate the important parameters of this curve 
as shown in Fig. 12-2b. Notice that this table contains more infor- 
mation than is necessary to plot the v;-i; curve. Indeed, only 
columns 2, 4, and 6 or columns 3, 5, and 7 are needed to draw the 
vj-ij Curve. Observe that some entries in the table may assume the 
value zero or infinity. Observe also that there are some entries 
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which are undefined, namely, the intervals 5D,(v) and ¢D,(i). These 
special cases will occur whenever the pertinent segment is either 
vertical or horizontal. It is, therefore, necessary to choose the 
iterative Thévenin equivalent circuit to completely define a vertical 
segment and the iterative Norton equivalent circuit to completely 
define a horizontal segment. 

It should now be clear that if we replace each nonlinear 
resistor in a network N by its iterative Thévenin or Norton equiva- 
lent circuit, the result is a linear network N’ having a topology 
identical with NV. The parameters associated with the equivalent 
circuit of each nonlinear resistor R; clearly depend on the particular 
segment under consideration. If there are m nonlinear resistors, 
each containing s; segments, then there are a total of n segment 
combinations, where 
N= S1S2 ++° Sj ++: Sm (12-1) 
Since NV’ may assume n different sets of parameter values, we shall 
call it the iterative linear network of N. The iterative piecewise- 
linear method to be presented in the following sections is nothing 
more than a systematic analysis of the iterative linear network 
associated with a given nonlinear network. 


Exercise 1: Show that if the v,;-i; curve of a resistor R; contains one or more hori- 
zontal (vertical) segments, it can always be converted into an equivalent vj-i; curve 
without horizontal (vertical) segments in parallel (series) with a linear resistor. 
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Fig. 12-2. An example illustrat- 
ing the parameters associated 
with a typical v;-7; curve. 


-2 | (-3,6) 
3 | (more) 
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o | Ge | 
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1The reader should recog- 
nize this as a direct appli- 
cation of the equivalent 
operating-point concept in 
Sec. 7-4. 
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Exercise 2: Show that if the v;-i; curve of a resistor Rj contains both horizontal 
and vertical segments, it can always be converted into an equivalent vj-i; curve 
having neither horizontal nor vertical segments by using two linear resistors. 


HINT: See Exercise 1. 


Exercise 3: Show that if a network contains n nonlinear resistors each charac- 
terized by a two-segment vu,-i; curve, there are a total of 2” distinct segment 
combinations. 


12-2. DETERMINATION OF OPERATING POINTS 


Before we present the iterative piecewise-linear method in its com- 
plete generality, let us consider the simple network shown in Fig. 
12-3a. For convenience, assume that the nonlinear resistor R, 
is characterized by the multivalued v-i curve shown in Fig. 12-2a. 
We could have immediately obtained the operating points of this 
network graphically as shown in Fig. 12-35. Instead of doing this, 
however, we shall determine the operating points by the iterative 
piecewise-linear method and check the answers with those obtained 
in Fig. 12-30. 

Consider first an arbitrary operating point, such as Q, of Fig. 
12-3b. Observe that only the segment containing Qj is pertinent in 
the determination of this point. This means that we can substitute 
the v;-i; curve by a straight line formed by segment 2 and its exten- 
sions and still obtain the same solution.! Hence, we can replace the 
resistor R, either by its iterative Thévenin equivalent circuit as 
shown in Fig. 12-3c or by its iterative Norton equivalent circuit as 
shown in Fig. 12-3d. We can next solve for 7, and v, from Fig. 12-3c 
to obtain 


ae Al = pe 
ae (12-2) 
Vy = (kil + KE (12-3) 


Similarly, we can solve for 7, and v; from Fig. 12-3d to obtain 


ipa i sient (12-4) 
1 + (1/xg1) 1 + xg1 
ee ee (12-5) 
k81 


Observe that the above expressions for i; and v, are functions of 
the parameters 471, ,£1, x21, and ,J1. It is necessary to substitute 
appropriate values for these parameters to obtain the actual values 
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Load line lll 
Q;: {i;=5 amp 
v,=—1 volt (6) 
i, =2 amp 
7a\| ae 
ac v,=2 volts 
Zs | 
VA | 
-~ (3) 
x 
Z a >v,, volts 
-6 -4 


(1) 


for i; and v; at the operating point. For example, we can obtain 
the coordinates of Q; by substituting the parameters in row 2 of 
the table in Fig. 12-2b into Eqs. (12-2) and (12-3) to obtain 


Aves sonal Pa () See Wi 1520.5) 45 


or into Eqs. (12-4) and (12-5) to obtain 


rep ad Cia ap alt 
seme eps) 


ny _ tae 
= =0)5 = a5) = 4 


In either case, we obtain the same answer. However, for this 
particular network, it is easier to use the iterative Thévenin equiva- 
lent circuit of Fig. 12-3c. 


) 


fie —0.5 ma 


v,=4.5 volts 


(b) 


(d) 


Fig. 12-3. An example of the 
determination of the operating 
points of a simple network con- 
taining a multivalued resistor. 
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Observe that we have chosen the parameters pertaining to 
segment 2 in determining Q; because we happen to know from Fig. 
12-3b that Q; lies on segment 2. In general, we do not know the 
pertinent segments associated with the operating points. However, 
it is not essential to know this information. We can always assume 
an arbitrary segment and proceed to calculate the operating point. 
If the result falls within the interval of definition of the assumed 
segment, then it is a valid operating point. For example, our 
assumption for segment 2 yields the point Qi, which falls within 
the intervals of definition 2D,(i) = (—3,0) and 2D,(v) = (—3,6). 
We shall denote this fact by the standard mathematical notation 


iy € 2Dx(V) (12-6) 
and 
V1 € 2Di(v) (12-7) 


On the other hand, if the resulting operating point falls out- 
side the interval of definition, then we conclude that our assump- 
tion is incorrect and the operating point is inconsistent. For ex- 
ample, had we substituted the parameters pertaining to segment 
1 in Eqs. (12-2) and (12-3), we would obtain i; = 4.5 and v; = —0.5. 
Since the intervals of definition for segment 1 are ,D,(i) = 
(— c0,—3) and ;D,(v) = (— «0, —3), this operating point falls out- 
side segment | and is, therefore, inconsistent. We shall denote the 
inconsistency by 


iy € 1Di(i) (12-8) 
U1 ¢ 1D,(v) (12-9) 


If we iterate the above procedure over all possible segments 
of the vj-i; curve and discard all operating points which are incon- 
sistent, we would obtain the desired set of operating points. Table 
12-1 shows a sample solution for the network of Fig. 12-3a. Ob- 
serve that the values of both i; and v; are calculated and listed in 
this table. In practice, however, as soon as i; is found to be incon- 
sistent with a certain segment, there is no need to calculate 
v1, and vice versa. Instead, we can proceed immediately to the 
next iteration. The variables v; and 7, can generally be calculated 
from either the iterative Thévenin or Norton equivalent circuit. 
Observe, however, that for segment 5 it is necessary to use 
the iterative Thévenin equivalent circuit, and for segment 6 it is 
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TABLE 12-1 A sample solution. 

Segment tD4(i) iy Eq. (12-2) or (12-4) ~D4(v) vy Eq. (12-3) or (12-5) Consistency 
k=1 (—co,—3) ly = 45 ¢ 1D4(1) (Scar— 3) Oi —W)5) ¢ 1D,(v) No 

k=2 (—3,0) 1, = —()\5 € 2D,(i) (—3,6) Oh Ss 4.5 E 2D,(v) Yes 

k = 3 (0,4) ly =2 € 3D (1) (22,6) oS y) E 3D ,(v) Yes 

k= 4 (4,8) 1h =)5 € 4D,(1) (= 222) te =I € 4D ,(v) Yes 

k=5 (4,8) ly =) ¢ 5D (1) —— Oe 2 No 

B=)6 = 1y — 4 (2,4) i 0 ¢ 6D1(v) No 

k=7 (4,00) 1, =) ¢ 7D (1) (4,00) = 2 ¢ 7D (v) No 


necessary to use the iterative Norton equivalent circuit. The last 
column of Table 12-1 indicates that of the seven iterations, only 
three (K = 2,3,4) operating points are consistent. These points, of 
course, coincide with those obtained in Fig. 12-35. 

The same philosophy can be easily extended to determine the 
operating points of networks containing more than one nonlinear 
resistor. As usual, the first step consists of substituting each of the 
m nonlinear resistors by its iterative Thévenin or Norton equiv- 
alent circuit. This substitution transforms the given nonlinear net- 
work N into a linear network N’. Therefore, we can apply any lin- 
ear technique to solve for any variable of interest. The resulting 
solution will be a function of the iterative network parameters 
Kj, Ej, 7Zj, and xJ;. However, regardless of the variables of 
interest, it is necessary to first solve for either the current i; or the 
voltage v; of each nonlinear resistor Rj. This is essential because 
these variables must eventually be checked to see whether their 
values are consistent with the assumptions imposed in the next step. 

The next step consists of assuming a certain combination of 
segment numbers of the m vj;-i; curves and substituting the param- 
eter values associated with the respective segments into the 
expressions tor 0, and 7;, 7 — 102, 72. om. 

The final step consists of checking the solutions correspond- 
ing to a particular segment combination and determining whether 
the values of v; and i; simultaneously fall within the intervals 
of definition of the respective segments. If this is not so, the 
operating point is inconsistent and must be discarded. We then 
proceed to the next iteration with a new segment combination. 
Since the network may contain more than one operating point, it 
is generally necessary to iterate over all possible segment com- 
binations, that is, a total of n times, where n is as defined in 
Equa 2- le 


1 Fora more efficient method 
which does not require it- 
erating over all segment 
combinations, see L. O. 
Chua, An Efficient Algo- 
rithm for Implementing the 
Iterative Piecewise-Linear 
Method, Tenth Semi-An- 
nual Research Summary, 
School of Electrical Engi- 
neering, Purdue Univer- 
sity, Lafayette, Ind., Janu- 
ary—June, 1969. 
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1 Alternately, we can replace 
R, and Ro by their itera- 
tive Norton equivalent 
circuit. We can also replace 
R; by its iterative Thévenin 
equivalent circuit and R» 
by its iterative Norton 
equivalent circuit, or vice 
versa. A careful choice of 
the equivalent circuit will 
sometimes simplify the 
linear analysis part of the 
procedure. 
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EXAMPLE 


1. Consider the network shown in Fig. 12-4a. The v;-i; curves of 


R, and Rp» are shown in Fig. 12-46 and c. Our first step is to re- 
place Ri and R» by their iterative Thévenin equivalent circuits 
as shown in Fig. 12-4d.1 For ease of reference we have tabulated 
the pertinent parameters associated with each segment of the 
v;-i; curve as shown in Fig. 12-4e. 

The next step is to solve for either vu; or i; associated with 
R, and Ro. For the circuit of Fig. 12-4d, it is easier to solve for 
i, and ig. Since this network is linear, any linear technique is 
acceptable. The most general method, although not necessarily 
the simplest computationally, is to write the equations of 
motion of the network and solve for 7; and iz. The equations 
of motion for this network are 


(6 + xf1)ia — Ofg = 2.5 — Fy (12-10) 
=O aa (7 — xI'2)12 = — Eo (12-11) 
Solving for 7, and 72, we obtain 

i = +d + KI2)2.5 _ [(7 + K2)nl1 + 6(,£2)]} (12-12) 
Oe + (15 — [6(.E1) + (6 + xrt)nEl} (12-13) 
where 

A= (6 + «ri)(7 + xr2) — 36 (12-14) 


As expected, i; and iz are functions of the parameters ,7; 
and ,£;. Our next step is to substitute values for these param- 
eters corresponding to each segment combination. Since m = 2, 
$1 = 2, and sy = 2, we have to iterate n = 2(2) = 4 times. For 
simplicity let us denote the combination “segment ky of Ri 
and segment kz of Ry” by the notation “segment (y,k2).” For 
example, segment (1,1) denotes segment 1 of R; and segment 1 
of Ry. We are now ready to perform the following iteration: 


Segment (1,1): Aa (G a) (Fea) 3 6r17 

An{(7 + 2)2.5) — [(7 + 2)(1.5) + 63)]} 
= — 4 amp 

Since ;D,(i) = (— 00, —1), i1 ¢ 1D,(i), and hence this solution 

is inconsistent. There is no need to proceed and calculate i, 


since even if iz is consistent, the resulting operating point must 
still be discarded. Let us, therefore, perform our next iteration. 


iy 
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—= 2.5 volts Seer 


TOMO ees) Ga Tnco) 
3.00 (coun) ES 5 
20 | (6) | (-1, 6) 
(d) (e) 


Fig. 12-4. The nonlinear net- 
We have work associated with Example 1 
and its iterative piecewise- 


(6 at 1\(7 ab 1) — 36 = 20 linear equivalent circuit. 


Ao{(7 + 12.5) — [7 + DCS) + 6@)]} 
= —'% amp 


Segment (1,2): A 


14 


Again, i; ¢ 1D3(i), so we proceed to the next iteration, obtaining 
Segment (2,1): A= (6+ 0.5)7 + 2) — 36 = 22.5 


o.sf{(7 + 2)(2.5) — [7 + 2)(1) + 63)}} 
= —% amp 


i 


This time we find i, € 2D,(i), and the solution for i 1s consist- 
ent. Observe, however, that we cannot conclude that the 
operating point corresponding to this segment is consistent 
until we have checked jg. In fact, we found 


ig = %2.5{15 — [6(1) + 6 + 0.5)3)]} = —Zs amp 


and i2 ¢ ;D2(i). Therefore, this operating point is also incon- 
sistent. Let us proceed to make our last iteration and obtain 


Segment (2,2): A= (6+ 0.5)\(7 + 1) — 36 = 16 


Me{(7 + 1)(2.5) — [7 + 10.0) 
+ 6(2)]} = 0 amp 


iy 
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Fig. 12-5. The nonlinear net- 
work associated with Example 2 
and its iterative piecewise- 
linear equivalent circuit. 


lvolt 29 
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Since i; € 2D,(i), it is consistent, and we proceed to calculate i2 
as follows: 


ig — Mol 15 — [6(1) + (6 + 0.5)(2)]} = —% amp 


Since iz € 2D2(i), it is also consistent. Out of four possibilities, 
we found only one consistent solution. Therefore, this network 
has only one operating point, that is, 4; = 0 amp and ig = 
— 4 amp. From these we can easily determine the values of the 
remaining variables from Fig. 12-4b and c; namely, vy = | volt 
and ve = 1.75 volts. 

Observe that the order of the iteration is unimportant. For 
example, we could just as well iterate in the following order: 
segment (2,2), segment (1,1), segment (2,1), and segment (1,2). 
In this case we would obtain a consistent operating point 
in our first iteration. If the network is known to have only one 


(b) (c) 
— 
Ale. 
Bele Lg [oP | eB | DD 
1 —1 | (—e29,0) | (-—29, 1) 


1 

3 | 20 1 | (1, e-) (0, eo) 
R, | LaletO}) OM (=e 1) een 
ee 29 | i ee Sikes) 


(d) (e) 
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solution, which is the case here, in view of the uniqueness 
theorem in Chap. 5, we need not iterate any further. On 
the other hand, if we do not know beforehand the number of 
possible operating points, such as the network in the following 
examples,! then it will be necessary to iterate over all segment 
combinations. 

. The network shown in Fig. 12-5a contains a controlled source 
and two nonlinear resistors whose v;-i; curves are as shown in 
Fig. 12-55 and c. Replacing these resistors by their iterative 
Thévenin equivalent circuits, we obtain the iterative linear net- 
work shown in Fig. 12-5d. The pertinent parameters are listed 
in Fig. 12-Se. 

As usual, our first objective is to solve for 7; and iz by any 
linear technique. The results of the linear analysis are 

1 — (4 + xre)cEi — Ee 


~ B+ Bary — Wlers) + Ceryare) (12-15) 


Se —' + efi + 4(xE2) — (eri )(eE2) + rE1 (12-16) 


. % + %(xr1) — “’(are) + (ars)(ar2) 


BT 


Since m = 2)sj7.— 35, ands» — 2, we need to-iterate’six times 


as follows: 
Segment (1,1) 


Segment (2,1) Segment (3,1) 


A = 138) iy = %s C7 
¢ 1D,(i) € 2D3(i) € 3Di(i) 
ig = 0.2 
€ 1D,(i) 
Segment (1,2) Segment (2,2) Segment (3,2) 
iy = 1.25 Lit 6 i= —-% 
€ 1D,(i) € 2Di(i) € 3Dx(i) 
ip = =O 
€ 2De(i) 


Out of six possible combinations, only the operating point 
corresponding to segment (2,2) is consistent; that is, 7; = % amp 


and i2 = —0.25 amp. From these we immediately obtain v, = 
0.167 volt, v2 =0.5 volt, i3= 4 amp, v3 = % volt, ig = — 12 amp, 
and v4 = —% volt. 


This example shows that the iterative piecewise-linear 
method is applicable to networks containing controlled sources. 
To show that this method is also applicable to networks con- 
taining linear n-port elements such as ideal transformers, 
gyrators, and rotators, consider the following example. 
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1The following two ex- 
amples, as well as Exam- 
ples 2 and 3 in Secs. 12-3 
and 12-4, involve a certain 
amount of tedious numeri- 
cal calculations and may 
be omitted on first reading 
without impairing the 
understanding of the 
method. These examples 
are presented to bring out 
two aspects of the method: 
(1) Unlike other methods, 
the iterative piecewise- 
linear approach is com- 
pletely general. In partic- 
ular, it is applicable to 
networks containing con- 
trolled sources, ideal 
transformers, NICs, gyra- 
tors, etc. Moreover, it 
can handle networks 
having multivalued operat- 
ing points, DP plots, and 
TC plots. (2) Except for 
the simplest nonlinear 
networks, the method 
should obviously be car- 
ried out on a computer in 
order to be practical. 
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3. The network shown in Fig. 12-6a contains an ideal transformer, 
a controlled source, and two nonlinear resistors whose vj-1; 
curves are as shown in Fig. 12-6b and c. The associated itera- 
tive linear network is shown in Fig. 12-6d, and the pertinent 
parameters are listed in Fig. 12-6e. 

The first step is to analyze the iterative linear network 
shown in Fig. 12-6d. The results are as follows: 


eres 5S — 4¢.F1) — 2(,£2) 

A(xr1) — 2(xr2) — 3 
lg = —1y (12-18) 
Since m = 2, 53 = 2, So = 2,n = 4. Therefore, we must iterate 
four times. 


(12217) 


Segment (1,1) Segment (1,2) Segment (2,1) Segment (2,2) 
= y= —! i = Ss i SS Se 
€ 1Di(7) € 1Di(0) ¢ 2Dx(i) € 2Dx(i) 
ig = % ie 
€ 1D2(i) € 2Do(i) 
The network has, therefore, only one operating point: 4 = 
—1 amp and ig = | amp. From these, we obtain v; = —1 volt, 


Ve = 3 Volts, v3 =+2.25 volts, vz = 4.5 volts, and 1f7=05famp: 


From the above examples we can see that the iterative piece- 
wise-linear method is restricted neither by network topology nor 
by the complexity of the v;-i; curves. Indeed, it is applicable to any 
nonlinear network in the canonic form. The procedure can be 
divided into two parts: the first part consists of analyzing a linear 
network, and the second part consists of an iterative procedure. 
For networks containing more than two nonlinear resistors, 
the iterative part can be very tedious and time-consuming. How- 
ever, since nothing more than simple substitution and comparison 
is involved in the iterative process, a digital computer is ideally 
suited for performing the iteration. 


Exercise 1: Verify the operating points obtained in Example 1 by graphical 
methods. 


Exercise 2: Derive Eqs. (12-15) and (12-16) of Example 2. 
Exercise 3: Derive Eqs. (12-17) and (12-18) of Example 3. 


Exercise 4: Give a flow chart and algorithm for implementing the iteration part 
of the method by a computer. 
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Fig. 12-6. The nonlinear net- 
work associated with Example 3 
and its iterative piecewise- 
12-3) DETERMINATION OF DP PLOTS linear equivalent circuit. 


Before we show how the iterative piecewise-linear method can be 
extended to determine the DP plot of a nonlinear network, let us 
consider again the simple network of Fig. 12-3a and redraw it as 
shown in Fig. 12-7a by replacing the battery with a pair of driving- 
point terminals. For this simple network the DP plot can be deter- 
mined graphically, and the result is given by the solid piecewise- 
linear curve shown in Fig. 12-7). 

The first step in the iterative piecewise-linear method is 
to draw the iterative-linear network shown in Fig. 12-7c. Since 
this network is linear, its DP plot is a straight line and can 
be easily obtained by deriving the relationship between v and 7. 


= (1 a Kil + pL (12-19) 
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Fig. 12-7. An example of the 
determination of the DP plot of 
a simple network containing a 
multivalued resistor. 
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10 


+08 


Corresponding to each set of parameter values for xr; and ;,£4, 
Eq. (12-19) represents a straight line in the v-i plane. However, only 
a portion of this straight line corresponding to a certain range of 
the driving-point voltage v is valid. This is because beyond this 
range of v, the operating point moves to another segment of Rj, 
and a new set of parameter values must be substituted for ,71 and 
x1 in Eq. (12-19). This will lead to another straight line in the v-i 
plane with a new interval of definition. 

If we substitute the parameter values corresponding to all 
seven segments of R; into Eq. (12-19), we obtain seven straight lines, 
each containing a segment of the DP plot obtained earlier in Fig. 
12-7b by graphical methods. This means that if we can find the 
range of values (ax,b;) of the driving-point voltage v for which the 
operating points will remain on segment k of Rj, then the DP plot 
of the network corresponding to segment & is determined by that 
portion of the corresponding straight line which lies within (a;,,b,). 
The determination of the pertinent portion of each straight line 
defining the DP plot of the iterative linear network constitutes the 
crucial step in the procedure. 

Since the interval of definition of each segment of the DP plot 
depends on the interval of definition of the corresponding segment 
of the v1-i; curve of Rj, it is necessary to derive the relationship 
between either 7, and v or between v, and v from the iterative lin- 


aii 


2 volts = 
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ear network. By straightforward linear techniques we obtain the 
following two linear equations: 


l pe 
y= ———-D) — 12-20 
ae ae Li Kt 
Kt KEY 
7) a Deer 
: Ll + x 1+ art ( ) 


Now suppose we want to find the range of v for which the operat- 
ing point will remain on segment 2 of Ry. From the v,-i1 curve of 
Ry we obtain of — 3), Fy = 6, 2Dx(i) = (—3,0), and 2D4(v) — 
(—3,6). Observe that segment 2 is defined in the interval 


—3<i<90 (12-22) 
—3<1< 6 (12-23) 
But 7; and v are related to v by Eqs. (12-20) and (12-21), respec- 


tively. Hence, substituting Eqs. (12-20) and (12-21) for 7; and v, 
in Eqs. (12-22) and (12-23), we obtain 


I aye 

= a EA 
car, ieee (12-24) 
Ge te! IS 6 (12-25) 


v+ 
1+ 4rt Il 4 Bry 


Since Egs. (12-24) and (12-25) pertain only to segment 2, we can 
substitute 471 = of1 = 3 and ,£; = 2; = 6 and obtain 


ae ge 0 (12-26) 
3<Ww+%h<6 (12-27) 


Solving for v, we obtain in both cases 
2 ZO (12-28) 


Equation (12-28) gives the interval of definition of the driving- 
point variable v for which the network is operating on segment 2 
of R;. Observe that either Eq. (12-20) or (12-21) is sufficient to de- 
termine this information. In fact, it is not necessary to derive 7 or 
v1 in terms of v; we could just as well derive i; or v; in terms of 
the driving-point current /; that is, 


541 
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TRecall that (27,424) de- 
notes the interval of defini- 
tion of segment k of Rj. 
See Fig. 12-la. 
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iy =i (12-29) 
V1 = (ars)i + whi (12-30) 


Substituting Eqs. (12-22) and (12-23) for i, and v; in Eqs. (12-29) 
and (12-30), we obtain 


ez 0 (12-31) 
SA i 6 6 (12-32) 


Solving for i, we obtain in both cases 
ea) (12-33) 


Again, either Eq. (12-29) or (12-30) is sufficient to determine the 
interval of definition in terms of the driving-point current 7. 

As a summary, we have shown that there are generally four 
ways to determine the interval of definition of each segment of the 
DP plot; that is, we can solve for 7; or v1 of Ry in terms of 7 or v 
of the driving-point terminals. In all cases, the equation represents 
a straight line of the form 


= (411) x te AIK (12-34) 


where X11 = 1 OF vy 
MS UOrwv 
«Hy, and kK, = functions of parameters x1 and ,Fy 


If we denote the interval of definition for segment k of R1 by 
kad 1 BA (12-35) 


then we can substitute Eq. (12-34) for x; in Eq. (12-35) and obtain 
for the case where ;H; > 0 the inequality 


Xz — 7Ky . Xt — 4K 

Hi He 576 (12-36) 

If .y <0, Eq. (12-36) is still valid provided the inequality 
signs are reversed. This equation combines in one step the various 
substitutions and calculations necessary to determine the interval 
of definition of each segment of the DP plot of Fig. 12-7a. Suppose 
we have chosen to solve for v; in terms of v and have obtained Eq. 
(12-21). Then Eg. (12-36) becomes? 


Iterative piecewise-linear analysis and synthesis of resistive nonlinear networks 


REY — [eEi/( + er) DC ET — [bE /(1 + arid] 
w1/(1 + x1) pal w1/(1 + x1) Viale 
We can now substitute the parameters associated with each seg- 
ment of R, to find the corresponding interval of definition from 
Eq. (12-37). The corresponding DP plot is obtained by substituting 
these parameters in Eq. (12-19). The result is tabulated in Table 
12-2. 

Some complication arises in substituting the parameters for 
segments 5 and 6 into Eq. (12-36) because segment 5 is vertical 
and segment 6 is horizontal. It is usually easier to consider such 
special cases separately. 

For segment 5 we go directly to the iterative linear network 
shown in Fig. 12-7d. In this case 5D,(v) is undefined, and hence it 
is necessary to solve for i. 


ri 2 (12-38) 


Substituting Eq. (12-38) into (see Fig. 12-25) 


ai 8 (12-39) 
we obtain 
6<v< 10 (12-40) 


The associated DP plot can be obtained directly from Fig. 12-7d. 


seep ko? (12-41) 


TABLE 12-2 A sample DP plot solution. 


Interval of definition Equation of DP plot 
Segment Eq. (12-37) Eq. (12-19) 
] —o <vu< —6 v= (4)i — 2 
2 =6 KOK 6 p= ay IL 
3 DUES io 
4 De) <M) v= 20 — 6 
5 OUG10 ee 
6 CLS io 
Ti SS Zw <K Co v= 2i 
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For segment 6 we go directly to the iterative linear network 
shown in Fig. 12-7e. In this case ¢D,(i) 1s undefined, and hence it 
is necessary to solve for 0}. 


yj =v—4 (12-42) 


Substituting Eq. (12-42) into (see Fig. 12-25) 


Dee (12-43) 
we obtain 
6<vu<8 (12-44) 


The associated DP plot can be obtained directly from Fig. 12-8d. 
i=4 (12-45) 


If we plot the data in Table 12-2 in the v-i plane, we would obtain 
the same DP plot shown in Fig. 12-75. 

Let us now extend the iterative piecewise-linear method to an 
arbitrary network N containing m nonlinear resistors, where m > 1. 
It is convenient to represent N symbolically as shown in Fig. 12-8a, 
where the m nonlinear resistors are explicitly drawn outside the 
remaining linear network N’. Our first step is to replace each non- 
linear resistor R; by either its iterative Thévenin or Norton equiva- 
lent circuit. To avoid unnecessary details, let us arbitrarily choose the 
iterative Thévenin equivalent circuit and obtain the associated 
iterative linear network shown in Fig. 12-8). Since this network is 
linear, we can apply any linear technique to solve for the equation 
relating the driving-point voltage v and the driving-point current i. 
This equation can always be written in the form 


v=Ri+E (12-46) 


where the two constants R and E are functions of the network 
parameter ,r; and ;,£;, 7 = 1, 2,...,m. We have already seen an 
example of this in Eq. (12-19), where m = 1. 

For each combination of parameter values, Eq. (12-46) repre- 
sents a straight line in the v-i plane. Since according to Eq. (12-1) 
there are a total of n segment combinations, Eq. (12-46) actually 
represents n distinct straight lines. In order to keep track of these, 
it is convenient to let “segment (Ay,k, . . . km)” denote the combi- 
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(a) (6) 


nation consisting of segments ky of Ry, ke of Ro,..., and ky of Rm. 
For example, segment (3, 5, 2, 6) denotes segments 3 of Ri, 5 of Ro, 
2 of R3, and 6 of R4. 

Since the DP plot is composed of portions of the n straight 
lines, the crucial step in the iterative piecewise-linear method is to 
determine the interval of definition of each segment combination. 
This can be found by the same method described earlier for the 
network of Fig. 12-7a. The only modification being that since there 
are now m nonlinear resistors, the procedure must be applied to 
each of them. This consists of deriving the relationship between 
each current i; or voltage v; in terms of the driving-point current i 
or the driving-point voltage v. Hence, instead of only one equation, 
we obtain m equations having the same form as Eq. (12-34), that is, 


gi = (,H;)x ae aS, ii Sh Pee (12-47) 
Wielen = 7X; == 1; OF U; 


X= 7 OL U 
,H; and ,K; = functions of parameters ,7; and ;,F; 
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Fig. 12-8. An arbitrary non- 
linear network and its iterative 
piecewise-linear equivalent cir- 
cuit. 
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1J[n mathematics, the in- 


terval 0 is called 
“empty set.” 
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If we denote the interval of definition for segment k of R; by 
wXG <j <uXF f= 1,2,...,™ (12-48) 


then we can substitute Eq. (12-47) for x; in Eq. (12-48) and obtain 
for the case where ,H; > 0 the inequality 


FB pes aa 


Pek RUSS (12-49) 
ae KH; J 


Substituting the parameter values corresponding to any seg- 
ment (k1,ke,... km) into Eq. (12-49), we obtain m distinct inter- 
vals of values of the driving-point variable x; that is, 


OR A Or xX € (41,b1) 
ag <x < by or xX € (a2,b2) 


Am <xX<bm Or xX E (An,Dm) 


(12-50) 


These intervals must be satisfied simultaneously in order for the 
operating points to remain on segments ky of Ri, kz of Ro,..., 
and k,, of R». This means that if we denote the interval of defini- 
tion of the DP plot corresponding to segment (ky,ko, .. . Am) by 


Nine eS (12-51) 


then D(ky,k2, ... ,km) must be given by the largest interval common 
to all m intervals (a;,b;) of Eq. (12-50), namely, 


D(ky,ke, sae Km) = (41,51) 1” (d2,b2) es aN (Gmsbm) (12552) 


where the symbol ~ denotes the standard intersection operation 
in mathematics. 

In general, for some segment combinations Eq. (12-52) may 
not have a common interval, in which case we shall denote it by! 


Dice (12-53) 


Equation (12-53) means that the DP plot does not contain any 
portion of the straight line corresponding to this particular seg- 
ment combination. For simplicity, we refer to this conclusion by 
saying that segment (k1,ko, ... ,km) does not exist. 
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A Alm [ay [ae | BO) | 
1 1.0 | 1.5 |(—ce, 0.5)\(— °9, —1) 
R, 

R, 2 | 0.5. | 1.0) (05,62) =1) ee) 
R, il i) 2 | ao (=, D2, -0) 
2 1.0 | 2.0 | (1, es) |(-1, ~) 

(a) (b) 

Ai, amp 

ay 


Slope = 1/2 


(c) 


The iterative piecewise-linear method consists of iterating Eq. 
(12-52) n times. Let us illustrate this by some numerical examples. 


EXAMPLES 


1. Consider the same network as that of Fig. 12-4 but with the 
battery replaced by a pair of driving-point terminals, as shown 
in Fig. 12-9a. The table defining the nonlinear resistors is 
reproduced in Fig. 12-9b for convenience. To find the DP plot, 
we draw the iterative linear network shown in Fig. 12-9c. From 
this we derive the following DP plot equation:! 


1 


i= ae {(7 a 2)U —_ [(7 — K2)KE1 + 6(,£2)]} (12-54) 
where 
A= (6 + w1)(7 + KI2) 50. (12-55) 


Since m = 2, si = 2, Sse = 2, we have to iterate four times. 
However, instead of substituting immediately the parameters 
into these equations, it is advisable to determine first the inter- 
val of definition for each segment combination. This is because 
some segment combinations may not exist, in which case there 
is no need to substitute the corresponding set of parameters. 


(d) 


Fig. 12-9. The network for Ex- 
ample 1 and its DP plot as de- 
termined by the iterative piece- 
wise-linear method. 


1Observe that Eqs. (12-54) 
and (12-55) have been de- 
rived earlier with v = 2.5 
volts in Eqs. (12-12) and 
(12-14). 
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+ Alternately, we can solve 
for v1 and v2 in terms of v; 
iz and i in terms of 7; v; 
and ve in terms of i; or 
any appropriate combina- 
tion of these. 
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To determine the interval of definition, let us solve for i 
and ig of the nonlinear resistors in terms of the driving-point 
voltage uv}; thus 


in = (7 + wr2)o — (7 + wre)es + O(eE2))} (12-56) 
a + {6v — [6(,E1) + (6 + ersxEe]} (12-57) 


where A is as defined in Eq. (12-55). 

Observe that these equations correspond to Eq. (12-47), 
where x1 = i1, Xo = io, and x =v. Let us start iterating as 
follows: 


Segment (1,1): A= (6 + 1)(7 + 2) — 36 =27 


iy = ¥7{(7 + 2)v — [7 + 2)1-5) + 6(3)]} 
= ay 356) (12-58) 


in = %47{6v — [6(1.5) + (6 + 1)3)]} 
= %v — 1% (12-59) 


Since ,D,(i) = (— 0,—1), 1De(i) = (— 00,—1), we obtain 
—o < by —34%< —1 or =corn< 05 

—o < Hy — M< —I1 or —OCn <r OD 

The interval of definition for segment (1,1) is, therefore, 
D,1) = (—00,0.5) A (— 00,0.5) = (— 00,0.5) 

Segment (1,2): A= (64 1)(7 + 1) — 36 = 20 


iy = Yo{(7 + lv — [7 + 101.5) + 6(2)]} 
Sea UG 


ig = %o{6v — [6(1.5) + (6 + 1)(2)]} 


= *%ov — 7720 
Since 1D,(i) = (— c0,—1) and 2D2(i) = (— 1,00), we obtain 
—o < %y— %< —1 or = 00 <_ U<a5 
— 1 << 00) 70. 60 or O35 ..40Laic0 
The interval of definition for segment (1,2) is, therefore, 
D2) = (= 06.05) a (0.5;c0) =0 
Sepment 2,1); “=A =(6-- 05) + 2) = 36 = 225 
iy = 4os((7 + Dw — [7 + 211) + 63)]} 
= 750s 


ig = '22.5{6v — [6(1) + (6 + 0.5)(3)]} 


= isii— 15 
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Since 2D,(i) = (— 1,00), 1De(i) = (—00,—1), we obtain 
—l1< %v—-%< © or OS <u 60 
—0o < hsv — As —] or —o <v< 05 
The interval of definition for segment (2,1) is, therefore, 
D(2,1) = (0.5,00) A (— 00,0.5) = 0 
Segment (2,2): A= (6 + 0.5)(7 + 1) — 36 = 16 

iy = “Weo{(7 + Dv — (7 + DC) + 6Q2)]} 


= yp) = 
ir = Yo{6v — [6(1) + 6 + 0.5)(2)]} 
= “ov — ‘Ke 
Since 2D,(7) = (— 1,00) and 2D2(i) = (— 1,00), we obtain 
—-l< bu-%A< © or tae ea). 00 


—l< Nev — He < co or GSB 00 
The interval of definition for segment (2,2) is, therefore, 
DCD) = (0.5555, ux. (0:500) = (0.500) 


The above results show that only two of the four segment 
combinations have a nonzero interval of definition. This means 
that the DP plot has only two segments, namely, segment (1,1) 
and segment (2,2). Substituting the parameters corresponding 
to segment (1,1) into Eq. (12-54), we obtain 


[= 0 ——-73 —o<vu<05 (12-60) 


Substituting the parameters corresponding to segment (2,2) into 
Eq. (12-54), we obtain 


i=¥o-% 05<0v<0 (12-61) 


From Eqs. (12-60) and (12-61) we obtain the DP plot shown in 
Fig. 12-9d. Observe that when v = 2.5, i = 0. This agrees with 
the operating point of the network shown in Fig. 12-4a. 

At this point it is instructive to go back and read once 
more the general discussion of the iterative piecewise-linear 
method immediately preceding this example. Observe that Eq. 
(12-54) corresponds to Eq. (12-46). Similarly, Eqs. (12-56) and 
(12-57) correspond to Eq. (12-47). Observe also that the above 
iterative computations are actually equivalent to substituting 
the pertinent parameters into Eq. (12-49). For example, corre- 
sponding to Eqs. (12-48) and (12-49), we have 


jp opto. he (12-62) 
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RB, PR | ay baBe ben) 42,0) 
1 Weel hol (ean) Neat) 
R, | 2 |=10| 2 | @4) T (0,1) 
a | 20] 4 | (less) ee) 
1 12} 0 |(—2, —1)|(—es, -1) 
R, 
2 20 | 1 | (-1,¢2) | (-1, 2) 


jt amp 


(1, 1) 


Fig. 12-10. The network for 
Example 2 and its DP plot as 
determined by the iterative 
piecewise-linear method. 


3 v, volts 


16 (d) 


15 — Kj lt — 1K; 

Si US Hi 
In fact, we could have obtained the intervals of definition by 
substituting into Eq. (12-63) the parameters corresponding to 
each segment combination. For example, for segment (1,1) we 
identify from Eqs. (12-58) and (12-59) the coefficients 1H; = 1, 
1ky = —3%, 1H2 = %, and 1K = —1!%. Substituting these co- 
efficients with 1D,(i) = (— 00,—1) and ,D2(i) = (— 00, — 1) into 
Eq. (12-63), we obtain 


paula. (12-63) 


EEE) (ep corn ig oom Beeseecea 0S 

/; ras 

eS Ge Se Ee eee cs 
% % 


This result is, of course, identical with that which we obtained 
earlier. Actually, there is really not much saving in manual 
labor by making use of Eq. (12-63). We are doing it here 
primarily to verify the general theory. The real value of the 
general expression is in the writing of a computer program to 
carry Out the iteration scheme automatically. 
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2. Consider next the same network as that of Fig. 12-5a but with 
the battery replaced by a pair of driving-point terminals as 
shown in Fig. 12-10a. The table defining the nonlinear resistors 
is reproduced in Fig. 12-10b for convenience. The associated 
iterative linear network is shown in Fig. 12-10c. 

We first solve for 7 in terms of v to obtain the iterative DP 
plot equation; thus 


where 
a= % + (ari) — (are) + (ars)(Kr2) (12-65) 


To determine the intervals of definition, we solve for i; and iz 
in terms of the driving-point voltage v; thus 


(ae = = 14 + x0 2)kE1 + iE | (12-66) 
a a Bs: 
wa l(- fom) 
l l 4 
+ 4,61 — oe Bat, kT1 3 + xfe)eE1 + E2 (12-67) 


Equations (12-66) and (12-67) correspond to Eq. (12-47). Since 
m = 2, sy = 3, and so = 2, we must iterate six times. The re- 
sulting intervals of definitions are tabulated in Table 12-3, 
together with the DP plot equations of the pertinent segments. 
The corresponding DP plot is shown in Fig. 12-10d. 


TABLE 12-3 Summary of results for defining the DP plot of Example 2. 


Interval of v Interval of v Common 

for which for which interval of Equation of 

iz € ~Dy(i) ig € ,Do2(i) definition DP plot 
Segment Eq. (12-66) Eq. (12-67) D(ky,k2) Eq. (12-64) 
GAB) (—o,—%) (—0,—4%) (—0,—%4) i= %3v—%3 
(2,1) (— %,%4) (—oco,—1) 0 
(Gall) (4,00) (S57) 0 
(1,2) (e573) (—%,c) (—%,') 1 = ev — “Ae 
(2,2) (%4,'%) (— 1,00) (4,'%) i= %v — % 
(G22) ('%,00) (—'%4,00) (1%, 00) i= 40 — "2 


nen ee 
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Fig. 12-11. The network for 
Example 3 and its DP plot as 


determined by the iterative 3. As a final example, consider the same network as that of Fig. 
plecgwlce linear Mcaied. 12-6a but with the battery replaced by a pair of driving-point 
terminals as in Fig. 12-1la. The table defining the nonlinear re- 
sistors is reproduced in Fig. 12-116 for convenience. The asso- 
ciated iterative linear network is shown in Fig. 12-11c. 
From the iterative linear network we derive the DP plot 
equation 


j = (40 — [4(E1) + 26.E2))) (12-68) 


a 


where 


a = 4Gr1) — 2(nre) — 3 (12-69) 
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The equation for determining the intervals of definition are 
found to be 

+ 

iy = Sv — — AGE) + 2 2)] (12-70) 


4 


ro 1h 
Qa 


iz + + [A(vEr) + 2022)] (12-71) 
Since m = 2, s; = 2, sg = 2, we have to iterate four times. The 
results are tabulated in Table 12-4, together with the pertinent 
DP plot equations. The resulting DP plot is shown in Fig. 
12-11d. 


Exercise 1: Show that the operating points of Examples 1, 2, and 3 of the pre- 
ceding section can be obtained directly from the DP plots obtained in this section. 


Exercise 2: Derive Eqs. (12-64) to (12-67) and verify the results in Table 12-3. 
Exercise 3: Derive Eqs. (12-68) to (12-71) and verify the results in Table 12-4. 


12-4 DETERMINATION OF TC PLOTS 


The iterative piecewise-linear method presented in the preceding 
section can also be used to find the TC plot of any nonlinear net- 
work in the canonic form. As usual, we first draw the associated 
iterative linear network. However, instead of deriving the driving- 
point equation, we derive the specified transfer characteristics for 
the output variable y in terms of the driving-point variable x. This 
can always be written in the form 


Perak (12-72) 


where y is either an output current or an output voltage and x is 
either the driving-point current or the driving-point voltage. The 
constants T and K are functions of ;7; and ,£;. Corresponding to 


TABLE 12-4 Summary of results for defining the DP plot of Example 3. 


Interval of v Interval of v Common 

for which for which interval of Equation of 

iy € .D1(i) 12 E 4D2(i) definition DP plot 
Segment Eq. (12-70) Eq. (12-71) D(ky,k2) Eq. (12-68) 
(1,1) (— 00,5) (*%,0) 0 
(1,2) (— 0,4) (E2tcore2) (— 0,4) (= hao = hia 
(2,1) (5,00) (*%2, 00) ("%,00) i= 4v — 20 
(2,2) (4,00) (—oo,'%) (4,'%) i= %v —'% 


PI EEE 
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each set of parameter values associated with a segment combina- 
tion, Eq. (12-72) represents a straight line in the transfer plane 


y versus x. Since there are n combinations, where n is defined by 


Eq. (12-1), there are, accordingly, n straight lines, and the TC plot 
is made up of portions of these straight lines. Just as for DP plots 
the crucial step here is to determine the interval of definition for 
each segment of the TC plot. 

Since the TC plot is simply the locus of operating points of 
the desired output variable plotted as a function of the driving- 
point variable i or v, the intervals of definition can be determined 
by exactly the same method discussed in the preceding section for 
DP plots. 


EXAMPLES 


1. Consider the network shown in Fig. 12-9 again, but this time 
let us determine the TC plot between v2 and v. Instead of de- 
riving the driving-point equation between / and v, we solve for 
V2 versus v; thus 


V2 = ie 64a) |v ia x (xr2)[6(cE1) + (6 + wri)nE2] + rEe 
(12-73) 


where A is defined earlier in Eq. (12-55). 

To find the interval of definition, we must derive the rela- 
tionships 7; versus v and 72 versus v. Since this involves the same 
procedure used in determining the intervals of definition of the 
DP plots, Eqs. (12-56) and (12-57) are applicable here, and the 
same intervals of definition will result, namely, 


Segment (1,1): DOs) 06,0:5) 
Substituting the parameters of segment (1,1) into Eq. 
(12-73), we obtain 
Cs 
Segment (2,2): D2) = (0.5.00) 


Substituting the parameters of segment (2,2) into Eq. 
(12-73), we obtain 


Us = 0 6 
The resulting TC plot is shown in Fig. 12-12. 


2. Consider the network shown in Fig. 12-10a again, but this time 
we want the TC plot v, versus v. The equation relating v, 
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> v, volts 


versus v is derived from the iterative linear network of Fig. 
12-10c. 


1 


Uo = —— 
Qa 


[-3 + 4rDe + 
Qa 


{[3(xr2) + 8)-E1 + [5 — 4(r1)]-E2} (12-74) 
where a is as defined in Eq. (12-65). 
Again, the intervals of definition for this TC plot have al- 
ready been found in Sec. 12-3 as tabulated in Table 12-3. 


Segment (1,1): D(,1) = (—0,—4%) 


Substituting the parameters for segment (1,1) into Eq. 
(12-74), we obtain 


Dy Sa 
Segment (1,2): D(,2) = (—%,') 


Substituting the parameters for segment (1,2) into Eq. 
(12-74), we obtain 


Uo = — ep — 
Segment (2,2): DQ) )i 66s) 


Substituting the parameters for segment (2,2) into Eq. 
(12-74), we obtain 


Up = ¥av — 7%2 
Segment (3,2): DG? a= Ga 00) 


Substituting the parameters for segment (3,2) into Eq. 
(12-74), we obtain 


Up = Yu + Ns 
The resulting TC plot is shown in Fig. 12-13. 
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Fig. 12-12. The TC plot for 
Example 1. 
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u,, volts ea 
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v, volts 


Slope = — 


Fig. 12-13. The TC plot for 
Example 2. 


3. As a final example, consider the network shown in Fig. 12-11 
again, but this time we want to find the TC plot v, versus v. We 
can derive this relationship from the iterative linear network 


w= |-A@ + ue) |o+ (2 + wol4QEd + GED} + xB 
(12-75) 

where a is as defined in Eq. (12-69). 
The intervals of definition for this TC plot have already 


been found in Sec. 12-3 as tabulated in Table 12-4. Thus 
we have 


Segment (1,2): DUE2) = co4) 


Substituting the parameters for segment (1,2) into Eq. 
(12-75), we obtain 


OS — te 4 
Segment (2,1): DQ) Chico) 


Substituting the parameters for segment (2,1) into Eq. 
(12-75), we obtain 


Uo = —l6v + 84 
Segment (2,2): DQ.2) = (4.4) 


Substituting the parameters for segment (2,2) into Eq. 
(12-75), we obtain 


Oy = = 4p 4. Ie 


The resulting TC plot is shown in Fig. 12-14. 
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From the above examples, it is clear that the only difference 
between the iterative piecewise-linear method for determining DP 
plots and TC plots is in the choice of the output variable. The out- 
put variable for DP plots is by definition located at the driving- 
point terminals, whereas the output variable for TC plots can be 
located anywhere. In fact, we can actually consider DP plots as 
special cases of TC plots. Observe also that the crucial step 
involving the determination of intervals of definition is independ- 
ent of whether we are solving for a DP plot or a TC plot. As 
a consequence of this, we can conclude that the DP plot and the 
TC plot of any network (as a function of the same driving-point 
variable) must have the same number of segments. 

It is important to realize that the iterative piecewise-linear 
method can be implemented in two parts. The first part involves 
a solution of network equations for the iterative linear network. 
This can be obtained by any convenient linear technique. The 
second part involves the iteration and comparison procedures over 
all possible segment combinations. The first part is conceptual, 
while the second part is mechanical. It is obvious, therefore, that 
the second part could be easily implemented by a computer, 
thereby avoiding the tedious part of the method. 


Exercise 1: Derive Eqs. (12-73) to (12-75). 


Exercise 2: Show that the procedure for deriving DP plots can be considered as 
a special case of the procedure for deriving TC plots. Give the flow chart 
and algorithm for implementing the iteration part of the method by a computer. 


Exercise 3: Show why the iterative piecewise-linear method is valid for determin- 
ing the operating point, DP plot, and TC plot of any nonlinear resistive network 
in the canonic form. 


AU, volts 


> v, volts 
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Fig. 12-14. The TC plot for 
Example 3. 
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Exercise 4; Show that in order to avoid using different equivalent circuits due to 
the presence of nonlinear resistors with vertical and horizontal segments, it 
is possible to replace these resistors by equivalent resistors having neither 
vertical nor horizontal segments. 


Exercise 5: Show that the solution of any ac-resistive network containing only one 
ac voltage source or one ac current source can be easily found by the iterative 
piecewise-linear method. NOTE: The network may contain any number of dc in- 
dependent sources and controlled sources. 


12-5 COMPUTER ANALYSIS OF RESISTIVE NONLINEAR NETWORKS 


The iterative piecewise-linear method is the most general method 
currently available for analyzing arbitrary resistive nonlinear net- 
works in the canonic form. This method has three significant ad- 
vantages over the numerical techniques described earlier in Chap. 4. 
First, whereas most numerical techniques are applicable only to 
networks with unique solutions, the present method is applicable 
to multivalued networks. Second, it is often impractical to derive 
the nonlinear equations describing the network before numerical 
analysis can be undertaken; however, it is always possible to de- 
rive the equations for the iterative piecewise-linear method. Third, 
a numerical technique may or may not converge, but the iterative 
piecewise-linear method will always give all solutions at the end 
of the iteration, even though it may take a great many iterations 
for complex networks. Perhaps the only disadvantage of the present 
method is that the computer time could be excessive for a network 
containing many nonlinear resistors. It is hopeful, however, that 
this disadvantage will soon be overcome by more efficient book- 
keeping techniques for eliminating a large number of inconsistent 
segment combinations. 

Two general user-oriented computer programs for implement- 
ing the iterative piecewise-linear method have been developed and 
can be obtained from the author. Since no programming back- 
ground is assumed of the reader, we shall describe these two pro- 
grams only from the user’s point of view. The details of the pro- 
grams are available in separate reports. 


12-5-1 SEMIAUTOMATIC GENERAL ANALYSIS PROGRAM1 


In this approach the user must first perform a linear network 
analysis and derive all pertinent equations needed for determining 
the operating point, the DP plot, and the TC plot. This cor- 
responds to the first part of the iterative piecewise-linear method. 
The second part of the method is taken over by a general analysis 
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program which will automatically perform all iterations needed. 
The input to this program consists of (1) the equations derived from 
part 1 and (2) the slope, intercept, and interval of definition 
of each segment of the nonlinear resistors. The output of the pro- 
gram will give the operating points and the DP plot or the 
TC plot, whichever is called for. This method is semiautomatic be- 
cause the user must do part of the work. For complex networks 
even this step could be quite time-consuming. It has the advan- 
tage, however, that once the pertinent equations have been derived, 
we can change the v-i curves of the nonlinear resistors and ask for 
the solution without rederiving any equation. Hence, this approach 
is particularly well-suited where a detailed qualitative and quanti- 
tative analysis of networks having identical topology, such as 
a bridge network, is desired. In fact, because the equations are 
functions of the parameters defining the nonlinear resistors, the 
effect of parameter variations on the network’s performance can 
be determined. Because the program is not completely automatic, 
it can be kept to a small size, and hence does not require a very 
large computer. Moreover, the computation time is relatively 
short. 


12-5-2. COMPLETELY AUTOMATIC MECA PROGRAM} 


In this approach the user does not have to derive a single equa- 
tion. Only the network connection diagram and the element char- 
acteristics need be specified. The basic technique consists of solv- 
ing a linear network with numerical parameters many times. In 
other words, instead of assuming symbolic parameters such as 
x7; and ;£;, the numerical values of the parameter for each segment 
combination are assumed from the outset, leaving a linear network 
whose solutions can be easily obtained. Since the computer is very 
fast, for circuits of moderate complexity, we can afford to repeat 
the analysis as many times as there are segment combinations. 

The computer program currently available for the completely 
automatic case is called Meca. It is an acronym for multivalued 
electronic circuit analysis program. 

As an example of the use of this program, consider the net- 
work shown in Fig. 12-15a. This circuit is called the Schmitt trig- 
ger and is one of the most commonly used nonlinear circuits in 
practice. The usefulness of this circuit can be seen by deriving the 
Uo-Vs.-v; TC plot from the collector of transistor T> to the base of 
transistor T;. For most practical purposes the two transistors are 
usually identical. 
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Fig. 12-15. The TC plot of the Schmitt trigger can be obtained automatically by using the Meca program. 
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In order to use the Meca program, we must first recast the 
Schmitt trigger circuit into the canonic form by substituting a net- 
work model for each of the two identical transistors. For this ex- 
ample, we have chosen the n-p-n transistor model Cy from Chap. 11. 
The two parameters needed in this model were obtained directly 
from the characteristic curves of the transistors used in the actual 
circuit. The resulting model is shown in Fig. 12-155 with Vergo = 0.2 
volt and Jezo = 1 ma. Substituting this model in place of the two 
transistors, we obtain the Schmitt trigger circuit in the canonic 
form as shown in Fig. 12-15c. Once this is done, the next step is to 
label all nodes and elements with numbers in any arbitrary order. 
These labels are used only for describing the connection diagram 
to the computer. For example, the position of a nonlinear resistor 
R; is simply specified by the label of the nodes across which R; is 
connected. The location of a current-controlled current source is 
specified by the label of the nodes across which the controlled 
source is connected and the label of the element whose current is 
the controlling quantity. In other words, only the minimum amount 
of information needed to specify the circuit unambiguously is re- 
quired by the Meca program. We may liken this to composing the 
shortest possible telegram for describing a network connection dia- 
gram so that the receiver may be able to reconstruct the network 
without ambiguity. With this minimum amount of information as 
the input, the v,-vs.-v; TC plot is automatically computed by the 
Meca program, and the result is printed out in the form of a 
piecewise-linear curve, such as that shown by the solid curve in 
Fig. 12-15d. As a comparison, the actually measured TC plot 
is shown by the dotted curve in the same figure. Notice that except 
in the vicinity of the two breakpoints, the two TC plots are iden- 
tical for most practical purposes. This observation should convince 
the reader of the validity of the models chosen. 

From this TC plot we observe that the collector output volt- 
age u(t) will jump from 6.4 to 10 volts whenever the input voltage 
v{(t) increases beyond 4 volts. When this voltage is then decreased, 
the output voltage remains at 10 volts until v;(¢) decreases below 
3 volts, at which time the output drops back to 6.4 volts. Since the 
forward and reverse critical voltages, called the trigger voltages, 
are not equal to each other, this circuit is said to possess a 
hysteresis property. An example of this property is clearly shown 
by the pair of input-output waveforms shown in Fig. 12-15e. 
Notice that by controlling the length of the hysteresis gap, a non- 
symmetrical square wave can be easily generated. In fact, one 
common application of the Schmitt trigger is converting a sinus- 
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oidal wave into a square wave. The Schmitt trigger circuit has 
many other applications in the field of instrumentation and con- 
trol. Most of these applications are based on the two-distinct- 
level property of the TC plot, which makes it a very good thresh- 
old detector. 


12-6 TC PLOT SYNTHESIS BY THE PIECEWISE-LINEAR METHOD 


Several graphical methods were presented in Chap. 8 for realizing 
a prescribed TC plot. We shall now show that some of these 
methods can be more easily implemented using the piecewise- 
linear method. Moreover, the effect of the element parameters on 
the resulting TC plot can usually be derived in exact analytic form. 
Another advantage of the piecewise-linear synthesis method is that 
since specific formulas can be derived, it is more amenable to a 
digital computer solution. 


12-6-1 TC PLOT SYNTHESIS BY NONLINEAR VOLTAGE DIVIDERS 


Any prescribed TC plot can be synthesized by the two nonlinear 
voltage-divider networks shown earlier in Fig. 8-15. It suffices for 
us to consider the case where Rg is the nonlinear resistor. Replac- 
ing Re by its iterative Thévenin equivalent circuit, we obtain the 
circuit shown in Fig. 12-16a. As usual, the value of the linear re- 
sistor Ry can be arbitrarily chosen and can therefore be assumed 
as given. Our problem is to specify the piecewise-linear v2-i2 curve 
for Re. An examination of the circuit in Fig. 12-16a shows that since 
there is only one nonlinear resistor, the TC plot of this network 
must have exactly the same number of segments as that of Ro. This 
follows because each segment combination of the iterative piece- 
wise-linear method consists of only one segment, and hence there 
is always a nonempty common interval of definition. Furthermore, 
since UV, = V2 in this circuit, the coordinate of ve at each breakpoint 
of the v2-ig curve for Ro must be identical with the coordinate of 
the output voltage v, of the corresponding breakpoint of the pre- 
scribed TC plot. Hence, given an arbitrary TC plot as that shown 
in Fig. 12-165, we can immediately determine the interval of 
definition for each segment of the v2-i2 curve by aligning the 
iz axis with the v; axis of the TC plot as shown in Fig. 12-16c. It 
remains for us, therefore, to find the value of ;r2 and ;,F2 for each 
segment of the vg-i2 curve over each interval of definition. 

The equation describing each segment k of the TC plot of the 
voltage-divider network in Fig. 12-16a is easily derived as 
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Ry + kre 
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rE2 


(12-76) 


Denoting the slope and intercept of segment k of the prescribed 


TC plot by m, and ,£,, we obtain the equation of segment k as 
follows: 


Vo = MV; + plo 


(e771) 


Vo 


Segment k+3 
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Fig. 12-16. The synthesis of a 
nonlinear voltage-divider net- 
work with a prescribed TC plot 
by the piecewise-linear method. 
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Since Eqs. (12-76) and (12-77) describe the same TC plot, the re- 
spective coefficients must be equal to each other, that is, 


ah (12-78) 
Ri + kre 
RiGEe) _ og (12-79) 
Ry + xre 


Solving for ,r2 and ;,£2 from Eqs. (12-78) and (12-79), we obtain 


fi (12-80) 
— Mk 
ao, 
= 12-81 
IE a pena (12-81) 


Equations (12-80) and (12-81) specify the values of ,r2 and ;,£2 for 
each segment k of the v2-i2 curve directly in terms of R1, m;, and 
xo. These, together with the intervals of definitions obtained 
earlier, completely specify the required v2-i2 curve. From Eq. (12-80) 
we find that ,r2 > 0 if, and only if, 


O<m<1 (12-82) 


provided Ry > 0. This confirms our earlier observation in Sec. 
8-4-1 that the v2-v2 curve for Re is monotonically increasing if, and 
only if, the slope of each segment of the prescribed TC plot 
is positive and less than unity. If Eq. (12-82) is not satisfied, the 
UVg-ig Curve will either be nonmonotonic or multivalued. 


EXAMPLE 


Suppose the prescribed TC plot is given by Fig. 12-l6d. The 
pertinent parameters are segment 1, m, = %, 1E, = —22 volts; 
segment 2, mz = %, 2E, = 0 volt; and segment 3, m3 = %, 3E,) = 
22 volts. To determine the v2-i2 curve of Re in order to realize this 
TC plot, let us choose (arbitrarily) Ri = 100 Q and substitute 
these parameters into Eqs. (12-80) and (12-81). The corresponding 
results are given by segment 1, 172 = 20, 1£2 = —26.4 volts; seg- 
ment 2, 22 = 80 2, 2F2 = 0 volt; and segment 3, 3r2 = 20 Q, 
3E2 = 26.4 volts. The vg-ig curve corresponding to these param- 
eters is shown in Fig. 12-16e. Notice that the breakpoint voltages 
of both the vj-v, TC plot and the corresponding ig-ve curve 
are identical. 
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12-6-2 JOINTLY PRESCRIBED DP PLOT, 
TC PLOT, AND LOAD v-i CURVE SYNTHESIS 


We are now in a position to derive the lattice network synthesis 
theorem which was presented earlier in Sec. 8-5 without proof. In 
order to apply the iterative piecewise-linear theory, the prescribed 
DP plot, TC plot, and load v;-i, curve are assumed to be approxi- 
mated by piecewise-linear segments. Hence, each segment j of the 
Uo = T(v) TC plot can be described by 


Uo = my + E; Oyen ets = Deen (12-83) 


where m; and &; are the slope and voltage intercept of segment /, 
and (a;,f;) is the corresponding interval of definition. Similarly, each 
segment j of the 7 = g(v) DP plot can be described by 


i= gv+]; p< =< B; 0 BW grag (4 (12-84) 


where g; and J; are the slope and intercept of segment j and 
(aj, 85) is its interval of definition. Notice that both Eqs. (12-83) and 
(12-84) involve the same independent variable v. As will be obvious 
soon, it is desirable that the third specification, namely, the load 
characteristic i, = gzr(vz), also be expressed in terms of this com- 
mon variable v. This can be easily done because vz, = vy = Tv), 
and hence, this specification can be recast into an equivalent load 
specification i, = gr{T(v)) by a simple graphical composition be- 
tween the load v,-i, curve and the TC plot. Let this composition 
be done, and let each segment 7 of the resulting piecewise-linear 
curve be described by 


Tae ie a tie shoe wee 192 es ccs t's | (1285) 


where ;K;, and jJ;, are the slope and intercept of segment / of this 
curve and (aj,8’/) is its interval of definition. 

Since Eqs. (12-83) to (12-85) are obtained from the specifica- 
tions, they can be considered given at the outset as an equivalent 
form of specification. Our problem is to derive the design equa- 
tions for finding the resistors R4 and Rg of the symmetric lattice 
network given in Fig. 8-17a. Replacing these resistors by their 
iterative Thévenin equivalent circuit, we obtain the circuit shown 
in Fig. 12-17. Observe that since the two resistors in the series 
arms are identical, they are described by the same parameters j'1 
and ;E;. Similarly, the two resistors in the shunt arms are de- 
scribed by jr2 and ;E2. Our problem consists of two parts: (1) we 
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Fig. 12-17. The iterative piece) = Lyct determine the number of segments of Ry and Rz and the in- 
wise-linear equivalent circuit 


associated with the symmetric _ terval of definition for each of these segments, and (2) we must de- 
nonlinear lattice network. termine the values of j1, ;E1 for R4 and jr, ;E2 for Re. 

To determine the number of segments of R4 and Rg, let 
us consider the special case first where n = n’ = n’”, and where the 
intervals of definition (a;,6;), (aj,6)), and (aj,8) are identical for 
each segment /; namely, 


Oy 10; 10; (12-86) 
pi 0 see, (12-87) 


Under these conditions, the three piecewise-linear curves de- 
scribed by Eqs. (12-83) to (12-85) will have the same set of break- 
points. This means that at each value of v = a; = aj = aj orv = 
6; = fj = P74, all three curves will be operating simultaneously at 
a breakpoint. This behavior is possible only if all resistors R4 and 
Rz are also simultaneously operating at a breakpoint. We there- 
fore conclude that if Eqs. (12-86) and (12-87) are satisfied, then Ry 
and Rg must have the same number of segments n = n’ = nn”. 

In practice, the intervals of definitions (a;,B;), (aj,6)), and 
(aj,B7) are generally different, and hence Eqs. (12-86) and (12-87) 
are generally not satisfied. However, by subdividing some seg- 
ments into two or more subsegments, it is always possible to satisfy 
these equations. All we need to do is to align the vertical axis of 
the TC plot, the DP plot, and the equivalent load characteristic 
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along their vertical axis and draw a guideline through each break- 
point of each of these three curves. If we let the distance between 
each pair of adjacent vertical lines be the interval of definition of 
a subsegment, then the entire v axis will be divided into N subin- 
tervals, where 


max (n,n’n”) < N-< (nen +n") (12-88) 


In view of the above procedure, we can be sure that Eqs. (12-86) 
and (12-87) will always be satisfied, and hence, resistors R4 and 
Rg must have exactly N segments. For example, consider the same 
specifications given earlier in Fig. 8-175 to d, which we redraw in 
Fig. 12-18a to c for convenience. Our first step is to perform 
a graphical composition between the first two curves to obtain the 
equivalent load specification shown in Fig. 12-18d. Observe that 
whereas the original curves have three segments each, the equiv- 
alent load specification has five segments. Hence, n = n’ = 3, and 
n’ = 5. Observe also that the intervals of definition for each 
of these curves are different. However, if we draw a vertical guide- 
line through each and every breakpoint of the TC plot, DP plot, 
and the equivalent load characteristic, as shown in Fig. 12-185 
to d, we would subdivide the v axis into six intervals, namely, 
(— o,—5), (—5,—3), (—3,—1), (— 1,2), (2,4%), and (4%,00). If we 
introduce a breakpoint at the intersection between each segment 
and these vertical guidelines, then each of the curves in Fig. 
12-185 to d can be interpreted as made up of six segments, even 
though some segments may fall on the same straight line. The rea- 
son for doing this is obviously to satisfy Eqs. (12-86) and (12-87). 
For future reference, the slope and intercept of each of the 
six-segment TC plot and DP plot of Fig. 12-185 and c are tabu- 
lated in columns 3 to 6 of Table 12-5. Corresponding to the six 


TABLE 12-5 Summary of pertinent parameters from the combined specifications. 


Segment Range of TC plot DP Plot Load vz,-i, Curve 
number driving-point 

i voltage V mM; li, &j Ik, Ae jEL 

1 (—oo,—5) Y% a % ] 4 —| 

2, (—5,—3) Y yp, % ] ] —|] 

3 (—3,-—1) % % 1 2 ] —1 

4 (—1,2) = Ys ] 2) | —1l 

5 (2,4%) ¥y —* ] 2 ] —1 

6 (4%, 00) % —h % os) 2 —3 


ery Were Se ee ee 
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Fig. 12-18. An example of a 
jointly prescribed load charac- 
teristic, TC plot, DP plot, and 
the associated equivalent load 
specification. 


intervals of driving-point voltage v, the original load resistor vz-iz, 
curve in Fig. 12-18a can also be broken up into six intervals, but 
in terms of iz. This is most simply done by superimposing the vz-iz 
curve of Fig. 12-18a on top of the equivalent load specification of 
Fig. 12-18d. Since the ordinates of these two curves are identical, 
we can identify the interval of voltage uv, of the original curve 
corresponding to the six intervals obtained earlier. For example, 
segment | of Fig. 12-18d is operating at — oo < iy, < 0. The corre- 
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sponding interval in Fig. 12-18a shows that when — oo < i, < 0, 
—oo < vy, < —1, and hence the load resistor is operating at seg- 
ment | during this interval. Similarly, corresponding to segments 
2 to 5 in Fig. 12-18d, the load resistor is operating in segment 2. 
Finally, corresponding to segment 6 (2 < iy, < co) in Fig. 12-184d, 
the load resistor vz-i;, curve in Fig. 12-18a is seen to be operating 
in segment 3. The values of jrz, and ;E, of the load v,-i, curve 
corresponding to the six intervals of definition are tabulated in 
columns 7 and 8 of Table 12-5. 

As a summary, we found that the crucial step in this method 
consists of taking the graphical composition between the load 
vp-iz, Curve and the TC plot to obtain equivalent load specification. 
The three curves (TC plot, DP plot, and equivalent load specifica- 
tion) have the same independent variable v and can, therefore, be 
broken up into N common intervals (q;,b;), 7 = 1,2,..., N. During 
each interval, we are guaranteed that each resistor will be operating 
in one, and only one, segment. It makes sense, therefore, to com- 
pare each segment of the TC plot and DP plot of the iterative 
linear lattice network in Fig. 12-17 with the given specification in 
the same manner as that of the voltage divider. 

By means of the symmetric lattice network theorem (Sec. 
7-7-1), we obtain v1 = v3, i1 = i3, Ve = U4, and ig = i4. Using these 
relationships, we derive the following equations from the network 
of Fig. 12-17: 


Pca Ties 2irlGryGE2) — Gra)GEi)) + 2Gr)Gre)GEx) 
aa A A 
(12-89) 

ace [ir ap 9D oF 2(rz)| 
Se eee 

i (iri — jr2)jEL — 2Gr1 ge — 2Gre + wr)jE1 (12-90) 
where 
A= Gri + jr2)i0L + 2(;71)Gr2) (12-91) 


If we equate the coefficients in Eqs. (12-89) and (12-90) with the 
corresponding coefficients in Eqs. (12-83) and (12-84), we obtain 


Gra = iM)it my (12-92) 
(rt + jro)ip + 2Gri)Gre) 
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pe ieee be ay (12-93) 

Gri + jf2)irp + 2Gr1)Gre) ‘ 

2a Gr)GE2) — Gr2)GEy)] + 2GrG2)GEx) _ (12-94) 
Gri + jr2)ir~ + 2Gri)Gre) 

Gri — jfo)En — 2Gr1 + r)jHe — 2Gre + srojFa _ ig (12-95) 


Gri + sre)ifb + 2Gri)Gre) 


These equations constitute four equations in the four unknowns 
jt, j’2, j7E1, and ;E2. The values of the remaining parameters in 
these equations are defined in Table 12-5 and are, therefore, known. 
By a rather routine but quite lengthy process of substitution and 
elimination, we obtain 


A el) 12-96 

grt) mj 

peer iat) (12-97) 
RiGrL) — mM; 


d — m)Ex — [1 + gGrolkj — iri — mpl; 
Je, SS NE 12-98 
ia 2[gi(irt) + mj] ( 
ange —( + m)Er + + gralEj — iri. + ml; (12-99) 


2[giGri) — my] 


These relations completely specify jr1, jr2, ;£1, and ;E£2 in terms of 
the given parameters. 

It remains for us to determine the interval of definition of 
each segment j of R4 and Rg. To determine this, we solve for the 
relationships between the voltages across R4 and Rg in terms of v 
from Fig. 12-17. Thus we obtain 


=a, = + 

ri AACN CEY IGN) — GG MED) (19 109) 
ae Has + se) 

,, HA r\GE2) — aah + (Wir 2)GEx) (12-101) 


where A is as defined in Eq. (12-91). Sonine for the driving-point 
v in terms of v; from Eq. (12-100), we obtain 
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fuse in zed) ) 
iTiGre + jr) = 
_ tlGre)GE1) — GriGE2)) — Gri)Gre)GEx) 
iGre + jr) 


cs 


(12-102) 


Similarly solving Eq. (12-101) for v in terms of v2, we obtain 


= Gwe Cited tal. 
rors + rt) 
4 #uGr2)GEs) — GrGE»)| = GriGr2)GEx) (12-103) 
iFoGr1 + srt) 


Let us next impose on these equations the constraints given 
by Eqs. (12-86) and (12-87), namely, 


a<u<_b; (12-104) 


Substituting Eqs. (12-102) and (12-103) in place of v in Eq. (12-104), 
we obtain the following desired relationships: 


Interval of definition for resistor R4 


A[(1 — mj)aj — Ej] v1 < ALCL — mj)b; — Ej] (12-105) 


Interval of definition for resistor Rg 
[+ maj + Ej < ve <¥l(1 + m)bj + El (12-106) 


Although the foregoing derivation is rather lengthy, the final 
synthesis equations are very simple and easy to apply. Indeed, 
only six equations are needed for the synthesis. The first four 
equations [Eqs. (12-96) to (12-99)] are used to calculate the slope 
and intercept of each segment of R4 and Rg, and the remaining 
two equations [Eqs. (12-105) and (12-106)] are used to calculate 
the interval of definition of the corresponding segment. An exami- 
nation of Eqs. (12-96) and (12-97) shows that in order for the two 
resistors Ry and Rg to be monotonically increasing, we must have 


eel (12-107) 
and 


—gi(irt) << my < gli) (12-108) 
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TABLE 12-6 Pertinent information for specifying the resistor Ry. 


i a yy Me REE at Ng SEN ee ESSN 
Interval of definition, 


j wrt, Eq. (12-96) jE, Eq. (12-98) Eq. (12-105) 
| 0.632 =e Gao 2) 

2 0.428 wars (7 15) 
3 0.333 a5 (Anny 
4 5.0 Sie fants 

5 0.143 1.21 (1.5,1.83) 

6 0.286 0.595 (1.83,00) 


These two constraints correspond to conditions 2 and 3 of the 
lattice network synthesis theorem in Sec. 8-5. (Condition | of this 
theorem follows from the fact that R4 and Rg are monotonic.) 

Let us now complete our synthesis of the specifications in 
Fig. 12-18. The pertinent parameters in Table 12-5 can now be 
substituted into Eqs. (12-96) to (12-99) to obtain the slope and 
intercepts of R4 and Rg. Similarly, substituting these parameters 
into Eqs. (12-105) and (12-106), we obtain the interval of definition 
for each segment. These results are summarized in Table 12-6 for 
the resistor R4 and in Table 12-7 for the resistor Rg. The reader 
should verify that these tables give precisely the same v-i; and 
U2-i2 Curves obtained earlier in Fig. 8-17g and h. 


Exercise 1: Derive the corresponding synthesis equations for the nonlinear volt- 
age divider with R; as the nonlinear resistor. 


Exercise 2: Derive the synthesis equations for realizing a prescribed DP plot and 
TC plot by a nonlinear voltage-divider network containing two nonlinear resistors 
Ry and Ro. 


Exercise 3: Derive Eqs. (12-89) through (12-106) and verify results given in 
Tables 12-6 and 12-7. 


Exercise 4: Describe the step-by-step procedure for deriving the synthesis equa- 
tions for realizing a jointly prescribed DP plot, load characteristics, and the 
following type of TC plots: (a) i, versus i; (b) v, versus i; (c) ip versus v. 


TABLE 12-7 Pertinent information for specifying the resistor Rp. 


Interval of definition, 


J 2, Eq. (12-97) jE2, Eq. (12-99) Eq. (12-106) 
I 27 0.23 (—00,—3) 
2 9.0 TS (—3,—1.5) 
3 3.0 1.5 (—1.5,0) 

4 0.20 0.10 (0,0.5) 

5 7.0 21355 (0.5,2.83) 

6 14.0 — 29.83 (2.83, 00) 


————— ee eee 
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Exercise 5: In many practical cases the load and the DP plot are linear. Simplify 
the synthesis equations for this case, and show how the resistance corresponding 
to the load and the DP plot may be chosen in connection with the given TC plot 
so that both Ry and Rg» will be monotonic. 


12-7 SUMMARY 


Basic philosophy Each network must be recast into the canonic 
form so that all nonlinear elements are two-terminal resistors 
characterized by piecewise-linear v-i curves. Any resistive network 
may be recast into this form by substituting each n-terminal 
(n > 2) resistor by a network model in the canonic form. 


Iterative linear network Each nonlinear resistor characterized by a 
piecewise-linear v-i curve is equivalent to an iterative Thévenin 
equivalent circuit or to an iterative Norton equivalent circuit. 
A nonlinear network in the canonic form is said to be an iterative 
linear network if all nonlinear resistors in the network have been 
replaced by their iterative Thévenin or Norton equivalent circuits. 


The iterative piecewise-linear method Given a nonlinear network in 
the canonic form, we first obtain its associated iterative linear 
network. This network is linear and can be analyzed by a number 
of available techniques. Any voltage or current expressions de- 
rived from this network will be in terms of the iterative parameters 
associated with the nonlinear resistors. This part of the analysis is 
no different from the analysis of any other linear network. 

The second part of the analysis consists of a systematic itera- 
tion over all possible segment combinations. No new concept is 
involved here other than an efficient bookkeeping system. Such a 
task is ideally suited for a digital computer. The iterative piecewise- 
linear method is the most general method available. It can be used 
to find the operating points, the DP plots, and the TC plots of any 
resistive nonlinear network in the canonic form. 


Computer network analysis Two versions of general computer pro- 
grams are available: 


1. Semiautomatic general analysis program. The user will perform 
the first part of the iterative piecewise-linear method by deriving 
all pertinent equations needed by the program. The iteration 
part of this method is carried out by the computer. The disad- 
vantage of this approach is that for complicated networks, 
even the linear analysis part could involve a lot of work. The 
advantage of this approach is that once the expressions are de- 
rived for a particular network, such as a Schmitt trigger, the 
program can be considered as completely automatic for this 
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network. This not only reduces computer time, but also allows 
the effect of parameter variations to be studied. Moreover, be- 
cause the program is not completely automatic, it can be kept 
to a small size. 


. Completely automatic Meca program. In this version the user 


does not have to derive any equation. The network topology 
and element interconnections are given directly as the input to 
the computer. The computer essentially derives the pertinent 
equations and carries out the iterations. This program is very 
powerful because it applies to multivalued networks as well. It 
is completely user-oriented. The only disadvantage is that the 
size of the program is very large and hence requires a large 
computer for its implementation. This is the price that one pays 
for achieving complete automation. 


Synthesis by the iterative piecewise-linear method Most of the syn- 
thesis methods described in Chap. 8 can be derived by the iterative 
piecewise-linear method, which offers two advantages over the 
graphical methods: 


Aly 


Zs 


It makes possible deriving synthesis equations so that the 
restrictions of the circuit can be easily determined. 


It is well-suited for digital computer programming. 


PROBLEMS 


12-1 Consider the networks shown in Fig. P12-la and b, where the 


10 


10 


tunnel diode v,-i; curve is given in Fig. P12-Ic. 


Q 
Ai,,ma 


>, volts 
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(a) Using the iterative Thévenin equivalent circuit, find the 
operating point of the network in Fig. P12-la and the DP 
plot and TC plot of the network in Fig. P12-1b. 

(b) Repeat (a) using the iterative Norton equivalent circuit. 

(c) Check the above solutions by the graphical method. 


12-2 Consider the network shown in Fig. P12-2a, where the v-i; curve 
is shown in Fig. P12-26. 
(a) Find the operating point when a current source i = 3 ma is 
connected across the driving-point terminals. 
(b) Find the vy-vs.-v TC plot. 
(c) Find the i;-vs.-i TC plot. 


V1, volts 


Fig. P12-2. 
12-3. Consider the network shown in Fig. P12-3a, where the v,-/; 
and the v2-i2 curves of R; and R»z are shown in Fig. P12-3d and c. 
(a) Find the operating point when a voltage source v = 3 volts 
is connected across the driving-point terminals. 
(b) Find the v-vs.-i DP plot. 
(c) Find the v2-vs.-v TC plot. 
(d) Find the vj-vs.-v TC plot. 
Fig. P12-3. 
15, Mah 


(a) 
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12-4 Consider the network shown in Fig. P12-4 where the v-i curves of 
the nonlinear resistors Ry and Ry» are given by Fig. 12-55 and c in 
the text. 

(a) Find the operating point when a voltage source v = 5 volts 
is connected across the driving-point terminals. 

(b) Find the v-vs.-7 DP plot. 

(c) Find the v9-vs.-v TC plot. 


Fig. P12-4. 


12-5 Consider the network shown in Fig. P12-5a, where the v,-i; and 
the ve-ig curves of the nonlinear resistors are shown in Fig. 
P12-5b and c, respectively. 

(a) Find the operating point when a 0.5-ma current source 
is connected across the driving-point terminals. 

(b) Find the v-vs.-i DP plot. 

(c) Find the ve-vs.-v TC plot. 

(d) Find the ve-vs.-i TC plot. 


(a) 


Fig. P12-5. 

12-6 Consider the network shown in Fig. P12-6a, where the v-i; and 
the v2-i2 curves of the nonlinear resistors are shown in Fig. P12- Oe 
and c, respectively. 

(a) Find the operating point when a 5-volt voltage source is 
connected across the driving-point terminals. 

(b) Find the v-vs.-i DP plot. 

(c) Find the vs-vs.-v TC plot. 

(d) Find the ig-vs.-i TC plot. 
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(a) 


Fig. P12-6. 


12-7 When a network contains only ideal diodes as the nonlinear ele- 
ments, it is sometimes easier to analyze a series of reduced linear 
networks obtained by replacing the ideal diodes by either open 
circuits or short circuits corresponding to each segment combina- 
tion. If there are n ideal diodes, a total of 2” reduced linear net- 
works must be analyzed. This is called the method of assumed 
states. 

(a) Find the DP plot of the network shown in Fig. P12-7 by the 
iterative piecewise-linear method. 
(b) Repeat (a) by the method of assumed states. 


Fig. P12-7. 


Fig. P12-8. 
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12-9 Do Prob. 12-7 for the ideal diode network shown in Fig. P12-9. 


Fig. P12-9. 


12-10 


Fig. P12-10. 


12-11 


Fig. P12-11. 


Consider the transistor circuit shown in Fig. P12-10. 


(a) 


(b) 
(c) 
(d) 


Find the operating point corresponding to a driving-point 
voltage v = —0.4 volt. 

Find the v-vs.-i DP plot. 

Find the v,-vs.-v TC plot. 

Find the power-transfer plot between the load resistor Ry 
and the voltage source. 


NOTE: Use the p-n-p transistor model Bp. 


——OvOS 


Consider the transistor circuit shown in Fig. P12-11. 


(a) 


(b) 
(c) 
(d) 


Find the operating point corresponding to a driving-point 
voltage v = 0.4 volt. 

Find the v-vs.-i DP plot. 

Find the v,-vs.-v TC plot. 

Find the power-transfer plot between the load resistor Ry, 
and the voltage source. 


NOTE: Use the n-p-n transistor model Bg. 
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12-12 Consider the triode network shown in Fig. P12-12. Using the 
triode model C with r, = 3.3 kQ, p = 20, andr, = 250 Q, find the 
v-vs.-i DP plot and the v,-vs.-v TC plot. 


U k + 
eat — 300 volts 


12-13. The network shown in Fig. P12-13 is the vacuum-tube version of 
the Schmitt trigger circuit. Using the triode model C with r, = 
5 kQ, w = 70, and rz = 250 Q, find the v,-vs.-v TC plot. 


9 +300 volts 


12-14 A transistorized Eccles-Jordan circuit is shown in Fig. P12-14. 
Using the n-p-n transistor model Bg, find the operating points of 
this network. 


o+ 12 volts 


o—12 volts 


Fig. P12-12. 


Fig. P12-13. 


Fig. P12-14. 
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12-15 Use the piecewise-linear method to synthesize the TC plots shown 
in Fig. P12-15a and b by a nonlinear voltage divider. 
(a) Choose Ry = 100 Q. 
(b) Choose Re = 100 Q. 


Avu,, volts 


S10) 740) 16) 
+——+ 1 


| 
| 


ae (b) 


Fig. P12-15. 


12-16 Use the piecewise-linear method to synthesize the jointly pre- 
scribed TC plot, load v,-i, curve, and DP plot shown in Fig. 
P8-18a to c in Chap. 8. 
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13-1 CLASSIFICATION OF DYNAMIC NONLINEAR NETWORKS 


By the definition in Sec. 4-1-2, dynamic nonlinear networks rep- 
resent the class of all nonlinear networks other than resistive net- 
works. In view of the negative nature of this definition, the classes 
of resistive and dynamic networks together constitute the universe 
of all networks, because a network is either resistive or dynamic. 
If we represent the universe of all networks symbolically by the set 
of points U (where each point represents a network) as shown in 
Fig. 13-la, then the heavily shaded portion of U represents the class 
of all resistive networks, and the lightly shaded portion of U rep- 
resents the class of all dynamic networks. Since the class of 
dynamic networks is so much larger than the class of resistive net- 
works, it would be too ambitious for us to formulate a general the- 
ory that is applicable to the solution of all dynamic networks. After 
all, it took us eight chapters just to formulate a general theory to 
handle resistive networks. The logical approach, therefore, is to 
break up the huge class of dynamic networks into various 
subclasses as shown in Fig. 13-15 and attempt to formulate a gen- 
eral theory to handle each subclass. 


13-1-1 BASIS OF CLASSIFICATION 


What principle should be used to classify dynamic networks? Obvi- 
ously, dynamic networks having some common properties or fea- 
tures must be grouped in the same class. Since the essential feature 
of any dynamic network is the presence of at least one energy- 
storage element (namely, an inductor or a capacitor), it seems rea- 
sonable to classify each subclass of dynamic networks in terms of 
the number of energy-storage elements present in the networks. 
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Fig. 13-1. Symbolic represen- 
tation of the universe of all net- 
works and their classifications. 


Fig. 13-2. Two networks con- 
taining different numbers of 
energy-storage elements but 


similar equations of motion. 


Dynamic nonlinear networks 


Class 2 


U 
Dynamic Class 1 
networks 
Resistive a> Resistive 
networks networks 


(a) 


However, this is not very satisfactory because certain dynamic net- 
works containing different numbers of energy-storage elements can 
be analyzed using exactly the same principles, and hence there is 
no reason to separate them. For example, consider the simple one- 
energy-storage-element network N, shown in Fig. 13-2a and the 
two-energy-storage-element network N, shown in Fig. 13-2b. The 
equation of motion for N, is readily seen to be 


dv; 


RC — 
dt 


+ 01 = sint (13-1) 


Similarly, the equation of motion for N, is 


R(Cr + C2) 4 oy = sint (13-2) 


Observe that Eqs. (13-1) and (13-2) are similar in form, and their 
respective solutions can be found using identical procedures. It is 
more natural, therefore, to consider N, and N, as belonging to the 
same subclass rather than to separate them, as would be the case 
if we adopt as the basis of classification the number of energy- 
storage elements. 


Network N, Network N, 
(a) (b) 
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Since one of the most basic problems in dynamic networks is 
to find the solution of the equations of motion consisting of a sys- 
tem of nonlinear differential equations, it is more appropriate to 
classify dynamic networks according to the “complexity” of their 
system of differential equations of motion. It is well known that 
the solution to any system of differential equations can be found 
only to within a number of arbitrary constants ky, ko, ..., ky. In 
order to determine the n arbitrary constants, we must specify n in- 
dependent “initial conditions.” In other words, there are as many 
arbitrary constants as there are independent initial conditions.1 

Two systems of differential equations requiring different num- 
bers of initial conditions are usually solved by quite different 
methods.” Since our ultimate objective is to solve these equations, 
a more meaningful basis for the classification of dynamic networks 
can be stated in terms of the number of independent initial condi- 
tions that must be specified in order to uniquely solve for the solu- 
tion of the network. In view of the above considerations, we are 
now ready to state a definition which serves as a basis for classify- 
ing dynamic networks. 


13-1-2. DEFINITION OF ORDER OF COMPLEXITY 


We define the order of complexity of a dynamic network to be the 
maximum number n of independent initial conditions that can be 
specified in terms of the electrical variables in the network.? For 
convenience we shall refer to N as a first-order network if n = 1 
and as a second-order network if n = 2. Since n > 1 for any 
dynamic network, we might, for the sake of completeness, refer to 
any resistive network as a zero-order network. It is important to 
observe that the above definition requires that the number of 
initial conditions be independent of one another. The word “inde- 
pendent” means that none of the specified initial conditions can 
be derived from the rest. As an illustration of the above definition, 
consider again the network N, shown in Fig. 13-2a. Since N,q con- 
tains only one energy-storage element, we can specify only one 
initial condition, namely, the voltage v1(¢o) across the capacitor C 
at some arbitrary time fo; hence, N, is a first-order network. Con- 
sider next the network Nz shown in Fig. 13-2b. Since N» contains 
two energy-storage elements, it appears at first sight that we can 
specify two initial conditions, namely, the voltage v(‘o) ACTOSS 
capacitor C, and the voltage v2(to) across capacitor C2 at some time 
to. However, since v2 = v; — 1, the two initial conditions are not 
independent because once v;(fo) is specified, v2(to) is constrained 
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1A set of initial conditions 
is said to be independent 
if its values can be arbi- 
trarily chosen. 


2The only general method 
which does not depend on 
the number of differential 
equations is the numerical 
integration technique dis- 
cussed in Secs. 4-7 and 
XDD, However, this 
method is not particularly 
useful for studying the 
qualitative properties of 
nonlinear networks. Be- 
cause of this limitation, 
only qualitative methods 
are emphasized in the fol- 
lowing chapters. 


3 As will be obvious shortly, 


the order of complexity of 
a dynamic network is equal 
to the minimum number 
of initial conditions that 
must be specified in order 
to specify completely the 
behavior of the network. 
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1Review Sec. 4-6 for the 
significance of normal 
form and state variables. 


2 By RLC network we mean 
a network containing only 
two-terminal resistors, in- 
ductors, capacitors, and 
independent sources. No 
controlled sources, ideal 
transformers, — gyrators, 
etc., are allowed. 
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to be vi(to) — 1, and hence v2(to) cannot be specified arbitrarily. 
Therefore Nj is a first-order network because we can specify only 
one independent initial condition. From the theory of differential 
equations, it is known that a system of n differential equations in 
the normal form! requires exactly n initial conditions for its solu- 
tion. Therefore the order of a dynamic network is known once the 
equations of motion of the network have been reduced to the 
normal form. In particular, the number of state variables is equal 
to the order of complexity of the network. 


13-2. ORDER OF COMPLEXITY OF DYNAMIC NETWORKS 


As will be obvious in the sequel, our classification of dynamic net- 
works according to their order of complexity is very useful because 
each subclass can usually be handled by some unified principles 
and techniques. Since the theory for different orders of networks 
is in general quite different, it is necessary for us to determine first 
the order of complexity of a given network before we know which 
theory to apply. One method for obtaining this information is, of 
course, to write the equations of motion of the network in the 
normal form. We shall develop in this section a simpler technique 
for determining the order of complexity of any dynamic RLC net- 
work by inspection, 1.e., without writing down any equation.? In 
order to do this, it is important for us to obtain a deeper under- 
standing of why initial conditions are necessary from the net- 
work’s point of view, and to understand which electrical variables 
qualify as an appropriate set of initial conditions. 


13-2-1 SIGNIFICANCE OF THE INITIAL CONDITION 


From the mathematical point of view, initial conditions are intro- 
duced as a “gimmick” for determining the values of the arbitrary 
constants associated with the solution to a system of differential 
equations. From the network’s point of view, initial conditions are 
introduced because of our ignorance or incomplete knowledge of 
the past history of the excitations that have been applied to the 
network. In order to understand the above reason, let us consider 
an arbitrary capacitor C; of an arbitrary network N. Suppose we 
want to find the charge q,(t) of this capacitor at time ¢, namely, 


gilt) = [" ifr) dr (13-3) 
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From Eq. (13-3) it is clear that g,(¢) can be found only if we know 
the exact waveform of the capacitor current i(t) from ¢ = —oo up 
to the present time /, that is, from the time the capacitor was 
manufactured. However, any network N is constructed at some 
finite time in the past, and in any physical network the excitations 
are applied at some time, say, ¢ = fo. Hence, we would usually have 
information on the excitation waveforms only for tf > fo, since by 
assumption, this is the time when the excitations are applied. To 
be specific, suppose we know the capacitor current i,(¢) for t > to, 
where ¢ = fo is the time we closed the switch which connects the 
current source i,(t) across the capacitor C;. Unfortunately, this in- 
formation is not sufficient for us to determine q,(¢) from Eq. (13-3), 
because we need to know i?) during —0oo <t< % as well. 
Although our excitation was applied at f = fo, we have no right to 
assume that i(7) = 0 for t < to because, sometime in the remote 
past, i(¢) may not have been zero. For example, the capacitor may 
have been charged prior to ¢ = fo either by someone else or by a 
number of random sources such as lightning or atmospheric noise. 

Our ignorance of the past history of i,(¢) prevents us from de- 
termining q;(t). However, since the excitations are applied at 
t = fo, we are really interested to know only q,(¢) for ¢ > fo. Let us 
rewrite Eq. (13-3) in the form 


git) = f° ifr) dr + fir) dr (13-4) 


The second integral can be found because we know i,(t) for 
t > fo. It is the first integral which is causing the trouble. Observe, 
however, that at ¢ = fo, Eq. (13-3) becomes 


gilto) = {° ifr) ar (13-5) 


where gj(fo) is the total charge in the capacitor at ¢ = /. Substituting 
Eg. (13-5) into Eq. (13-4), we obtain 


gid) = 4ito) + ji dt (13-6) 


where ¢ > fo. 

Equation (13-6) tells us that, provided we are interested only 
in knowing q,(f) for ¢ > fo, it is not necessary to know the entire 
past history of i(t) for t < to. Instead, we need to know only the 
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1To be exact, given v(Z), we 
can find g(t) uniquely if 
the v-q curve is voltage- 
controlled. Similarly, given 
q(t), we can find v(t) 
uniquely if the v-g curve is 
charge-controlled. 
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value of the charge g; in the capacitor at the initial time fo. The 
value gj(to) is called the initial condition. In other words, we have 
shown that in order to determine the charge q,(f) in a capacitor, it 
is necessary to know not only the excitation but also the initial con- 
dition. It should now be clear that the single piece of infor- 
mation g;,(to) is used in lieu of the entire past history of i,(¢). 

Let us next recall that a capacitor is characterized by a curve 
in the v-g plane, and if we know v(f), we can find g(7), and 
vice versa. Since it is necessary to know the initial condition q(to) 
in order to find g(t) for ¢ > fo, it follows that it is necessary 
to know v(fo) in order to find v(t) for t > to. However, since given 
(to), we can find g(to) from any voltage-controlled v-q curve, or 
given q(fo), we can find u(fo) from any charge-controlled v-g curve, 
it is clear that in order to find g(t) and v(t) across a capacitor, it 
is sufficient to specify an initial condition either in terms of 
the capacitor charge g(fo) or in terms of the capacitor voltage v(¢o) 
at the initial time fo. 

Finally, an examination of Eq. (13-6) shows that specifying 
the capacitor current i,(f9) at fo would not do any good because 
one cannot determine q;(fo) from this information alone. We con- 
clude, therefore, that the current in a capacitor is not an ap- 
propriate initial condition. 

By exact dual arguments, we find that for an inductor 


PAO) = to) + J) ot) dr (13-7) 


where ¢ > fo. 

In order to find the flux linkages ,() for ¢ > fo, it is neces- 
sary to specify the initial condition (fo) at fo. Moreover, since an 
inductor is characterized by a curve in the i-p plane, it follows that 
we can specify either the flux linkage q(¢o) or the inductor current 
i(to) at to as the initial condition. An examination of Eq. (13-7) 
shows that the voltage across an inductor is not an appropriate 
initial condition. 

The above results are important enough to be stated in the 
form of a theorem. 


THEOREM ON THE CHOICE OF APPROPRIATE INITIAL CONDITIONS 


An appropriate set of initial conditions that can be specified for a 
dynamic network consists of the value of the charge q or voltage 
v across a capacitor and the value of the flux linkage @ or current 
i in an inductor at some arbitrary initial time ¢ = fo (which is 
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usually chosen to be zero). The capacitor current and the inductor 
voltage are not appropriate initial conditions. 


This theorem specifies a fundamental set of initial conditions 
that are commonly used. There are other possibilities which are 
just as valid. Indeed, any linearly independent combination of 
capacitor voltages and inductor currents would qualify. For 
example, any set of initial conditions from which the capacitor 
voltages and inductor currents can be calculated is valid. 


13-2-2 DETERMINATION OF ORDER 
OF COMPLEXITY BY INSPECTION 


We have already seen that the order of complexity of a dynamic 
network may not be equal to the number of energy-storage 
elements because some initial conditions may not be independently 
specified. In order to diagnose the source of “dependency,” let us 
consider the more complicated network N in Fig. 13-3. 

Since N contains 10 energy-storage elements (six capacitors 
and four inductors), it appears that we can specify 10 initial con- 
ditions, U¢,; Vos, VCs VC VCs» VCs» Iki» tLe» itz, and iz,. However, 
a more careful inspection of the network shows that not all these 
initial conditions are independent. For example, the loop consist- 
ing of capacitors Ci, C2, and C3 and voltage source Eo imposes a 
constraint due to KVL; thus 


Uc, + Vez + Ve; = Eo (13-8) 


Cut set of inductors 
and current source 
Closed loop of capacitors 


and voltage source 
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Fig. 13-3. An example of the 
two possible sources of depen- 
dent initial conditions, namely, 
a loop of capacitors and voltage 
sources, and a Cut set of induc- 
tors and current sources. 


Io 
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1 By independent we mean 
that no constraint is a 
linear combination of the 
remaining constraints. 
Clearly, a set of loops is 
independent if each loop 
contains at least one ca- 
pacitor not contained in 
the other loops. Similarly, 
a set of cut sets is inde- 
pendent if each cut set 
contains at least one in- 
ductor not contained in 
the other cut sets. 
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This equation implies that only two of the three initial conditions 
Vo,, Ve», and ve, can be specified arbitrarily. We conclude that al- 
though there are six capacitors, only five capacitor voltages are in- 
dependent. Similarly, the cut set consisting of inductors Le, Ls, 
and L4 and current source Jp imposes a constraint due to KCL; 
thus 


ing + ing + tn, = Lo (13-9) 


Equation (13-9) implies that only two of the three initial con- 
ditions iz,, i,,, and iz, can be specified arbitrarily. Hence we con- 
clude that although there are four inductors, only three inductor 
currents are independent. The maximum number of independent 
initial conditions that can be specified is therefore equal to 
5 + 3 = 8, and hence network N in Fig. 13-3 is an eighth-order 
network. 

Based on the above example, it is clear that a dependency exists 
whenever it is possible to write a constraint involving only capaci- 
tor voltages and voltage sources; therefore, we must subtract one 
initial condition from the total number of energy-storage elements. 
Similarly, it is clear that a dependency exists whenever it is pos- 
sible to write a constraint involving only inductor currents and cur- 
rent sources; therefore, we must likewise subtract one initial con- 
dition from the total number of energy-storage elements. The first 
constraint involving only capacitor voltages and voltage sources 
occurs if and only if there exists a loop in the network containing 
only capacitors and independent voltage sources. Similarly, the 
second constraint involving only inductor currents and current 
sources occurs if and only if there exists a cut set in the network 
containing only inductors and independent current sources. If we 
count the total number of independent capacitor-voltage-source- 
only loops and the total number of independent inductor-current- 
source-only cut sets and subtract these from the total number of 
energy-storage elements, we obtain the maximum number of inde- 
pendent initial conditions.! The above observations are important 
enough to be stated in the form of a theorem. 


THEOREM ON ORDER OF COMPLEXITY OF DYNAMIC RLC NETWORKS 
The order of complexity of any dynamic network N is given by 


i= Die — ne ine 


(13-10) 
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where byc = total number of energy-storage elements in N 

No = total number of independent loops containing only 
capacitors and possibly voltage sources 
total number of independent cut sets containing only 
inductors and possibly current sources 


ny 


Applying the above theorem to the network shown in Fig. 13-3, 
we find that brc=10, nc=1, and n,=1; hence, n=10—1—1=8, 
as expected. For a more complicated example, consider the net- 
work shown in Fig. 13-4a. It appears at first sight that there are 
three loops containing only capacitors and voltage sources as 
shown in Fig. 13-4. However, only two of the three loops are in- 
dependent because the KVL equation written for the third loop 
can be derived from the KVL equations written for loops | and 2. 
Therefore, we conclude that n¢ = 2. From Fig. 13-45 it is clear that 
in order for a loop to be independent with respect to a set of 
previously chosen independent loops, it must contain at least one 
new capacitor not contained in the previous loops. In order to 
determine nz, we find that there are two independent cut sets con- 
taining only inductors and current sources as shown in Fig. 13-4c; 
hence nz, = 2. Applying the above theorem, we find that n= 
13 — 2 2 =9 and the network in Fig. 13-4 is a ninth-order 
network. 
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Fig. 13-4. A network contain- 
ing dependent loops of capaci- 
tor and voltage sources. 


Le 
Cut set ot 
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1 For more complicated net- 
works, it may be desirable 
to apply the topological 
techniques presented in 
Sec. 4-3 for finding nc and 
ny. For example, applying 
the independent KVL 
equation criteria in Sec. 
4-3-1, we obtain the rela- 
tionship ng = b’ — n’ + 1, 
where b’ and n’ represent 
the total number of 
branches and nodes, re- 
spectively, in the capacitor- 
voltage-source subnetwork. 
It is important to note that 
only capacitors and voltage 
sources which form closed 
loops with at least one 
other capacitor or voltage 
source are considered to 
be part of the subnetwork. 
For example, the capacitor 
Ce in Fig. 13-4a is not 
counted as part of the sub- 
network. Observe that in 
Hobs CASS, Jo) = ainGl 7/5), 
and hence ng = 2, as ex- 
pected. By a dual proce- 
dure, we obtain from the 
independent KCL equa- 
tion criteria in Sec. 4-3-2 
the relationship nz = 
n’ — 1, where n’ repre- 
sents the total number of 
nodes in the inductor-cur- 
rent-source subnetwork. 


ne = b-n't1 15 teow 
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It should now be clear that this theorem allows us to determine 
by inspection the order of complexity of any dynamic RLC net- 
work. We need determine only nc and ny. To determine nc, 
we may replace all resistors, inductors, and current sources in NV 
by open circuits, thus leaving a much simpler subnetwork contain- 
ing only capacitors and voltage sources, and n¢ can be found by 
inspection. Similarly, to determine nz, we may replace all resistors, 
capacitors, and voltage sources in N by short circuits, thus leaving 
a much simpler subnetwork containing only inductors and current 
sources, and n;, can be found by inspection.1 


13-2-3. SOME SUBTLE POINTS CONCERNING INITIAL CONDITIONS 


There are three questions concerning initial conditions which are 
of considerable theoretical interest. Since a complete answer to 
these questions is beyond the scope of this book, we shall only 
briefly mention them here. The first question is whether the 
theorem on the order of complexity of dynamic RLC networks 
can be generalized to include controlled sources in the network. 
The answer is yes, provided additional restrictions are imposed on 
the network topology. Fortunately, for most practical networks of 
interest these additional restrictions are usually satisfied automat- 
ically, and hence this theorem is still applicable. In general, how- 
ever, we must watch for the possibility of some additional con- 
straints that may be introduced by the controlled sources, thereby 
reducing further the order of complexity of the network. 

A second question of interest concerns the definition of equiv- 
alent dynamic networks. Clearly, the initial conditions must be in- 
cluded in any such definitions. Since a meaningful discussion of 
this topic entails some knowledge of differential equations, which 
we do not assume in this book, we shall just point out that 
the concept of equivalent dynamic networks is not as practical as 
for resistive networks because the need for including initial condi- 
tions complicates the problem considerably. This complication 
tends to obliterate the advantage of introducing equivalent net- 
works, that is, simplifying the analysis problem. 

The third question concerns the effect on the order of complex- 
ity of the original network caused by the introduction of an equiva- 
lent network. For example, if we have two capacitors in series, can 
we replace them by an equivalent capacitor? The answer is yes, if we 
take the initial condition of each capacitor into consideration. In 
so doing, we have reduced the order of complexity by 1; but we 
have also lost some information in the process. Since we shall not 


ony K the cap, ~voll. covrce 
MoneworK 15 connected. 
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encounter these subtle points in the remainder of this book, or in 
most practical networks, let us proceed to the next section. 


Exercise 1: Define state variables, order of complexity, and number of independ- 
ent initial conditions. What are the relationships between these three concepts? 


Exercise 2: State a simple criterion for guaranteeing that the order of complexity 
is equal to the number of energy-storage elements. 


Exercise 3: Energy-storage elements are said to possess memories. Explain why. 


Exercise 4: Find a simple example showing how a controlled source may intro- 
duce an additional constraint not considered in the theorem on the order of com- 
plexity of dynamic RLC networks. 


Exercise 5: (a) Show that under the assumption of zero initial conditions, a two- 
terminal black box containing only inductors (capacitors) can be replaced by an 
equivalent inductor (capacitor). (6) Show that the series- and parallel-combination 
techniques for resistive networks are applicable here. State the corresponding 
procedure in terms of the i-@ (v-q) curves. 


Exercise 6: Generalize the theorem on the order of complexity of dynamic RLC 
networks to include linear n-terminal resistors such as ideal transformers, 
gyrators, rotators, and reflectors but not controlled sources. 


13-3. BASIC PRINCIPLES FOR ANALYZING DYNAMIC NETWORKS 


One of the most basic principles for solving a new problem in any 
discipline is to resolve the problem into a number of simpler inter- 
related subproblems whose solutions can be obtained by known 
techniques. Using this principle, we shall resolve a dynamic net- 
work N into an interconnection of two subnetworks, namely, an 
energy-storage subnetwork N, and a resistive subnetwork No. The 
energy-storage subnetwork N; is obtained by extracting all energy- 
storage elements, two-terminal, three-terminal, . . . , n-terminal in- 
ductors and capacitors, from the dynamic network N. What 
remains is the resistive subnetwork N2 containing all linear and 
nonlinear resistors, independent and controlled sources, ideal 
transformers, gyrators, rotators, NIC, etc. 

For the purpose of this book we shall consider only two- 
terminal inductors and two-terminal capacitors as the energy- 
storage elements. Under this condition the energy-storage subnet- 
work N; can be redrawn explicitly as shown in Fig. 13-5. In this 
case, the resistive subnetwork Nz becomes an n-port network. 

To analyze the dynamic network shown in Fig. 13-50, the first 
step is to obtain the equations of motion in the normal form in 
terms of the state variables iz; or gz, of the inductors and 
ve; OF gc, of the capacitors. The next step is to solve these differ- 
ential equations. This is the most difficult task in the analysis and 
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isti isti Resistive 
Resistive Energy - storage Resistive 
subnetwork subnetwork subnetwork j _subnetwork 


(a) 


Fig. 13-5. Any dynamic net- 

work can be resolved into an : ; : es : 6 
energy-storage subnetwork and _ Will be considered in detail in the succeeding chapters. Meanwhile, 
a resistive subnetwork. The let us assume that the solution of the network is unique and has 


energy storage subnetworkcan heen obtained in terms of the state variables iz, and vg,, namely, 
be replaced by ac sources for J 


the purpose of analyzing the 


resistive subnetwork. TAO) EO) Ieee Os. 2 aks (13-11) 
MO SeOL Cee ei eee (13-12) 


Observe that if the solution is obtained in terms of the state 
variables pz, and qc,, we can easily obtain i,,(t) by a graph- 
ical composition between qz,,(¢) and the iz,-pz, curve of inductor 
L,. Similarly, we can easily obtain v¢,(t) by a graphical composi- 
tion between qo,(¢) and the v¢,-gc, curve of capacitor C,. There is, 
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therefore, no loss of generality to assume that the solution of the 
normal-form equations is given by Eqs. (13-11) and (13-12). 

Observe that these equations represent the solution of the 
energy-storage subnetwork N, only; namely, the inductor currents 
i,,(t) and the capacitor voltages v¢,(4). To find the voltage and cur- 
rent solutions of the elements inside the resistive subnetwork No, 
we can apply the current-source substitution theorem and the 
voltage-source substitution theorem of Chap. 7 and replace the in- 
ductors of Ny by appropriate current sources and capacitors of Ny 
by appropriate voltage sources, as shown in Fig. 13-5c.; The re- 
sulting network is purely resistive and is equivalent to the original 
network. Therefore, we can apply the techniques developed in 
Part 2 to obtain the solutions inside No. 

The above observation is a fundamental result. It shows that 
the solution of the energy-storage subnetwork completely specifies 
the solution of the resistive subnetwork. This is equivalent to say- 
ing that the state variables in the normal-form equation constitute 
the minimum set of variables from which all other variables in the 
network can be calculated. Since the order of complexity is equal 
to the number of state variables in the normal-form equations, we 
can also conclude that the order of complexity is equal to the 
minimum number of initial conditions that must be specified in 
order to specify the solution of the complete network. 


13-4 DERIVING NORMAL-FORM EQUATIONS FROM 
THE CHARACTERISTICS OF THE N-PORT SUBNETWORK 


In Chap. 4 the normal-form equations of a dynamic network are 
obtained by eliminating and substituting variables from the equa- 
tions of motion. Although this procedure is quite general, it is 
sometimes very involved. We shall now describe another proce- 
dure for obtaining the normal-form equations of the dynamic net- 
work shown in Fig. 13-5b.1 This procedure is valid, provided that 
the number of energy-storage elements is equal to the order 
of complexity of the network. Hence, we shall assume that the 
dynamic network contains neither cut sets of inductors and cur- 
rent sources nor loops of capacitors and voltage sources. This 
assumption is usually satisfied in practice.? 


13-4-1 NORMAL-FORM EQUATIONS FOR FIRST-ORDER NETWORKS 


A first-order network containing one energy-storage element can 
be represented either by the one-inductor network shown in Fig. 
13-6a or the one-capacitor network shown in Fig. 13-6). 
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+ These theorems are appli- 
cable here since we assume 
that the solutions are 
unique. 


1Although this alternate 
procedure is not neces- 
sarily easier for higher- 
order networks (n > 2), it 
has more conceptual value 
for our subsequent discus- 
sions. Among other things, 
it reveals the intricate 
relationship between the 
energy-storage subnetwork 
and the resistive subnet- 
work. 


2Tn fact, to be more realistic, 
we must include the para- 
sitic elements. Hence, if 
there is a cut set of induc- 
tors and current sources, 
we can always introduce a 
parasitic capacitor or re- 
sistor across one or more 
inductors in the cut set, 
thereby eliminating the in- 
ductor-current-source-only 
cut sets. Similarly, a capac- 
itor - voltage - source - only 
loop can be eliminated by 
introducing a parasitic in- 
ductor or resistor in series 
with one or more capaci- 
tors in the loop. 
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Fig. 13-6. Two first-order net- 
works containing one energy- 
storage element. 


+ See the first fundamental 
theorem of dc-resistive 
networks in Sec. 5-6. 
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Resistive Resistive 


subnetwork 
No 


subnetwork 
No 


(a) (b) 


Since N2 is a resistive network, it has a DP plot at any time 
t.t Let us denote it by 


fiv,t) = 0 (13-13) 


At any time ¢ Eq. (13-13) represents one DP plot. This can be de- 
rived by the principles described in Part 2. 

Consider first the inductor network shown in Fig. 13-6a. In 
this case it is convenient to express Eq. (13-13) in the form 


Ue RG) 
Since v = vy, = dy/dt, we have 


UD = expe 
a= R(i,t) (13-14) 


If the inductor is characterized by a flux-controlled curve 
it = 1(9) (13-15) 


then since i = —iz, we can substitute Eq. (13-15) for i in Eq. 
(13-14) to obtain 


& = Rig)! (13-16) 


Equation (13-16) is now in the normal form with the flux linkage 
g as the state variable. 


EXAMPLE 


Consider the first-order network shown in Fig. 13-7a containing a 
neon bulb whose v;-i; curve is shown in Fig. 13-75 and a nonlinear 
inductor described by 
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i, = tanh » (13-17) 

To obtain the normal-form equation, we first redraw the given 
network into a one-port resistive subnetwork N»2 terminated by the 
inductor as shown in Fig. 13-7c. Our next task is to derive the DP 


plot across terminals a-b of this one-port network. If we denote 
the current-controlled v,-i; curve of the neon bulb by 


v1 = fi(is) (13-18) 
then by KVL we obtain 
v = (20) + A@ + @ — 2 sin H(10) — 5 


where 7 = 7; is expressed in milliamperes. This equation can be re- 
written in the form 


v = R(i,t) = fi) + 307 — 5 — 20 sint (13-19) 


From this we obtain the normal-form equation upon substituting 
Eqs. (13-19) and (13-17) into Eq. (13-16); thus 


= — f(—tanh g) — 30 tanh » — 5 — 20 sine (13-20) 


The term /f;(—tanh ¢) represents a function of » obtained by 


a graphical composition between f;(7) and i = —tanh 9g. 
If the inductor is characterized by a current-controlled curve 


p = Wiz) (13-21) 
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Fig. 13-7. Example of a first- 
order network containing a 
neon bulb and a_ nonlinear 
inductor. 


At,, ma 


U,» volts 


v} 


(a) 
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then by applying the chain rule to Eq. (13-14), we can obtain the 
normal-form equation in terms of the state variable i,, namely, 


= R(—i,z,t 
adn a deae 
or 
Cie GNA, (13-22) 
cine LG) 


where L(iz) denotes dp/diz, the incremental inductance. In the 
special case where the inductor is linear, p = Li, and Eq. (13-22) 
reduces to 

dir, R(—iz,t) 


Se, at TEE 13-25 
dt ik ( ) 


We can derive the normal-form equation for the capacitor 
network shown in Fig. 13-65 by a dual procedure. We first derive 
the DP plot across terminals a-b in the form 


i= Gv) 


If the capacitor is characterized by a charge-controlled curve 
Uc = Uc(q), then the normal-form equation takes the form 


de 
a = —G(vc(q),t) (13-24) 
where the capacitor charge gq is the state variable. 

On the other hand, if the capacitor is characterized by a 
voltage-controlled curve g = Q(vc), then the normal-form equa- 
tion takes the form 


dvc _ __ G(vo,t) ‘ 
Bin C(ve) (13-25) 


where the capacitor voltage vg is the state variable and where 
C(vc) denotes dq/duc, the incremental capacitance. In the special 
case where the capacitor is linear, g = Cug and Eq. (13725) %e= 
duces to 


dvg = G(U¢,t) 
Hic ee (13-26). 
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Observe that in all cases, the normal-form equation of a first- 
order network is always of the form 


= — f (x,t) (13-27) 


The state variable x is either @ or i, for an inductor network and 
is either g or ve for a capacitor network. Observe that in all cases, 
the function f(x,f) in Eq. (13-27) is obtained by deriving the 
v-i characteristics of the one-port resistive subnetwork No. 

In the special case where the network is autonomous,! Eq. 
(13-27) reduces to 


— = f(x) (13-28) 


In this case the function f(x) consists of only one curve which can 
be easily derived from the DP plot of Ne. 


13-4-2 NORMAL-FORM EQUATIONS 
FOR SECOND-ORDER NETWORKS 


A second-order network containing two energy-storage elements 
may assume one of the three possible forms shown in Fig. 13-8a 
to c. To obtain the normal-form equations, the first step is to de- 
rive the relationship between the variables 71, iz, v1, and v2 of the 
two-port resistive subnetwork Np». 

Consider first the two-inductor network shown in Fig. 13-8a. 
Let us assume that the characteristics of Nz have been derived and 
expressed in the following form?: 


V1 = Ri(ir,i2,f) (13-29) 
Vg = Ro(i4,/2,) (13-30) 
If the inductors are characterized by iz, = ir,(p1) and iz, = iz,($2), 
then since vp, = U1 = dy; /dt, Up, = Vg = dp2/dt and i= —ip,, 
iz = —iz,, the normal-form equations in terms of the state vari- 


ables g; and gz are given by 


Mt = Ry(—in,(91)=in(2) (13-31) 
MP2 = Ro —in (3), $2) (13-32) 


599 


1 Recall that a dynamic net- 
work is autonomous if it 


does not contain 
sources. 


ac 


2 Review Sec. 3-2-1 on the 


six common forms 
representation. 


of 
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Resistive 
subnetwork 


Np 


Fig. 13-8. Three possible sec- 
ond-order networks containing 
two energy-storage elements. 
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Resistive Resistive 
subnetwork ’ subnetwork 
No N2 


(c) 


On the other hand, if the inductors are characterized by g1 = ®i(iz,) 
and g2 = ®2(i,,), then by applying the chain rule, we obtain the 
following normal-form equations in terms of the state variables i,, 
and iz,: 


Gir etl == lige et) 


a Ty(in,) a: 
dir, = Ro(—in,,—- id) 
irae SRT a 


where Ly(iz,,) denotes dp;/diz,, and La(iz,) denotes dp2/diz,. In the 
special case where both inductors are linear, py = Liiz, and gz = 
Laip,, Eqs. (13-33) and (13-34) reduce to 


diy,  Ri(—iz,,—i1,t) 


oS (13-35) 
dir, t Ro —iz,,—Ib,t) 
foo (13-36) 


The normal-form equation for the two-capacitor network can 
be obtained by dual procedures. In this case we derive and express 


the characteristics of the two-port resistive network Nz in the 
following form: 


ly — G1(01,V2,1) (13-37) 
ig = Go(v1,V2,t) (13-38) 
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If the capacitors are characterized by ve, =vc,(g1) and ve, =ve.(q2), 
then the normal-form equations in terms of the state variables q1 
and q»2 are given by 


dq 


a — Gi(Ve,(41)¥02(2)50) (13232) 
dqz2 
iT — G2(ve,(41),Ve2(9z2).0) (13-40) 


If the capacitors are characterized by qi = Qi(vc,) and gz = Qe(ve,), 
then the normal-form equations in terms of the state variables ug, 
and uc, are given by 


dvc, = — G1(U¢,,Ve.,t) 


= —_—_____——_ 13-41 
at Ci(Uc,) ( ) 
dvg,  —Go2(v¢e,,Ve,5t) 
ee et eS 13-42 
dt C2(v¢e,) ( ) 


where Cj(ve,) denotes dg1/dvc,, and C2(vc,) denotes dq2/dvo,. 

In the special case where both capacitors are linear with 
capacitances C; and C2, respectively, Eqs. (13-41) and (13-42) re- 
duce to 


dvc, ar Gi(vo, Ue») 


_ =ALCoLet) 13-43 

dt Cy : 
dog, — —G2(¥0,V02,t) (13-44) 
dt C2 


For the inductor-capacitor network shown in Fig. 13-8c, it is 
necessary to derive the characteristics of N2 in the following hybrid 
form: 


V1 = Ay(i1,V2,1) (13-45) 
lo =— A2(i1,02,1) (13-46) 
If the inductor and the capacitor are characterized, respectively, by 


ir, = iz,(q1) and ve, = ve,(92), then the normal-form equations in 
terms of the state variables 1 and qz2 are given by 


A = Hy —in(ps)volq)) (13-47) 
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ots SO in@n ven (13-48) 


If the inductor and capacitor are characterized, respectively, by 
gi = Px(iz,) and gz = Qoa(ve,), then the normal-form equations in 


terms of the state variables i,, and vc, are given by 


diz, = Ay(— ip, C25) 


= (13-49) 
dt Ly(iz,) 

advo, .s — Ho —ir,,0e,,t) (13-50) 
daa C2(Ve.) 


where Ly(iz,) denotes dqi/diz,, and C2(vc,) denotes dgq2/dvc,. 

In the special case where the inductor is linear with inductance 
L, and the capacitor is linear with capacitance C2, Eqs. (13-49) 
and (13-50) reduce to 


diz, Ay(—iz,,0e,0) 


was AEs Sede -5] 
7 ji, (13-51) 
dc, —H(—iz Uo,,t) 
a ee 13-52 
dt C2 ( 


Observe that in all cases, the normal-form equations of a 
second-order network are always of the form 


Cy 


di = fi(X1,03,) (13-53) 
d 
<P. = folccs 2,0) (13-54) 


In the special case where the network is autonomous, Eqs. (13-53) 
and (13-54) reduce to 


d 
here) (13-55) 
d 
Gp = frloeax) (13-56) 


Observe that in each case, the functions /; and /2 are easily obtained 
from the relationships characterizing the two-port resistive sub- 
network No». 
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EXAMPLE 


To illustrate the above procedure, let us derive the normal-form 
equation for the network shown in Fig. 4-15 of Chap. 4. First, let 
us redraw this network in the form of a two-port resistive network 
N2 terminated in an inductor and a capacitor, as shown in Fig. 
13-9. The characteristics of the elements are given as before. 


Three-terminal resistor 


oe Ui + 304103 — 475° (13-57) 
OY ay Io0, — 2i22045 + V43 (13-58) 
Capacitor 
Ge 2 — 303% + 503” (13-59) 
Inductor 
ya = iL 4b 2i4 _ 3142 + i43 (13-60) 


In accordance with Eqs. (13-45) and (13-46) our first step is to 
derive the relationship characterizing N>2 in the following form: 


Va = Ayx(ig,U»,F) 
iy = Ha(ia,Ur,t) 


3 - terminal 
resistor 
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Fig. 13-9. To derive the 
normal-form equations, the 
network of Fig. 4-15 is redrawn 
into a resistive subnetwork and 
an energy-storage subnetwork. 
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From Fig. 13-9 we obtain 


vy = 2 — Vp (13-61) 
fees (13-62) 
Va = Uq (13-63) 
lg = —5 COS Wot + Ig (13-64) 


Substituting Eqs. (13-61) to (13-64) for i1, i2, v1, and v2 in Eqs. 
(13-57) and (13-58), we obtain 


Dy, = a= (—5 COS Wof + ig)(2 = Up) 
27S cos Gah VO Ye ey alos) 
i (2 — Up) _ Ba — Up —5 COS Wolf + ig)? 
+ 4(—5 cos wot + ig)? (13-66) 


From Eggs. (13-59) and (13-60) we obtain 


498 — Cy) = — 902 + 25044 (13-67) 
dv3 

Ps = Lis) = 2 — big + 3102 (13-68) 
14 


If we substitute Eqs. (13-65) to (13-68) into the corresponding 
terms in Eqs. (13-49) and (13-50), we obtain the following normal- 
form equations: 


4 — (—5 cos wot — i4)(2 — v3) 


ig _ — 2(—5 cos wot — i4)?(2 — v3)® — (2 — v3)8 
dt DENG ioe 

1 + (2 — 03) + 3(2 — v3)(—5 cos wot — i4)8 
doy — 4(—5 cos wot — i4)° 
dt —9v32 + 25034 


Observe that the above equations are identical with Eqs. (4-49a) 
and (4-495) derived earlier in Chap. 4. 


13-4-3. NORMAL-FORM EQUATIONS FOR nTH-ORDER NETWORKS 


An nth-order network containing n energy-storage elements may 
assume the general form shown in Fig. 13-55, where 0 <k <n. 
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When & =n, the network becomes an n-inductor network, and 
when k = 0, the network becomes an n-capacitor network. 

To obtain the normal-form equations, we must derive the 
characteristics of the n-port resistive network N» in the hybrid form. 


aes OR eee sh Oka eons ne Cask) 


Digg = HA (ti fa, ~~. fk URL A URD, = © + Unt) 


(13-69) 


kw = Ay 1(is,/2 sities <5 MAD RAAB SED, 6 oad Ue) 


If the inductors and capacitors are characterized, respectively, by 


Pe irGh) ey = 1 2,22 lk (13-70) 
be 0G (Gees — elk en (13-71) 


then the normal-form equations in terms of the state variables 91, 
M2, - 2-5 Pk> Jeti» Fe+2s---~> Gn are given by 


oP = Hy(—iz, (91), —in.(2),-- +; 

— in (Pk) UC. (Ge+1)> Sxere UC,,(Gn)st) 
a — Ay —i1, (1), —i1.(P2), Bet: 

ae ? +1 b= 2-41 UO, by) ye 

HL PrWOra (Gees --- POG!) 15 a 

fist — — Ays1(— iz, (G1), —it.(G2), Sap 

— in (Pk) VCs (Geev> peiea VC,(Gn)st) 
En = —H,(—iz,(91), —t12(2), ---» 
dt 


— ip, (Pk) VCe(Ge+1)> ene VO,(Gn)st) 


Similar expressions can be derived for the case where the inductors 
are current-controlled and capacitors are voltage-controlled or for 
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the case where all elements are linear. In all cases the normal-form 
equations of an nth-order network are always of the form 


= = filx1,X2, .. - Xn,t) 
dx2 = 
Pe = fr(X1,X2, aioe Bee) (13-73) 
Apes 
= /n 9 29 ’ nol 
i TEs X2 x ) 


In the special case where the network is autonomous, the 
normal-form equations reduce to 


d. 

= Sah (tec o, aes Xn) 

dx 

a7 = alexa, + + + Xn) (13-74) 
dXn 

= Cures eaees xa) 


In either case, the right-hand side of these equations can be easily 
obtained from the relationships characterizing the n-port resistive 
network No. 


Exercise 1. List all possible combinations of state variables in the normal-form 
equations for a network with three energy-storage elements. 


Exercise 2: Find the general expressions for the normal-form equations of 
an nth-order network corresponding to the following cases: (a) All inductors are 
current-controlled, and all capacitors are voltage-controlled. (5) All energy- 
storage elements are linear. 


13-5 TRAJECTORY OF SOLUTIONS IN THE STATE SPACE 


Consider an arbitrary nth-order network whose equations of 
motion have been obtained in the normal form. One of the most 
fundamental problems in dynamic network theory consists of de- 
termining the solution of this system of n first-order nonlinear 
differential equations subject to a prescribed set of initial condi- 
tions; namely, Xj = Xi5, Xo =e aNd ere solution 
Consists Of n' time Tunctions x71—=s140 seco 
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such that upon substituting these into Eq. (13-73), we obtain the 
following two sets of identities:! 


dX 

0 = = fila) A2(0), «2. AKG) 
a) aoe 

= fo(Xi(0),Xe2(), . . - Xa(O,f) (13-75) 

a = f(X1O,Xo0, 5420.0 
X x(t) = X19 
Xs SS OD) 

ue (13-76) 
Xn(to) = Xng 


With the present state of the art it is very difficult and often 
impossible to determine the solutions X,(¢), X(t), .. . , Xn(¢) in ex- 
act analytical form. Fortunately, there are many practical prob- 
lems where it is not necessary to know the exact analytical solu- 
tion. Instead, only certain qualitative aspects of the solution are 
desired. For example, in the design of many practical electronic 
circuits it is necessary to know the maximum voltage across some 
nonlinear device so that its maximum voltage rating can be 
specified. In this case we are interested in only one property of the 
solution, namely, its maximum value. In other problems we may 
be interested primarily in knowing whether the solution X;(7) 
eventually settles down asymptotically to a constant value or 
eventually oscillates periodically. We shall refer to this property of 
the solution as the steady-state behavior of the dynamic network. 
In order to investigate the qualitative aspects of the solution, 
it is necessary to understand a number of new basic concepts to 
be introduced in the following sections. These concepts are formu- 
lated in terms of the trajectory of solutions described below. 

There are several ways to interpret the solutions x; = X,(d), 
x2 = X(t), ..., Xn = Xx(t) of a dynamic network. The most com- 
mon method is to interpret each solution x; = X;(7) as a curve. In 
this case n separate curves are needed to completely specify the 
solutions. Another method is to represent the n state variables 
X14, X2,..., Xn as the coordinate axes of an n-dimensional space, 
henceforth called the state space. At any time f = 1;, the solutions 
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1 Notice that we have chosen 
the capital letter X; to de- 
note the solution wave- 
form, as a function of 
time, of the corresponding 
state variable x;. 
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Fig. 13-10. Trajectory of a 
monotonic time function. 


1This term is borrowed 

from classical mechanics, 
where it is used to denote 
the path taken by a 
particle in motion. 
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Ay Aa 
5 5 
fe et ee ed a — <—{t=5 
4 44< t=10 
3 34—— t=20 
2 = ees 2 et = 25 
i 1 =X (4) 1 
=e 04<— t=30 
0 40 50 60 70 
ne 
- a =14.—t=35 
1 in oe 3 
} _—— -— <—t=40 
= 9) Mle eee 24<—t=50 
Se es —— t= 00, 
= = — —-J=x— t= oo 
=3 -3 


(a) (d) 


Xie Aq), Xai XG(G), 2-2, Xa =X, (4) can ibe imterpreted.as the 
coordinates of a point P(¢;) in the state space. If we imagine that 
the above interpretation is applied to all times ¢ > fo, the resulting 
points can be connected to form a smooth curve in the state space. 
This curve is called the trajectory of solutions, or simply, the 
trajectory.1 Observe that the parameter ¢ associated with each 
point along the trajectory must be specified in order to recover the 
solutions. A trajectory is incomplete unless this parametrization is 
included. 

It is common practice to refer to any point (x41,X2, ... .Xp) in 
the state space as a state of the dynamic network. For example, 
the initial condition (X1,,%2),....Xn)) is usually called the initial 
state. A trajectory, therefore, always starts from an initial state 
corresponding to f = fo. 

To illustrate the concept of the trajectory of solutions, let us 
consider some specific cases. 


Case 1: Trajectory of first-order networks When n = 1, the solution 
consists of one time function x; = X,(Z). In this case the state space 
is one-dimensional, and the trajectory is simply a segment of the 
coordinate axis x;. For example, if X1(/) is as shown in Fig. 13-10a, 
then the trajectory is obtained by projecting the coordinates of each 
point of X;(¢) into a vertically aligned axis with the corresponding 
time interval labeled on it as shown in Fig. 13-105. It should be 
clear that if the time function X,(f) is not monotonic, then some 
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points along the trajectory will contain more than one time 
parameter. For example, if X;(¢) is as shown in Fig. 13-1la, then 
its trajectory is readily seen to be given by Fig. 13-11. Observe 
that in either case we can reverse the procedure to recover the time 
function X;(f) from its trajectory. 


Case 2: Trajectory of second-order networks Whenn=2, the solution 
consists of two time functions x; = X,(¢) and x2 = X°2(Z). In this 
case the state space is two-dimensional, and the trajectory consists 
of a curve in the x1-x2 plane, otherwise known as the phase plane. 
For example, if Xi(¢) and X(t) are as shown in Fig. 13-12a, then 
the corresponding trajectory is given by Fig. 13-125. This trajectory 
is called an open trajectory because each point on it corresponds to 
only one instant of time. It is possible to have a trajectory where 
each point on it corresponds to more than one instant of time. For 
example, if X;(¢) and X2(t) are as shown in Fig. 13-13a, then the 
corresponding trajectory is shown in Fig. 13-135. Observe that this 
trajectory forms a closed loop, and hence it is called a closed 
trajectory. Observe also that for the simple waveforms shown in 
Fig. 13-13a, the corresponding trajectory could have been obtained 
analytically by eliminating the variable ¢; namely, 


x1? “at = (sin 51) ( Zi)" =1 
SS sin 51 aE cos = = 
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Fig. 13-11. Trajectory of a 
nonmonotonic time function. 


1When n= 2, the state 
space is usually called the 
phase plane for historical 
reasons. In the past, one 
of the two state variables 
was usually called the 
Phase, and for n = 2, the 
word plane is preferred 
over the word space. 
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Fig. 13-12. Example of an open F i 

trajectory of a second-order Finally, it is also possible to obtain a trajectory which eventually 

REA TEMS approaches a closed loop known as a /imit cycle.1 For example, if 
X,(t) and X(t) are as shown in Fig. 13-14a, then the correspond- 
ing trajectory is given by Fig. 13-14b. Observe that the trajectory 
will eventually approach a limit cycle. Clearly, there are many 
trajectories other than those described above. For example, if 
X,(t) and X2(t) are as shown in Fig. 13-15a, then the correspond- 
ing trajectory is as shown in Fig. 13-15b. Observe that in all cases, 
the trajectories of second-order networks are simply obtained by a 
graphical elimination procedure. Observe also that if we apply 
X,(t) and X(t) to the horizontal and vertical terminals of an 
oscilloscope, the resulting Lissajous figure is exactly the trajectory 
corresponding to X,(¢) and X2(¢). 

From the above examples it is clear that if we can obtain the 
trajectory, then some qualitative information about the network 
will be known even if the time parameter is not labeled on it. If 
we know that the trajectory is open and does not approach oo, 

‘Theoretically speaking, the then we know that X,(¢) and X2(¢) must eventually approach 


trajectory will approach a constant value and are therefore bounded. The trajectory of Fig. 
the closed loop only in the 


limit when 1 co, hence 13-12 shows that b < x1 <a and d < x2 < c. This information 
the term limit cycle. might be used to determine whether the rating of a device is ex- 
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is 


2 


(7% = 2 sin 


2.5, 6.5, 10.5, - - 


ceeded or not. On the other hand, if we know that the trajectory 
eventually approaches a limit cycle, then we know that X;(¢) and 
X(t) would eventually approach some periodic waveforms, in 
which case we can conclude that the network is oscillatory. 


Case 3: Trajectory of nth-order networks When 7 > 2, the solution 
consists of n time functions x, = X1(2), x2 = X2(d), ... , Xn = Xn(0). 
In this case the state space is n-dimensional, and the trajectory 
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Fig. 13-13. Example of a 
closed trajectory of a second- 
order network. 


Fig. 13-14. Example of a tra- 
jectory which approaches a 
limit cycle. 
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(a) 


Fig. 13-15. Example of an ar- 
bitrary trajectory of a second- 
order network. 


consists of a curve in the xy-Xx2-----x, space. For example, the 
trajectory corresponding to the three time functions X;(¢), X2(¢), 
and X3(¢) shown in Fig. 13-16a is readily seen to be given by Fig. 
13-16. It is important to observe that this trajectory is a curve and 
not a surface in the three-dimensional state space. 

When n > 3, it is no longer possible to draw the trajectory, but 
nevertheless it is still useful to visualize the trajectory of an nth- 
order network as a curve (not a surface) in an n-dimensional state 
space. As a matter of fact, the above concept is extremely impor- 
tant, and has found wide application in many diverse fields of 
study such as control systems, biological systems, and even eco- 
nomic systems. 


Exercise 1: Sketch the trajectories corresponding to the following solutions 
of some first-order networks: (a) uc(t) = 10e-* — 5, t > O. (4) iz(t) = 100e-°-1¢, 
0O<t< 10; i,(t) = 200e-9-2t-10) 10 < t << oc. 


Exercise 2: Sketch the trajectories corresponding to the following solutions 
of some second-order networks: (a) qi(t) = 10 sin ¢, go(t) = 20 cos t, t > 0. 
(5) qi) = 10e~* sin t, go(t) = 20e~* cos #, t > O. (c) qu(t) = 10e* sin ¢, go(t) = 
20e cos t, t > 0. 


Exercise 3: Give a simple test for determining whether the trajectory correspond- 
ing to X4(4) and X2(f) will or will not intersect itself. 


Exercise 4: If the following statements are true, prove them. If not true, give 


counter-examples and state the conditions under which they are true. (a) The 
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trajectory of a first-order network has a uniform time scale if, and only if, 
the corresponding solution X(t) is a piecewise-linear function of time. (b) The 
trajectory of a second-order network corresponding to X,(/) and X(t) is piecewise- 
linear if, and only if, both X,(7) and X2(7) are piecewise-linear. 


13-6 EQUILIBRIUM STATES OF AUTONOMOUS NETWORKS 


Intuitively, a physical system is said to be in equilibrium if its 
motion does not vary with time. By motion we mean the solutions 
to the normal-form equations of the system. In a dynamic network, 
the motion corresponds to the solutions x; = X4(4), x2 = X2(d),..., 
Xn = X,(t) of Eq. (13-73) or Eq. (13-74), where x1, x2, ..., Xn are 


AX3 
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Fig. 13-16. Example of a tra- 
jectory of a third-order network. 
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1Jn the theory of differen- 
tial equations the equilib- 
rium states corresponding 
to a system of autonomous 
differential equations in 
the normal form are called 
singular points. We shall 
use the term equilibrium 
state in this book because 
it conveys more physical 
meaning. 
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the state variables. Hence, the network is in equilibrium if, and 
only if, 


dx4 — 

gee 

a = 13-77 
oF ==) ( ) 
Xn 

dt =e 


simultaneously. These identities imply that the solutions are con- 
stants; namely, 


xXi= ky 
cae (13-78) 
ea 
This equilibrium solution (ky,k2, ... kn) represents a point in the 


state space and is henceforth called an equilibrium state of the 
network.! 

An examination of Eq. (13-73) of a nonautonomous network 
reveals the impossibility of obtaining a constant solution in the 
form of Eq. (13-78). This is because the terms on the right-hand 
side of Eq. (13-73) contain the parameter 7, and therefore the solu- 
tion must also be functions of f; otherwise, the two sides of this 
equation cannot be identical. This observation shows that only 
autonomous networks can be in equilibrium. Accordingly, only 
autonomous networks will be considered in the following sections. 

It is desirable to know the equilibrium state of a network be- 
cause it represents the steady-state behavior. To determine the 
equilibrium state, we must impose the constraint given by Eq. 
(13-77) on the normal-form equations of an autonomous network 
(Eq. 13-75); namely, 


JAC eye oe 
S2(X1,X2, SOD i) — 0 


al Xion ey nO 


(13-79) 
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The solution of this system of equations is the equilibrium state. 
Since Eq. (13-79) is nonlinear, it may have more than one solution; 
each one qualifies as an equilibrium state. Therefore, an autono- 
mous nonlinear network generally has more than one equilibrium 
state. We shall summarize the above observations as a theorem. 


IMPLICIT EQUILIBRIUM STATE THEOREM 


The equilibrium states of any autonomous network can be deter- 
mined by solving the system of nonlinear functional equations ob- 
tained by equating the right-hand side of the normal-form equa- 
tions of the network to zero. 


Before we can apply the implicit equilibrium state theorem, it 
is necessary to derive the normal-form equation first. For a com- 
plicated network, this step is sometimes very involved. Fortunately, 
the derivation of normal-form equations can be obviated by a 
proper interpretation of Eq. (13-77). To be specific, let us consider 
an autonomous network containing & inductors and (n-k) capaci- 
tors, as shown in Fig. 13-17a. The first k state variables may 
represent either inductor flux linkages q; or inductor currents iz,. 
Similarly, the remaining (n-k) state variables may represent either 
capacitor charges g; or capacitor voltages vg;. Accordingly, Eq. 
(13-77) may assume either the form! 


4 =i), Mapa 
(13-80) 
Eb 2) ~ jaqema( eee 
dt 
or the form 
Hus = nl en ke 
(13-81) 
dvg; 3 
es Met (nt) RO yaa 
dt 
But 
3 dp; — dy; dit, 
Lj SS er 75 
ie felaeecatBl ees 
gy dq; dvg; 


i bigena: Mrnedug uns 
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10On certain occasions it 
may be desirable to choose 
a combination of state 
variables made up of ca- 
pacitor voltages and 
charges, as well as induc- 
tor currents and flux link- 
ages. In this mixed case, 
Eq. (13-77) assumes the 
form of both Eqs. (13-80) 
and (13-81). 
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Therefore, in either case Eq. (13-80) or Eq. (13-81) is equivalent to 


vy Oi ta fay Qe .ok 


(13-83) 
ig, =O FSR Le 2) 

We have shown that in the case of an autonomous network, the 
constraint imposed by Eq. (13-77) is equivalent to the constraint 
given by Eq. (13-83). 

But Eq. (13-83) can be interpreted simply as replacing each 
inductor by a short circuit and each capacitor by an open circuit, 
as shown in Fig. 13-17b. Observe that the resulting network is 
purely resistive and is therefore amenable to the analysis techniques 
developed in Part 2 of this book. Let the solution be given by 


inl i eRe 


(13-84) 
Oo i= Deepak sail thi ei2 a eat 
If the pertinent state variables are i,, and vg,, then the equilib- 
rium state is given by the point (/4,/o,.. . Ji, n+1,E +2, --- En): 
On the other hand, if the pertinent state variables are g; and qj, 
then we can easily obtain 


= PU) j=1,2,...,k 
from the q,-vs.-i,, curve and 
Gis OE) ey a( hears (eel eee, 


from the qj-vs.-vo; curve. In this case the equilibrium state is given 
by the point (®1(/4), ®o(J2), a arts ®,.(Cx), Qn Eeea); Ons2(Exs2), 
..., O,(E,)). The above interpretation is important enough to be 
stated as a theorem. 


EXPLICIT EQUILIBRIUM STATE THEOREM 


The equilibrium states of an autonomous network can be deter- 
mined by solving for the short-circuit currents and open-circuit 
voltages of the n-port resistive network obtained by replacing each 
inductor by a short circuit and each capacitor by an open circuit. 


This theorem reduces the problem of determining the equilib- 
rium states of a dynamic network to the operating-point problem 
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dc- de- 
resistive resistive 
subnetwork subnetwork 
N, 


2 


Fig. 13-17. The equilibrium 
state of an autonomous net- 
work can be obtained by solv- 
ing for the terminal currents 
and voltages of the resistive 
network obtained by replacing 
each inductor by a short cir- 
cuit and each capacitor by an 
open circuit. 


(a) (b) 


of a resistive network. The principles developed in Part 2 of this 
book are therefore applicable here. 


13-6-1 EQUILIBRIUM STATES OF A SWITCHING CIRCUIT: 
A NUMERICAL EXAMPLE 


Consider the tunnel-diode switching circuit shown in Fig. 13-18ay 


and tunnel-diode v-i curve shown in Fig. 13-185. The load-line {Except for the element 
values, this circuit was 


construction shows three operating points, namely, Qi(v1 = 0.06 eone dered srliceainabie: 
volt, i = 0.76 ma), Oo(v1 = 0.29 volt, i = 0.6 ma), and Q3(v1 = 0.88 6-5. 


618 Dynamic nonlinear networks 
Dynamic model of 
‘2 tunnel diode 
1.5 kQ 1.5 kQ L(5nH) 
pe EZ VONS Cc 
=| 1.2 volts 5 (2 pF) 
(a) (c) 
iy 1.2 volts 1.5ka ip L 1.2 volts 1.5kQ (9 


C(2pF) 


(d) 


Fig. 13-18. To resolve the 
operating-point paradox, the 
dc-resistive tunnel-diode 
switching circuit is transformed 
into a second-order dynamic 
network by replacing the tun- 
nel diode with a dynamic 
model. 


1 The synthesis of an appro- 
priate dynamic model for 
a physical device is a very 
difficult problem. Until a 
general theory is available, 
each device must be han- 
dled as a separate entity 
where the model is usually 
obtained from physical 
principles and intuitions. 


volt, i = 0.2 ma). We know, of course, that only one operating 
point can be observed at any given time. The operating-point 
paradox (Sec. 5-5) questions the significance of these contradictory 
results. We shall now show that this paradox can be easily resolved 
by interpreting the operating point of a resistive network not as a 
physical solution but as an equilibrium state of an associated dy- 
namic network obtained by including the parasitic elements. Once 
this step is taken, the operating-point paradox disappears because, 
as will be shown in the following section, not all equilibrium states 
are physically observable. 

The dynamic network associated with this circuit can be easily 
obtained by connecting a parasitic inductance L and a parasitic 
capacitance C to the tunnel diode as shown in Fig. 13-18c. The 
three elements enclosed by the black box constitute a dynamic 
model of the tunnel diode.t This model is usually supplied by the 
manufacturer of the device with the pertinent parameter values. In 
this case, the parameters of the chosen tunnel diode are given by 
£=5 nH (1 nanohenry = 10-® henry) and C=2 pF (1 pico- 
farad = 10-1? farad). To find the equilibrium states of this second- 
order network, let us first redraw the network into the form of a 
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two-port resistive network with the inductor and capacitor con- 
nected across ports | and 2, respectively, as shown in Fig. 13-184. 
Let us find the equilibrium states of this network by two methods. 


Method 1 This method applies the implicit equilibrium state 
theorem and therefore requires that we derive the normal-form 
equation first. In order to do this analytically, we have approxi- 
mated the v-i curve of the tunnel diode in Fig. 13-185 by the 
following polynomial!: 


i = g(v) = 17.76v — 103.79v2 + 229.6203 — 226.314 
+ 83.72v° ma _ (13-85) 


The normal-form equations are easily obtained by the method 
described earlier in Sec. 13-4; namely,? 


diz, _ —1.2 — (1.5)(10)iz, + vo, 


= 13-8 
at 5(10-9) ( 2) 
ac, —ir, — g(vc,)(10-3) 
= Sie ee eee 13-8 
at 2(10712) ( ? 
where 


200.) = 17.76v¢e, — 103.79v¢,2 + 229.62v¢,3 — 226.31v¢,4 
+ 83.72v¢,5 (13-88) 


We can now apply the implicit equilibrium state theorem and 
equate Eqs. (13-86) and (13-87) to zero. 


eS 102 i, kc 0 (13-89) 
—iz, — g(¥c, (10-3) = 0 (13-90) 


To solve for iz, and ve,, we substitute Eq. (13-90) for iz, in Eq. 
(13-89). 


—1.2 + 1.5(103)[g(ve,)(10-3)] + ve, = 0 (13-91) 


Substituting Eq. (13-88) for g(vc,) in Eq. (13-91) and simplifying, 
we obtain 


125.58v9,5 — 339.47v¢,4 + 344.43v9,3 — 155.7v¢,? 
Peoguesee 2= 0. (13-92) 
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1For details on how to ap- 
proximate a curve by a 
polynomial, see Appendix 
A-3 and J. A. Narud and 
C. S. Meyer, A Polyno- 
mial Approximation for 
the Tunnel-Diode Char- 
acteristic, JEEE Trans. 
Circuit Theory, (Corre- 
spondence), vol. CT-10, 
p. 526, December, 1963. 


2It is important that we 
maintain a consistent set 
of units throughout the 
derivation. For this ex- 
ample the units of i;, and 
Uc, are amperes and volts. 
This means that the poly- 
nomial g(v) = g(ve,) in Eq. 
(13-85) must be multiplied 
by the factor 1073. 


620 


{For polynomial equations 
there exist several numer- 
ical techniques which will 
find all roots. Unfortu- 
nately, if the equation is 
not in polynomial form, 
then numerical techniques 
may fail to give all solu- 
tions. 
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This is a fifth-degree polynomial equation and can be solved by 
numerical techniques. With the help of a computer, Eq. (13-92) is 
found to have three real solutions;} ve, = 0.06, 0.29, and 0.88 volts. 
Substituting these three values for vg, in Eq. (13-90), we obtain 
iz, = —0.76, —0.6, and —0.2 ma. The network, therefore, has the 
following three equilibrium states: 


Equilibrium state 1: ir, = —0.76 ma Vo, = 0.06 volt 

Equilibrium state 2: ir, = —0.6 ma Vo, = 0.29 volt 

Equilibrium state 3: ir, = —0.2 ma Vo, = 0.88 volt 
(13-93) 


Method 2. Let us now apply the explicit equilibrium state theorem 
by replacing the inductor by a short circuit and the capacitor by 
an open circuit, as shown in Fig. 13-18e. The equilibrium states, 
therefore, coincide with the (i,,,vc,) coordinates of the operating 
points of this resistive network. Observe that this circuit is identical 
with the original circuit in Fig. 13-18a. Hence, the same set of 
operating points obtained earlier by the load-line construction 
method constitutes the equilibrium states; namely, 


Equilibrium state | (Q,): 

fe = Sah = SUNG ie Ug, = V = 006 volt 
Equilibrium state 2 (Qz2): 

ip i 0.6 a Des. = 0 = 029 voltiay (13-94) 
Equilibrium state 3 (Q3): 

in, = —ly = —0.2 ma Uc, = V = 0.88 volt 


A comparison between Eqs. (13-93) and (13-94) shows the same 
answers, as it should. Observe, however, that the second method 
is much easier to apply. 


13-6-2 RELATIONSHIP BETWEEN TRAJECTORIES 
AND EQUILIBRIUM STATES 


The solutions x1, X2,..., Xn of an nth-order autonomous network 
corresponding to some prescribed initial condition (x1,,%2,, - . - Xing) 
are generally functions of time x1; = X,(f), x2 = Ao(D) ere 
X,(¢). In most practical networks, these motions eventually settle 
down to some constant values ky, ko,...,kn. In this case the 
motion is said to be converging toward the equilibrium state 
(k1,k2,...,kn). Since the motion of a network is completely de- 
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i Ug, volts 


1.0 


Q> 
106, 0.29) 


1 | 
(—0.76, 0.06) | 


scribed by its trajectory starting from the prescribed initial state, 
it follows that the associated trajectory must eventually arrive at 
the equilibrium state of the network. 

If a network contains m equilibrium states, then depending on 
the initial state, the trajectory can converge toward only one 
of them. For example, let us consider the switching circuit shown 
in Fig. 13-18c again. The equilibrium states of this network are 
plotted in the 7;,-vs.-v¢, plane as shown in Fig. 13-19. By principles 
to be described in Chap. 19, it can be shown that the trajectory 
starting from the initial state P; converges toward the equilibrium 
state Q3, whereas the trajectory starting from the initial state P» 
converges toward the equilibrium state Qj. It will also be shown 
that no matter what the initial state is, no trajectory can ever con- 
verge toward the equilibrium state O?.; Observe that when the 
network is in equilibrium at Q; or at Q3, the parasitic inductor 
can be replaced by a short circuit, and the parasitic capacitor by 
an open circuit. In either case the dynamic network of Fig. 13-18d 
reduces to the resistive network of Fig. 13-18a. 

Using these observations, we can now conclude that although 
the original resistive network shown in Fig. 13-18a has three pos- 
sible operating points, it will operate only at Q1 or at Qs, depend- 
ing on the initial voltage across the parasitic capacitor. 


Exercise 1: Consider the same switching circuit shown in Fig. 13-18d, but this 
time let both inductor and capacitor be nonlinear. If the inductor is characterized 
by ip, = (10-7q1)1/3 amp, and the capacitor is characterized by vc, = (10%q2)1” 
volts, find the equilibrium states in terms of the state variables g; and qo. 
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Fig. 13-19. Depending on the 
initial state, the trajectory may 
converge either toward Qs or 
O1. 


{+The only exception here 
corresponds to the case 
where the initial state hap- 
pens to be Qy. In this case, 
the network remains at 
rest, and the corresponding 
trajectory degenerates to 
the point Q». This situa- 
tion will never occur in 
practice because the slight- 
est perturbation will cause 
the trajectory to leave Qo. 
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1 The trajectory cannot con- 
verge toward a point in 
the finite plane because, by 
definition, such a point 
would qualify as another 
equilibrium state. This 
would contradict the as- 
sumption that the network 
has only one equilibrium 
state. Actually, the point 
at infinity can also be con- 
sidered an equilibrium 
state. The behavior of the 
trajectories at infinity can 
be determined by perform- 
ing an appropriate mathe- 
matical transformation. 
The details for carrying out 
this analysis can be found 
in more advanced books 
on nonlinear oscillation. 


Strictly speaking, all other 
trajectories near the limit 
cycle must, by definition, 
be open. 
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Exercise 2: Find the equilibrium states of the network shown in Fig. 13-18d by 
determining the following two DP plots: (1) The DP plot across the inductor port 
with the capacitor replaced by an open circuit. (2) The DP plot across the capaci- 
tor port with the inductor replaced by a short circuit. 


Exercise 3: Generalize the method used in Exercise 2 for finding the equilibrium 
states of an nth-order autonomous network. 


13-7. STABILITY OF EQUILIBRIUM STATES 


We have just seen an example of an equilibrium state which 
no trajectory can approach. Such an equilibrium state is often 
said to be unstable. A fundamental problem in the theory of 
dynamic networks is to determine the stability or instability of 
equilibrium states. This problem is of great practical significance 
because there are many physical systems which tend to become 
unstable unless properly designed. For example, consider a network 
containing only one equilibrium state. If this equilibrium state is 
unstable, then the trajectory of the network can be only a closed 
loop or an open trajectory which approaches a point at infinity.t 

In the case of a closed-loop trajectory, otherwise known as a 
limit cycle,? the system will oscillate periodically. For example, 
a spacecraft with an unstable equilibrium state might tumble 
in space. This oscillatory motion is clearly undesirable in all cases 
except when the system is originally intended to be an oscillator. 
In the case of an open trajectory which tends towards infinity, the 
system will break down before this happens. For example, in an 
electronic circuit, some component will burn out as soon as its 
maximum voltage rating is exceeded. 

In order to be able to avoid such catastrophic designs, it 
is necessary that we understand the concept of stability in suffi- 
cient depth. Intuitively, an equilibrium state of a physical system 
is said to be stable if, whenever the system is thrown off balance 
from an equilibrium position, it will eventually return to the orig- 
inal position; otherwise, the equilibrium state is said to be unstable. 
Before we formulate a precise definition of the stability of equilib- 
rium states, it is instructive to consider the two simple systems 
shown in Fig. 13-20a and b. In both systems a metallic ball is con- 
strained to move inside a glass tube with a prescribed contour. 

It follows from the principles of mechanics that the equations 
of motion of these systems can be written in fhe normal form with 
the horizontal displacement x and the horizo:.al velocity compo- 
nent v, as the state variables. Without writiny down the normal- 
form equations, however, it is clear that any point where the ball 
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(a) 


will remain at rest upon being released is an equilibrium state of 
the system. For example, for the system shown in Fig. 13-20a, 
there is only one equilibrium state, Q(x = 0,v, = 0). On the other 
hand, there are five equilibrium states in the system shown in 
Figee 3-205) “namely. 9 O10 = x90, ="0) 9 0200S xou0, = 0); 
Cee g 0, 0), Oe — Xoo, = 0) and? Os(x =2x52,0, ='0)! 

Although the above points all qualify as equilibrium states, 
they do not necessarily behave in the same manner when thrown 
Olebalance Inuthe case oi Oy of Fig, 13-200 it is*clear that 
no matter how far we perturb the ball from Qj, the ball will 
always return to Q, eventually because of the friction between the 
ball and the glass tube. Hence, intuitively we say Q, is stable. A 
completely opposite behavior is observed at Q;, Q3, and Qs of 
Fig. 13-20b. Observe that the slightest perturbation of the ball 
from any of these points will result in the ball leaving that point 
forever. Hence, intuitively we say Q1, Q3, and Qs are unstable. 

Consider next the remaining two equilibrium states. Observe 
that when perturbed, the ball at Q2 will eventually return to Qe, 
provided the initial perturbation is not large enough to force the 
ball above point A. Similarly, the ball at Q4 will eventually return 
to Q4, provided the initial perturbation does not carry the ball 
beyond point B. In either case we may say that the ball is stable, 
provided the initial perturbation is small. Observe that this condi- 
tion is not needed in the case of Q, of Fig. 13-20a. In order to dis- 
tinguish the two possible types of stable equilibrium states, we 
refer to QO; of Fig. 13-20a as being stable-in-the-large or globally 
stable. In contrast with this, we refer to Oz and Q4 of Fig. 13-205 
as stable-in-the-small or locally stable. 

Let us consider the ideal case where the system shown in 
Fig. 13-20a is frictionless. Observe that if we repeat the above ex- 
periment, the ball will no longer return to its original position but 


Fig. 13-20. Two physical sys- 
tems for illustrating the con- 
cept of the stability of equilib- 
rium states. 
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{This thought experiment 
must be carried out for all 
values of ¢«, and corre- 
sponding to each circle C,, 
a nonzero radius 6 must be 
found which has the de- 
sired properties. 
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will oscillate forever, passing through point Q, twice every cycle. 
According to our intuitive definition, we would say the equilibrium 
state QO, is unstable. However, this type of instability is very differ- 
ent from that of Q1, Q3, or Qs in Fig. 13-20b. Moreover, since the 
motion is periodic, there is a certain order or regularity that the 
other unstable equilibrium states did not possess. In view of this, 
many scientists prefer to call the above equilibrium state stable, 
while referring to any equilibrium state to which any trajectory 
eventually returns as being asymptotically stable. The above classi- 
fication was first proposed by the Russian mathematician Liapunov 
and is generally accepted today as a reasonably useful definition 
for stability of equilibrium states. As such, we shall now summarize 
the above definitions in more precise terms. 


13-7-1 STABILITY DEFINITION FOR SECOND-ORDER NETWORKS 


Since the trajectories in a two-dimensional phase plane offer a 
much clearer geometrical interpretation, we shall formulate our 
stability definition in terms of second-order networks. The exten- 
sion of this definition to nth-order networks will be given in the 
next section. 

An equilibrium state Q with coordinates (X19,%2,) is said to 
be stable in the sense of Liapunov if all trajectories in the neigh- 
borhood of this point satisfy the following thought experiment: 
(1) Given any number € > 0, draw a circle C, with radius equal to 
e and center at Q. (2) Find a smaller circle C; with radius 6 > 0 
and also center at Q such that any trajectory which starts from an 
initial state inside this circle will never cross the bigger circle C..+ 

The geometrical interpretation of this experiment is shown in 
Fig. 13-21la. The experiment fails in Fig. 13-21b because some tra- 
jectories starting inside C; would eventually cross C,. On the other 
hand, if all trajectories starting inside C; never cross the circle C,, 
as in Fig. 13-21c, then the experiment is satisfied for this particular 
value of «. If it can be shown that the experiment is satisfied for 
all values of ¢, then the system is stable. Notice that in order to be 
stable, the trajectories need not converge toward the equilibrium 
state Q. They could just as well form closed curves which corre- 
spond to periodic solutions. 

If in addition to being stable all trajectories eventually ap- 
proach the equilibrium state Q, then the network is said to 
be asymptotically stable. A typical trajectory satisfying this condi- 
tion is shown in Fig. 13-21d. 

Notice that although the above stability definitions agree with 
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Fig. 13-21. A geometrical in- 

our intuition, they are very difficult to verify. This is due to the re- _terpretation of various stability 
quirement that the experiment be satisfied for all possible values °"™""'°"® 
of «. One certainly cannot afford to test each and every value of «. 
On the other hand, it is usually much easier to show that a net- 
work is unstable. This can be done by exhibiting only one trajec- 
tory which fails the test. In view of the difficulty for showing 
stability, we shall formulate some useful stability criteria in the fol- 
lowing chapters. 
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13-7-2. STABILITY DEFINITION FOR nTH-ORDER NETWORKS 


We can now generalize the above stability definitions to nth-order 
networks. Instead of circles with radius e and 6, we now talk of 
n-dimensional spheres with radius « and 6. An n-dimensional 
sphere S, with radius ¢ is defined to be the set of all points whose 
distance from the equilibrium state is equal to ¢. Our stability 
definition now takes the following form: An equilibrium state Q 
in an n-dimensional state space is stable in the sense of Liapunov 
if, given any value « > 0 and any initial time ¢ = 4p, it is possible 
to find a corresponding sphere S; with 0 < 6 < € such that all tra- 
jectories starting inside S,; will never cross the larger sphere S.. If, 
in addition to this property, all trajectories starting inside S'; even- 
tually approach Q, then the equilibrium state is asymptotically 
stable. 


Exercise 1: Define stability and asymptotic stability for a first-order network. 
Exercise 2: Define stability and asymptotic stability for a second-order network. 


Exercise 3: Explain why all stability definitions require that the prescribed tests 
be satisfied for all values of e, and not just for one. 


Exercise 4: Sketch a geometrical interpretation of the stability and asymp- 
totic stability definitions for third-order systems. 


13-8 SUMMARY 


Order of complexity This is defined as the maximum number of in- 
dependent initial conditions that can be specified in terms of the 
electrical variables in the network. It is also equal to the number 
of state variables in the normal-form equations associated with the 
network. This number corresponds, therefore, to the minimum 
number of initial conditions that must be specified in order to solve 
the network completely, that is, without the need for introducing 
arbitrary constants. 


Classification of dynamic nonlinear networks Any network can be 
classified as a zero-order network, a first-order network, a second- 
order network, ..., or as an mth-order network. A zero-order net- 
work is simply a synonym for resistive networks. All other classes 
are dynamic networks. 
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Significance of initial conditions Initial conditions are introduced in 
lieu of the past history of the voltages and currents in the energy- 
storage elements, which are usually unknown. Some appropriate 
sets of initial conditions are the “charge” or “voltage” of a capaci- 
tor and the “current” or “flux linkage” of an inductor. The order 
of complexity of RLC networks can be determined by inspection. 
See Eq. 13-10. 


Alternate method for deriving normal-form equations This method 
extracts all energy-storage elements from the network and derives 
the equations in terms of the port description of the resistive sub- 
network. 


Trajectories These consist of space curves (not a surface) represent- 
ing the solution waveforms in the state space with the variable time 
as a parameter. 


Equilibrium states The points on the state space for which the so- 
lution yx;/ai— 0, j = 1, 2;2.:,n. There are two methods. for 
determining the equilibrium states: 


1. Implicit equilibrium state theorem. Obtained by equating the 
right-hand side of the normal-form equations to zero and 
solving these equations by numerical methods. 


2. Explicit equilibrium state theorem. Obtained by finding the 
operating points when all inductors are replaced by short cir- 
cuits and all capacitors are replaced by open circuits. 


Stability A network may be stable, asymptotically stable, or un- 
stable. Roughly speaking, it is stable if the trajectories do not tend 
to infinity. It is asymptotically stable if all trajectories converge to 
the equilibrium state. It is unstable if it is not stable. 


PROBLEMS 


13-1 Find the order of complexity of the networks shown in Fig. 
P13-la to d by inspection. 


13-2 A certain mechanical spring-mass system under stress can be 
modeled by the dynamical network shown in Fig. P13-2. The in- 
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Fig. P13-1. 


dependent sources are time-dependent in order to simulate the 

externally applied forces. 

(a) Find the order of complexity of this mechanical system. 

(b) With capacitor charges g; and inductor flux linkages 9; 
chosen to be the state variables, write down the general 
functional form of the equations of motion in the normal 
form. 

(c) Is this an autonomous or a nonautonomous network? Is the 


concept of an equilibrium state applicable here? Explain 
why. 


Basic concepts of dynamic nonlinear networks 629 


Fig. P13-2. 
13-3 Consider the network shown in Fig. P13-3. With i as the state 
variable, derive the equations of motion in the normal form by 
two methods: 
(a) By the elimination and substitution method developed in 
Sec. 4-6. 
(b) By finding the DP plot across the resistive one-port network 
described in Sec. 13-4. 
Element characteristics: 
Resistor : v=, ti, 
Inductor: g=tanhi 
Current source: I(t)=10 cos wt Fig. P13-3. 


13-4 Repeat Prob. 13-3 for the network shown in Fig. P13-4 with v as 
the state variable. 


10 
i Element characteristics: 
+ Resistor: i, =v,/%, v,20 
v(t) 
E ae ==1y,0%, v,<0 
= Pate ag A) 
Capacitor: g=u~+u+2 Fig. P13-4. 
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Fig. P13-5. 


Fig. P13-6. 


Fig. P13-7. 


Dynamic nonlinear networks 


13-5. Derive the normal-form equation of the network shown in Fig. 
P13-5 in terms of the state variable g. HINT: Apply the v-shift 
theorem and make use of the standard formula for solving cubic 
equations given in most mathematical tables and handbooks. 


Element characteristics: 


Resistor Ri: i, =Y, 


F eee 
Resistor R,: i, =U; 
Capacitor: v=2q°+q°-1 


13-6 Consider the network shown in Fig. P13-6. 


(a) 
(b) 


Find the normal-form equations in terms of the state vari- 
ables g; and qp. 

With v; = 491, ve = 8q2, and v(t) = 4 volts, determine the 
equilibrium states by applying the implicit equilibrium state 
theorem. 

Repeat (5) by applying the explicit equilibrium state theorem. 
Repeat (a) in terms of the state variables v; and vp. 

Repeat (a) in terms of the state variables q; and vp. 


20 


Element characteristics : 

Ci vy) jill) or q, =f (%;) 
: AST 

Cy: <2, =f,(¢,) Of gd, =f, (05) 


13-7 Consider the network shown in Fig. P13-7. 


(a) 
(b) 


(c) 
(d) 
(e) 


Find the normal-form equations in terms of the state varia- 
bles gm; and qe. 

With 91 = 4i1, p2 = ie, and v(t) = 5 volts, determine the 
equilibrium states by applying the implicit equilibrium state 
theorem. 

Repeat (b) by applying the explicit equilibrium state theorem. 
Repeat (a) in terms of the state variables i, and iz. 

Repeat (a) in terms of the state variables q; and ig. 


v (t) 
10 


Element characteristics: 
fe lbs 9,=f,(@,) or 
Uy =f, (,) 
a L,: ®y =f,(t,) or 
i,=f, (@,) 
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13-8 Consider the network shown in Fig. P13-8. 


13-9 


(a) 
(b) 
(c) 


(d) 
(e) 


Find the normal-form equations in terms of the state varia- 
bles Pi and q2- 

With 91 = ii, go = ve, and v(t) = 5 volts, find the equilib- 
rium states by applying the implicit equilibrium state theorem. 
Repeat (5) by applying the explicit equilibrium state theorem. 
Repeat (a) in terms of the state variables i; and vy. 

Repeat (a) in terms of the state variables q; and vy. 


12 e 


Find the normal-form equations for the networks shown in Fig. 
P13-9a to c. Compare the order of complexity of each network 
with that predicted by the theorem on the order of complexity of 
dynamic RLC networks in Sec. 13-2-2. Explain any discrepancy 
that may arise. 


(a) 


(b) 


v (t)=2 sint 


v (t)=sin t 
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Element characteristics: 


152 i, =f, (¢, ) or 


9, =f, (i,) 
Cz Geet, On 
-1 
i Wp) 
Fig. P13-8. 


Fig. P13-9. 
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13-10 Find the normal-form equations for the networks shown in Fig. 
P13-10a to c. Compare the order of complexity of each network 
with that predicted by the theorem on the order of complexity of 
dynamic RLC networks in Sec 13-2-2. Explain any discrepancy 
that may arise. 


ye) R3=20 


(a) 


vu (t) 


R,=12 


Fig. P13-10.  (¢) 


13-11 Consider the nonlinear network shown in Fig. P13-1la, where the 
nonlinear resistor, inductor, and capacitor are characterized by 
the v-i, i-p, and v-q curves shown in Fig. P13-11b to d, respectively. 

Find the equilibrium states by applying the explicit equilibrium 
Bisplalere state theorem. 


+ VU ~— 10volts 


v, volts 


(a) 
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Ae, webers q, coul 
Ad eis rs so 


+ t 


=v, volts 


| 
| | 
| | 
| | 
| | 
| | 
| | 


(d) 


Fig. P13-11. (Continued) 


13-12 Consider the network shown in Fig. P13-12. 
(a) Find the normal-form equation in terms of the state varia- 
ble 11. 
(b) Let v(t) = et and solve for 7;(¢) with the initial condition 
i;(0) = 5. Sketch the trajectory of solution. 
(c) Repeat (6) with v(t) = sin ¢. 


Fig. P13-12. 


13-13 The normal-form equation of a second-order linear network 
assumes the general form 


ase = A41X1 + Ayexe + k 

apes 12%2 1 

dx 
2 = 1X1 + A29X2 + ke 

dt 

(a) Find the equilibrium states in terms of the parameters aj; 


and k;. 
(b) Find the solutions x;(¢) and x(t) corresponding to each of 
the following sets of parameters: 


Gy = Aog = —1, diz = Ai = 0, ky = ko = 0 
i= 1099 — aio Go, ki ko — 0 
C= 2a = — | din = ao4 = 0, ky = ke = 0 
don 1 13 10, dot = 1 ky = ke =:0 


(c) Draw the trajectories corresponding to the solutions in (0) 
with the initial conditions (x1(0),x2(0)) = (5,5), (0,5), (—5,5), 
(—5,0), (—5,—5), (0, —5), (—5,—5), and (5,0), respectively. 
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(d) Based on the trajectories in (c), classify the equilibrium state 
(0,0) according to the type of stability it possesses, namely, 
stable, asymptotically stable, or unstable. State whether the 
classification is valid only locally or globally. 


13-14 Repeat parts (b), (c), and (d) of Prob. 13-13 for the following sets 


of parameters: 

Qi = —1, doo = liaise = ao = 0, ky = ka = 0 
Q4.= deg = =—lray, = —1, ayy = ll ke ha = 0 
Qt= a2 = l,aif= —l, on = ike ks = 0 
Gig = Goo = |, Gio = Van = —l ka —ke — 0 
Qi = G02 = 0, dye = —1, Qa, = Lky = ke — 0 


13-15 Let x be the state variable associated with a first-order network. 
(a) If the solution x(¢) is as shown in Fig. P13-15a, plot the 
associated trajectory. 
(b) If the trajectory is given by Fig. P13-15b, plot the corre- 
sponding solution x(f). 


x(t) 
20 
t=5.8 psec 
t= 1.5, 5.3 usec 
t=1.1, 2.0, 4.9 usec 
10 


t=0.7, 2.3, 4.4 usec 
t=0.6, 2.3 psec 
t=0.5, 2.5, 4.0 psec 


0-+-t=0.3 psec 


t=0.1 psec 


t=0 psec 


(a) oe mC) 


13-16 Let x, and x2 be the state variables associated with a second- 
order network. 
(a) Plot the trajectories associated with the three sets of solutions 
(x1(t),x2(t)) as shown in Fig. P13-16a to c. 
(b) Plot the solutions (x1(t),x2(t)) corresponding to each of the 
trajectories shown in Fig. P13-16d to f. 


— > x 


Fig. P13-16. 
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+ Recall that f(x) is a single- 
valued function of x if for 
each value x = x,, there 
corresponds one and only 
one value f(xx). In this 
case we say f(x) is 
x-controlled. 


14-1 BASIC PHILOSOPHY AND APPROACH 


The normal-form equation of a first-order autonomous network 
has been shown to be of the form 


& =f) (14-1) 


The expression f(x) can be obtained from the DP plot of the 
associated one-port resistive subnetwork and may either be a 
single-valued or a multivalued function of the state variable x. If 
f(x) is easily represented in analytic form, then the numerical 
techniques, such as those presented in Sec. 4-7-1, can be used to 
find the solution of Eq. (14-1) with the help of a computer. One 
disadvantage of this approach, however, is that it does not give 
much insight into the network’s behavior. This is because anyone 
who has a computer program for solving Eq. (14-1) can find the 
solution corresponding to any given initial condition without the 
slightest idea of what a capacitor or an inductor inside the network 
does. Actually, in order to make good use of a computer, one 
must have some idea of the general behavior of the network first, 
rather than resort to a blind use of the computer. In fact, when- 
ever one is confronted with the analysis or synthesis of a new net- 
work, a qualitative analysis is much more meaningful than a 
quantitative analysis. Some of the important qualitative results 
that are useful to know are the location and stability of the equilib- 
rium states. Another desirable piece of qualitative information is 
the behavior of the trajectories near an equilibrium state. 

In view of the above considerations, we shall present first 
some useful techniques for obtaining a qualitative analysis of any 
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first-order autonomous network. Once the qualitative analysis is 
complete, the next logical step will be to perform a quantitative 
analysis with some meaningful (rather than arbitrary) choice of 
initial conditions. The piecewise-linear approach will be intro- 
duced for obtaining the desired quantitative results. 


14-2 EQUILIBRIUM STATES AND STABILITY CRITERIA 


The equilibrium states corresponding to Eq. (14-1) are given by 
the solutions of 


f(x) =0 (14-2) 


Graphically, these consist of the points of intersection of the curve 
F(x) with the x axis. In order to investigate the stability of these 
equilibrium states, let us consider the hypothetical curve f(x) 
as shown in Fig. 14-la. The equilibrium states of this network are 
obtained by projecting the x coordinate of the points of intersec- 
tions of f(x) with the x axis as shown in Fig. 14-1d. 

To determine the stability of each equilibrium state P;, it is 
necessary to perform a conceptual experiment around the neigh- 
borhood of P; in accordance with Liapunov’s definition. This con- 


f (x) 
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Fig. 14-1. The equilibrium 
states of a first-order network 
are given by the x coordinates 
of the points of intersections 
of f(x) with the x axis. 


f(k,+€,)70 
> xX 
| | 
| | f (ka +€2) <0 
| 
| | 
| | 
| | 
| | | 
| | | | 
| : | | 
! P, (x =kg) Py (x=ko) Pi (x=k) 
a = P, (x=k 3 3 2 2 1 1 
Py(x=hg) Ps(e=hs) | Pa (x=ha) Haas VAs ! a . 
O x=(ko-€,) , x=(Ra+€5) | x=(k, +) 
(d) 
| 
| € 
~< €5 a0 E> coal kK 
en ey cen a Sy ee ee 
Pp ig OR, Ps 13. P, 
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+ By definition, the pertur- 
bation € can be any arbi- 
trary number, provided it 
does not cause the result- 
ing initial state to fall out- 
side of the equilibrium 
states adjacent to Pj. 
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sists of perturbing the state variable x a distance « to the right or 
to the left of P;,; and observing the resulting trajectory starting 
from this new initial state. If the trajectory corresponding to each 
value of € always returns to Pj, the equilibrium state P; is stable. 
On the other hand, if there is a value of e for which the trajectory 
diverges from P;, the equilibrium state P; is unstable. 

Consider first the equilibrium state Py. Suppose we begin by 
perturbing the state variable x from x = ky tox = (ky + &) at an 
arbitrary initial time ¢ = fo. Our problem is to investigate the 
nature of the solution x = X(t) with X(to) = (ki + «1) as the initial 
condition. At this point f(x) = f(kA1 + 4) > 0 (Fig. 14-1a). Since 
the solution x = X(t) must satisfy Eq. (14-1) for all time 7, we have 
ai i == UG) 


dx 
ee ey 


This implies that the solution x = X(f) starting from x(fo) = 
(ky + must be an increasing function of time at f = fo, and 
therefore the corresponding trajectory must be moving to the 
right of P;, as shown in Fig. 14-lc. Moreover, since f(x) > 0 for 
x > (ky + «1), it is clear that the trajectory must keep on moving 
to the right and will never return to Py. Hence, we conclude that 
the equilibrium state P, is unstable. 

Consider next the equilibrium state P». If we displace x from 
x = kp to x = (ko + €), as shown in Fig. 14-lc, we find that 
dx/dt <0, and the trajectory must be moving toward P»:. This 
behavior is easily seen to be true for any other value of e2 that re- 
sults in an initial state between P2 and P;. However, we cannot 
conclude that P2 is stable because we have not yet tested the case 
where x is displaced to the left of P2. Hence let us perturb x from 
x = kg to x = (kp — €2). This time we have f(k2 — €2) > 0, and 
the trajectory is again seen to move toward Py. Since this behavior 
is true for any value of € that results in an initial state between 
Pz and P3, we conclude that the equilibrium state Pz» is stable. 

Consider next the equilibrium state P3. It is seen from Fig. 
14-la that any trajectory corresponding to any initial state between 
P3 and P, will converge toward P3. However, the trajectory corre- 
sponding to any initial state between P3 and P, tends to diverge 
from P3. Therefore, we conclude that P3 is unstable. 

By a similar procedure we can readily establish that the 
equilibrium states P, and Ps are also unstable, and that the 
equilibrium state Pg is stable. Hence, of the six equilibrium states, 
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only Pz and Pg are stable. If we examine Fig. 14-la for f(x) 
at these two points more carefully, we observe that f(x) is a 
monotonically decreasing function within a small interval centered 
about P2 and about Pgs. In contrast to this we see that within the 
interval about each unstable equilibrium state, f(x) is not a mono- 
tonically decreasing function of x. These observations allow us to 
state the following stability criteria. 


STABILITY CRITERIA FOR FIRST-ORDER NETWORKS 


Let dx/dt = f(x) be the normal-form equation of a first-order 
network, where f(x) is a continuous single-valued function of x. 
Let P(x = k;) be an equilibrium state of the network. Then P; is 
stable if there is an interval around x = k; where f(x) is a mono- 
tonically decreasing function of x. Otherwise, P; is unstable. 


Applying this theorem to the function f(x) shown in Fig. 
14-la, we can conclude immediately by inspection that Pz and Pg 
are stable, whereas P;, P3, P4, and Ps are unstable. The equilib- 
rium states P; and P, are unstable because there is no interval 
about P; or Ps, where f(x) is monotonically decreasing. The 
equilibrium state P3 is unstable even though f(x) is monotonically 
decreasing on the left of P3 because f(x) becomes monotonically 
increasing on the right of P3. Similarly, although f(x) is mono- 
tonically decreasing on the right of Ps, it is monotonically increas- 
ing on the left of Ps; therefore, P5 is unstable. 

If we take another look at Fig. 14-la, we observe that the 
slope of f(x) at each equilibrium state P; may either be zero, 
positive, or negative. The slope will be zero if, and only if, P; is a 
minimum, a maximum, or a point of inflection of f(x). In most 
practical problems the slope of f(x) at P; is either positive or 
negative but not zero. If the slope is positive, f(x) is monotonically 
increasing, and if the slope is negative, f(x) is monotonically de- 
creasing. Therefore, we can state a corollary to the theorem of 
stability criteria for first-order networks. 


COROLLARY TO STABILITY CRITERIA FOR FIRST-ORDER NETWORKS 


If the slope of f(x) is nonzero at each equilibrium state P;, then P; 
is stable if the slope of f(x) at P; is negative and P; is unstable if 
the slope of f(x) at P; is positive. Moreover, if f(x) is a single- 
valued function, the equilibrium states must alternate between 
stability and instability. 
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+A function f(x) is said to 
be monotonically decreas- 
ing if f(x2) < f(%1) when- 
OEP Hy See 
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f (x) 


Fig. 14-2. An example illustrat- 
ing the determination of the 
stability of equilibrium states 
by inspection. An equilibrium 
state P; is stable if the slope of 
f(x) at P; is negative; other- 
wise, it is unstable. 


7It must be emphasized, 
however, that in many 
practical situations we do 
not even have to do this 
because we are usually 
interested only in the 
general properties of the 
solutions and not in the 
exact solution waveforms. 


To demonstrate the utility of this corollary, consider the curve 
f(x) as shown in Fig. 14-2a. Since the slopes at P;, P3, P5, and Pz 
are positive, these equilibrium states are unstable. On the other 
hand, the equilibrium states Pz, P4, and Pg are stable because the 
slopes of f(x) at these points are negative. Alternately, we could 
have obtained the same conclusion by determining the stability of 
any one equilibrium state and then using the alternating property 
to determine the stability of the remaining equilibrium states. For 
example, let us arbitrarily choose P3 and examine its stability. 
Since the slope of f(x) at P3 is positive, we conclude that P3 is un- 
stable. From this information alone we can immediately conclude 
that the equilibrium states P,, P5, and P; must be unstable, 
whereas the equilibrium states P2, P4, and Pg must be stable. 

Once we find the stability of each equilibrium state of a first- 
order network, we can draw the trajectory corresponding to any 
initial state. For example, the trajectories corresponding to the 
initial states Q1, Qo, ..., Og are easily obtained as shown in Fig. 
14-2b. The trajectory corresponding to the initial state Q; must 
diverge from P; because the equilibrium state P; is unstable. On 
the other hand, the trajectories corresponding to the initial states 
Q,4 and Q; must both converge toward P, because the equilibrium 
state P4 is stable. If we can also find the time parameter associated 
with each trajectory, as will be considered in the following section, 
then we can recover the solution x = X(t) corresponding to any 
initial condition X(to) = Xo. 


14-3 STABILITY CRITERIA FOR TWO COMMON CIRCUIT CONFIGURATIONS 


Let us now apply the stability criteria of the preceding section to 


derive a simple criterion for two commonly encountered circuit 
configurations. 
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Configuration 1 Consider the network shown in Fig. 14-3a. If we 
denote the vr-ir curve of the nonlinear resistor by iz = g(Upr), then 
the normal-form equation is easily found to be 


dave it l |= == UG 


Comparing this equation with Eq. (14-1), we obtain 


roe a|- 5 Lo stv) | (14-4) 


where the state variable x is now given by uc = vp. The equilib- 
rium states are simply the intersections between the vp-ig curve and 


the load line. To apply the corollary to the stability criteria, 
we obtain 


f’@c) = + |-+ — (ve) (14-5) 


where g’(uc) represents the slope of the vp-ir curve, and is called 
the incremental conductance. From Eq. (14-5) we conclude that an 
equilibrium state Q; is stable if, and only if, 


Z > -8 elo, 1426) 


where —g’(vg)|g,; is the incremental conductance at the point Qj. 
Equation (14-6) represents the stability criterion for the network 
in Fig. 14-3a and can be stated as follows: An equilibrium state 


hip Loe 


Load line 
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Fig. 14-3. An equilibrium state 
Q; of this network (configura- 
tion 1) is stable if, and only if, 
the conductance 1/R is greater 
than the magnitude of the in- 
cremental conductance of the 
Up-ip Curve at Qj. 


Load line 


(a) 
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Q; on the vp-iz curve is always stable if the incremental conduct- 
ance g’(v_) at Q; is positive. However, if g’(vr) << 0, then Qj; is 
stable only if the magnitude of the incremental conductance at Q; 
is less than the conductance 1/R of the load line. 

This criterion enables us to find the stability of the equilib- 
rium state by inspection, ie., without obtaining the DP plot. For 
example, suppose the nonlinear resistor is a tunnel diode with the 
Up-ig Curve shown in Fig. 14-35. Since the slope of this curve at Qi 
and Q3 is positive, we conclude immediately that Qi; and Q3 
are stable. Since the slope at Q2 is negative, and the magnitude of 
the incremental conductance |g’(vp)| is not less than 1/R, we con- 
clude that Q2 is unstable. On the other hand, the equilibrium state 
Q in Fig. 14-3c is stable because the incremental conductance at Q 
is less than 1/R. 


Configuration 2 Consider next the network shown in Fig. 14-4a. 
This time it is more convenient to denote the vp-ig curve by 
Up = I(ir). The corresponding normal-form equation is given by 


di, _ (E = Rir) = rin) 


ee 7 (14-7) 
Comparing this equation with Eq. (14-1), we obtain 
E — Riz) — r(i 
fiz) === = i) (14-8) 


The equilibrium states are given, as usual, by the intersections be- 
tween the load line v = E — Ri, and the vp-ig curve. To apply the 
corollary to the stability criteria, we obtain 


fs) = FIER = I (14-9) 


where r’(i,) represents the reciprocal slope of the vg-ig curve and 
is called the incremental resistance. From Eq. (14-9) we conclude 
that an equilibrium state Q; is stable if, and only if, 


Ro =r Gnlles (14-10) 


where —/(ip)|g, is the incremental resistance at the point Q;. 
Equation (14-10) represents the stability criterion for the network 
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E/R 
R int UR — / 
ty 
ing 
=F LQ», 
(a) 


in Fig. 14-4a and can be stated as follows: An equilibrium state 
Q; on the vg-ig curve is always stable if the incremental resistance 
(iz) at Q; is positive. However, if (ir) < 0, then Q; is stable only 
if the magnitude of the incremental resistance at Q; is less than 
the resistance R of the load line. 

As an application of this criterion, suppose the nonlinear re- 
sistor is a neon bulb with the vp-izg curve shown in Fig. 14-4. By 
inspection we immediately conclude that the equilibrium states Q; 
and Q3 are stable and that Q» is unstable. On the other hand, if 
we replace the neon bulb by a tunnel diode, as in Fig. 14-4c, then 
we find that all three equilibrium states Qi, Qe, and Q3 are stable. 
This conclusion appears at first sight to contradict the conclusion 
of the corollary to the stability criteria, namely, that the equilib- 
rium states must alternate between stability and instability. There 
is no contradiction, however, because the expression (iz) in Eq. 
(14-8) is multivalued for a voltage-controlled curve, and the alter- 
nating property is true only if f(iz) is a single-valued function of 
i, = ig, Such as the neon bulb curve in Fig. 14-45.1 


Exercise 1: Sketch the curve f(vc) given by Eq. (14-4) corresponding to the vp-iz 
curve and the resistance R in Fig. 14-3b and c. Use this curve to verify the 
stability criterion for configuration 1. 


Exercise 2: Derive the normal-form equations (14-3) and (14-7). Formulate 
a simple rule so that these equations may be written by inspection. 


Exercise 3: Sketch the curve f(iz) given by Eq. (14-8) corresponding to the vp-ir 
curve and the resistance R in Fig. 14-4b and c. Use this curve to verify the 
stability criterion for configuration 2. 


Exercise 4: Prove that the stability criteria and their corollary (except the alter- 
nating property) are valid even if f(x) is a multivalued function. 
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Up=r (ip) 


Load line 


Fig. 14-4. An equilibrium state 
Q; of this network (configura- 
tion 2) is stable if, and only if, 
the resistance R is greater than 
the magnitude of the incre- 
mental resistance of the vpr-iz 
curve at Qj. 


1Tt is important to recog- 

nize that while the tunnel- 
diode Up-ig curve is a 
multivalued function in 
configuration 2, it is a 
single-valued function in 
configuration 1. Hence, we 
must always choose the 
pertinent independent 
variable before deciding 
whether a curve is a single- 
valued function. 
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> XxX 


> xX 


x (t;) Mole | 


(c) 


Fig. 14-5. The value of ¢ cor- 
responding to each point on 


the trajectory is equal to the 14-4 TIME SCALING THE TRAJECTORY OF SOLUTIONS 


area under the curve 1/f(x) 
from the initial state to the The trajectories we obtained in the preceding section are incom- 
point in question, plus the ini lete in the sense that the time scale associated with each trajec- 
tial time fo. . 2 : 
tory is absent. We shall now show how this information can be 
obtained. 

Consider a typical trajectory such as the one with the initial 
state at Q4 as shown in Fig. 14-2). For convenience let us redraw 
this trajectory, together with the portion of f(x) associated with it 
as shown in Fig. 14-5a and b. The initial state corresponds, 
of course, to the initial time ¢ = fo. Our problem is to evaluate the 
value of ¢ associated with any other point on the trajectory. To be 
specific, let us choose an arbitrary point x = x(t;) as shown in 
Fig. 14-5a and try to evaluate the corresponding time t¢ = 4;. To do 
this, let us examine Eq. (14-1) again and recast it in the form 
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dt = 5 ax (14-11) 


We can integrate both sides of this equation to obtain 


tj ay tty |: ‘ 
ik ie {ee f(x) ax (14-12) 


Observe that since the limits of integration on the left side are from 
to to t;, the corresponding limits of integration on the right 
side must be from x(fo) to x(¢). Integrating the left side of 
Eq. (14-12) and simplifying, we obtain 


7 x(q) 1 4. 
batot fi Toe (14-13) 


This equation gives an explicit formula for calculating 4; cor- 
responding to any point x(7;) on the trajectory. In particular, 
it shows that 7; is simply equal to the initial time /o plus the area 
under the curve y = 1/f(x) from x = x(t) to x = x(t) as shown 
in Fig. 14-5c. This area can be obtained by a numerical integra- 
tion procedure using a computer or a planimeter. It can also be 
determined by a number of approximate methods such as the 
trapezoidal rule. 

We can now summarize the procedure for finding the time 
scales as follows: 


1. Draw the curve y = 1/f(x) as a function of x over a range 
coinciding with that of the trajectory. 


2. Find the area under the curve y = 1/f(x) from the initial state 
to to any desired point on the trajectory. 


3. The sum of the area obtained in (2) and the value fo gives the 
corresponding time at the desired point. 


From the above procedure we can deduce a number of inter- 
esting properties concerning the nature of the solution x = X(?). 
First of all, let us observe that each trajectory must lie either be- 
tween two equilibrium states or between one equilibrium state and 
x = +0 or xX = — oo. This means that the portion of the curve 
y = 1/f(x) associated with each trajectory must lie either above 


645 


646 


Fig. 14-6. A first-order network 
consisting of a linear inductor 
connected across a current- 
controlled dce-resistive network. 


7 Throughout this section 
we assume that f(x) is a 
single-valued function of 
x, and our conclusion is 
valid only under this con- 
dition. 

1In mathematics the inte- 
gral of y = 1/f(x) is said 
to be improper if y = +00 
at the lower or upper 
limits of integration. In 
some special cases, the area 
can be found by a limiting 
operation. If the answer 
turns out to be a finite 
number, the curve is said 
to be integrable. 


2 For convenience we have 
chosen the simple curve 
v = r(i) = # — 3i. In prac- 
tice the DP plot does not 
usually have an analytical 
expression and must be 
specified graphically. 
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de- 
resistive 


network 
N 


(a) 


the x axis or below the x axis. Therefore, the area under the curve 
y = 1/f(x) is always positive and increases as the trajectory moves 
toward the equilibrium state. This means that the solution x = X(¢) 
must necessarily be a monotonically increasing or a monotonically 
decreasing function of 1.7 

Let us observe further that at each equilibrium state, the 
curve y = 1/f(x) approaches either +00 or — co because f(x) = 0 
at this point. It can be seen, therefore, that as x approaches 
an equilibrium state, the area increases rapidly, and more time is 
needed for the trajectory to move the same distance Ax. This can 
be interpreted by saying that the motion becomes slower. In fact, 
except in some ideal cases where the curve y = 1/f(x) is integra- 
ble up to the equilibrium state,! the area is generally infinite. This 
implies that, except in some special cases, it will generally take an 
infinite time interval for the trajectory to reach its equilibrium 
state. We shall summarize the above observations into a theorem. 


MONOTONIC SOLUTION THEOREM 


If a first-order network can be described by a normal-form equa- 
tion dx/dt = f(x), where f(x) is a single-valued function of x, 
then its solution will always be a monotonically increasing or a 
monotonically decreasing function of x. Moreover, except for some 
special cases, it will require an infinite time interval for the solu- 
tion to reach its steady-state value. 


Let us now illustrate the time-scaling procedure by an 
example. 


EXAMPLE 


eae the network shown in Fig. 14-6a where the DP plot of 

N is given by the current-controlled curve shown in Fig. 14-6b.2 
If the current iz at ¢ = | sec is given to be —0.25 amp, find the in- 
ductor current i;(t) for t > 1 sec. 
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Since the DP plot is specified in the i-vs.-v plane, it is usually 
more convenient to choose i instead of i, as the state variable: after 
all, i and i, differ only by a negative sign. The normal-form equa- 
tion is given by 


IS | Rear pale hme : 
S = —5r() = —5G° — 31) (14-14) 


From this we identify the functions f(x) and 1/f(x) as 


f@ = —S5B8 + 15i (14-15) 
l l . 
abate 14-16 
ies Sa eS: gens 
The equilibrium states of this network are obtained by plotting the 
function f(7) as shown in Fig. 14-7a and determining the points of 
intersection with the i axis, namely, Qi(i = — \/3), Qo(i = 0), and 
Q3(i = \/3). Applying the corollary to the stability criteria, 


t6 
Q, Ormco Lvs onalae sibs ©5 (ia, 
0} 025° 05 40:75) 1.07 1.25 91.5 1.732 
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Fig. 14-7. Graphical procedure 
for determining the time scale 
of the trajectory of a solution. 
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Fig. 14-8. The solution wave- 
form of i(t) in (c) is obtained 
from the time-scaled trajectory 


mh we conclude that Q, and Q3 are stable but Q2 is unstable. There- 
In 3 


fore, corresponding to the given initial state (to = 1) = 0.25 amp, 
the trajectory shown in Fig. 14-74 is obtained. Finally, to deter- 
mine the time scale associated with this trajectory, we plot the 
function 1/f(7) as shown in Fig. 14-7c and apply Eq. (14-13) 
to obtain 


0.25 —5I3 


For this example we have subdivided the trajectory of Fig. 14-7) 
into six equal divisions. The corresponding value of ¢; at each 
division can be obtained by either integrating Eq. (14-17) directly 
or by determining the shaded area under the curve as shown in 
Fig. 14-7c. We have chosen the latter by applying the trapezoidal 
ruler 


iby) ] 
G=hitsz Mae _)] + a | He i(tj_1)] 


!This consists of approxi- 
mating the area under the 


curve by a number of 


trapezoids. The resulting 
answer is, of course, not 
exact. But by choosing 
enough subdivisions, the 
results can be obtained to 
within any prescribed 
accuracy. 


For example, the value of ¢4 can be approximately calculated as 
follows: 


n= Lil + 4] . 


—5(1.0)3 + 15(1.0) =5(125) ee reas} 25 — 1.0) 


wll 4asec (14-18) 
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The results are tabulated as shown in Fig. 14-8a, and the com- 
plete trajectory is plotted in Fig. 14-8). From this we obtain the 
time function i(¢) as shown in Fig. 14-8c. The final solution i,(2) is 
then simply the negative of i(¢). The reader should recognize that 
this example is given mainly for illustrative purposes. In practice, 
a digital computer could obviously be used to compute the time 
scales automatically. 


14-5 REALISTIC AND INCOMPLETE MODELS 


So far we have tacitly assumed that f(x) is a single-valued func- 

tion. Under this assumption we have shown that the solution x(A 

of a first-order autonomous network is either a monotonically in- 

creasing or a monotonically decreasing function of time. We shall 

now investigate the nature of the solution when f(x) is a multi- 

valued function of x, such as the curve shown in Fig. 14-9a. 
Mathematically, the normal-form equation 


CINE ot 
a th 


is meaningless when f(x) is multivalued because this implies that 
the solution x(t) may possess more than one slope at a given time. Fig. 14-9. An example illustrat 


: : . ing how the inconsistency aris- 
However, we know that any dynamic network in practice must ing froma multivalued function 


can be resolved with the help 
of the inertia postulate. 


f (x) 


B 
St 
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1 The problem of determin- 
ing the major energy- 
storage elements asso- 
ciated with a model is still 
a current research topic. 


2 A postulate is a rule whose 
validity is not contradicted 
by experimental observa- 
tions; thus, it is assumed 
to be true. It is not possible 
to prove a postulate. 
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have a unique solution for all times. This paradox can be resolved 
by a clear understanding of the differences between a theoretical 
result and an experimental result. When we try to analyze a net- 
work on paper, we are really analyzing a model of the network and 
not the actual network. As we have emphasized many times, 
a model is never an exact representation of a physical network. If 
the solution obtained from using a certain model agrees reason- 
ably well with actual measurements, the model is said to be 
realistic. On the other hand, if a model leads to an inaccurate 
solution, it is said to be unrealistic. In the extreme case where an 
unrealistic model leads to physical inconsistencies, such as the 
multivalued example above, then it is said to be incomplete. As 
will be seen in the sequel, any inconsistency arising from the use 
of an incomplete model can usually be resolved by introducing one 
or more parasitic inductances or capacitances at some strategic 
locations in the network. In other words, an incomplete model 
usually results when certain parasitic elements cannot be 
neglected. 

There are two methods for handling incomplete models. The 
most general method is to refine the model so that it becomes 
more realistic. Of course, the more parasitic elements we include, 
the better will be the model. However, not all parasitic elements 
play a major role. In fact, it has been found from experience that 
most parasitic elements can be neglected without introducing 
significant error. Therefore, in order to obtain a simple yet realistic 
model, we should include only those parasitic energy-storage ele- 
ments which play a dominant role. These elements will be called 
major energy-storage elements. Unfortunately, it is not always easy 
to find these elements in a given model. 

A less general but more practical method to resolve an incon- 
sistency arising from an incomplete model is to formulate a 
postulate based upon experimental observations.2 We shall now 
discuss a postulate which can be used to handle many incomplete 
models. 

Any multivalued function f(x) can be broken up into two or 
more single-valued functions f4(x), fo(x),...,fn(x) where each 
function f(x) is defined over an interval a; < x < b;. For example, 
the multivalued function f(x) shown in Fig. 14-9a can be broken 
up into three single-valued functions f,(x), fo(x), and f3(x). The 
function f;(x) consists of the lower branch below point a, and is de- 
fined over the interval — oo < x < 5. The function f2(x) consists 
of the middle branch between points a and £, and is defined over 
the interval —4 < x < 5. The function /3(x) consists of the upper 
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branch above point 8 and is defined over the interval —4 < 
xX < oo. From experimental evidence it has been observed that 
whenever the solution x(¢) is operating initially on a given branch 
of f(x), it will continue to operate on that branch until x(?) moves 
outside the interval of definition of that branch. This observation 
is analogous to inertia in physical systems. For example, if the 
initial state is given to be at point P, of the lower branch /;(x), as 
shown in Fig. 14-9a, the network will tend to see only the branch 
Ji(x), and the trajectory of the solution can be obtained by solving 
the normal-form equation with f(x) replaced by fi(x). Observe 
that the above procedure is based only on the argument that 
the solution agrees with experimental observations. Mathematically, 
there is no valid reason to assume that this is what happens. For 
example, it is perfectly valid to raise the following objection: Why 
should not the solution starting from P; on f(x) (Fig. 14-9a) arrive 
at some point such as P4 on f,(x) and suddenly jump to Ps on f2(x) 
or Pg on f3(x)? After all, for each value of x, there are three possible 
operating points! While it is not possible to dispel this objection, 
it is equally valid to counter it with the question: Why should this 
happen? The only way to resolve the issue is to state our assertion 
in the form of a postulate. 


INERTIA POSTULATE 


Let f(x) be a multivalued function consisting of n single-valued 
branches f1(x), fo(x), . . ..fn(x), where each branch f(x) is defined 
over an interval a; < x < bj. Let the initial state x(¢o) be given as 
a point on one of these branches, say f(x). Then the network can 
be assumed to remain operating on this branch, and the normal- 
form equation can be modified by replacing the multivalued func- 
tion f(x) by the single-valued function f;,(x). The resulting solution 
x(f) is a valid solution for all times ¢ > fo for which a, < x(t) < Dx. 


To illustrate the application of the inertia postulate, let us 
apply it to the multivalued function f(x) of Fig. 14-9a again. Sup- 
pose the initial state is given to be at P;. We can conclude that the 
pertinent branch is /;(x), and the normal-form equation is 


ve = fAespy eats are (14-19) 


The resulting trajectory of solution is shown in Fig. 14-9d. 
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If the initial state is given to be at Ps, then the pertinent 
branch is f2(x), and the normal-form equation is 


& = f(x) BAe aa (14-20) 


The resulting trajectory is shown in Fig. 14-9c. Observe that the 
terminal point x = 3 is an equilibrium state. 

Finally, if the initial state is given to be at P3, then the 
pertinent branch is f3(x), and the normal-form equation is 


& = f(x) me BO (14-21) 


The resulting trajectory is shown in Fig. 14-9d. 


14-6 JUMP PHENOMENON AND OSCILLATORY 
SOLUTION IN FIRST-ORDER NETWORKS 


In the multivalued example shown in Fig. 14-9, we were able 
to find the solution x(¢) for all times ¢ > fo by applying the inertia 
postulate. We shall now demonstrate a new phenomenon which re- 
quires additional principles in order to obtain the solution for all 
times ¢ > fo. 

Consider the multivalued function f(x) shown in Fig. 14-10a. 
Applying the inertia postulate to the various initial states P;(5,— 15), 
P(— 15,—5), P3(5,5), and P4(— 15,20), we obtain the corresponding 
trajectories shown in Fig. 14-104 to e, respectively. Observe, how- 
ever, that unlike the examples in the preceding section, each 
of these trajectories moves in such a direction that it tends to 
leave the branch of f(x) originally containing the initial state. For 
example, the trajectory starting at P; on the lower branch /f;(x) 
must move toward the left, thus causing the operating point 
to move along the curve toward point a as shown in Fig. 14-10a. 
But this point is not an equilibrium state. Therefore, if we deter- 
mine the time scale of the trajectory of Fig. 14-105, the point 
a(x = —20) will be reached after some finite time interval, say at 
( = t;. The question now is, What happens at ¢ > ¢;? One might 
be tempted to guess that the trajectory, upon reaching point a, 
might move up along the middle branch f2(x). But this is impos- 
sible, for at point a we have f(x) = —10 < 0; hence, dx/dt < 0. 
This means that the value of x must continue to decrease, a con- 
dition contradictory to our initial guess. Therefore the operating 
point cannot continue on to the middle branch; neither can it turn 
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around and go back on the lower branch. Where can it go then? 
Certainly, the inertia postulate is useless here because the trajec- 
tory has moved outside the interval of definition of f(x). If we ex- 
amine the remaining three trajectories shown in Fig. 14-10c to e, 
we would in each case have arrived at the same difficulty. This 
dilemma cannot be resolved mathematically, for as we have already 
stated, the normal-form equation is meaningless whenever f(x) is 
multivalued. 

Since the trajectory, upon reaching point a, can neither con- 
tinue to fo(x) nor stay on /;(x), it must jump to some other point 
a’ (such as the point shown in Fig. 14-10a) on the curve f(x) and 
this transition must occur instantaneously, for at any time the op- 
erating point must stay on f(x) in order to qualify as a solution. 
We shall call the operating point a the terminal state and the new 
operating point a’ the transition state of the trajectory. 

Since the transition from a to a’ is instantaneous, the time 
t = t; when the network is operating at a must also be the time 
when the network jumps to a’. However, it is convenient for us to 
split the time ¢ = ¢; into ¢ = ¢; and ¢ = 1; and associate the op- 
erating point a before the jump with ¢; and the operating point 
a’ after the jump with ¢+. For example, corresponding to point a 
of Fig. 14-10a, we have 


Cita 
and 
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Fig. 14-10. An example illus- 
trating the mechanism that 
leads to a jumping phenome- 
non. 
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If we can find x(¢+), then we can apply the inertia postulate once 
again to determine the continuation of the solution for ¢ > tj. Our 
crucial problem, therefore, depends on finding the value x(¢}) of 
the transition state a’. 

Let us recall that the state variable x may represent either the 
charge g or voltage vg across a capacitor, or the flux linkage @ or 
current i, in an inductor. To be specific, suppose q is the state 
variable and our problem is, given q = q(f;) at a terminal state 
(such as a), find q = q(t}) at the corresponding transition state. 
Since 


gts) = [ia ar 


~ 


= [0 drt [iar (14-22) 
and since 
IL 1h) at — q(tj) 
Eq. (14-22) can be written as 
Ea 
qtt) = qt) + ie i(t) dr (14-23) 


Observe that the integral term in Eq. (14-23) represents the area 
under a curve of zero arc length and is, therefore, zero unless i(t;) 
happens to be infinity. But no physical device can supply an 
infinite current; therefore this integral is zero, and Eq. (14-23) re- 
duces to 


qty) = 5) (14-24) 


This equation tells us that the value of g must remain the same 
during the transition. In other words, we have shown that the 
charge across a capacitor cannot change instantaneously and hence 
q(t) must be a continuous function of time. This important property 
is often referred to in the literature as the principle of conservation 
of charge. 
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In terms of the example shown in Fig. 14-10a, this principle 
allows us to conclude that if x represents the capacitor charge g, 
then when the trajectory reaches the terminal state a as shown in 
Fig. 14-Ila and d at ¢ = 65, the transition state a’ must lie directly 
above a. In other words, the transition must take place instan- 
taneously along the vertical path shown in Fig. 14-1la. Once we 
find a’, we can apply the inertia postulate again and draw the tra- 
Jectory as shown in Fig. 14-11c. Observe that as soon as this tra- 
jectory reaches its terminal state B(g = 15) at ¢ = f;, it will jump 
instantaneously along the vertical path shown in Fig. 14-1 1a to the 
transition state £’. This will allow us to apply the inertia postulate 
once again, and the operation will clearly repeat itself periodically. 
If we plot the resulting solution of g(t) as a function of time, we 
obtain the oscillatory waveform shown in Fig. 14-11d. We shall 
show later that this mechanism is fundamental in the design of 
oscillators. 

The above example was based on the assumption that the 
state variable x represents the capacitor charge q so that we can 
apply the principle of conservation of charge. If the state variable 
x represents the capacitor voltage vg, we can invoke the vg-g curve 
of the capacitor to conclude that 


vc(t5) = vo(tt) (14-25) Fig. 14-11. An_ illustration 


showing how the jumping 
phenomenon can lead to an 
oscillatory solution waveform. 
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1 This property is seen to be 
true in all cases except 
when the voltage across 
the inductor is infinite, a 
condition unattainable in 
practice. 
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By an exact dual procedure we can conclude that in case the 
state variable x represents either the flux linkage @ or the current 
i, of an inductor, we have} 


(tj) = (tH) (14-26) 
or 
ey) aad) (14-27) 


This property is often referred to in the literature as the principle 
of conservation of flux linkages. 

As a summary, we have shown that whenever the trajectory 
reaches a terminal state representing the end point of a multi- 
valued branch, it must jump instantaneously to another point on the 
multivalued curve f(x) called the transition state. The exact loca- 
tion of this transition state can be determined by invoking the 
principle of conservation of charge (flux linkages) if the state vari- 
able x represents g or Uc (9 or iz) of a capacitor (inductor). In view 
of their importance, we shall restate these principles as follows: 


PRINCIPLE OF CONSERVATION OF CHARGE 


In the absence of an infinite current at ¢ = 17, the charge q and the 
voltage vg across a capacitor cannot change instantaneously. 


PRINCIPLE OF CONSERVATION OF FLUX LINKAGES 


In the absence of an infinite voltage at f = 15, the flux linkage 
and the current i, in an inductor cannot change instantaneously. 


14-7 INCOMPLETE MODELS REQUIRING ADDITIONAL PARASITIC ELEMENTS 


In Sec. 14-5 we classified any network model which leads to 
physical inconsistencies as being incomplete. This class of incom- 
plete network models arises as a result of an oversimplification in 
the components of the corresponding physical networks, namely, 
whenever certain major parasitic capacitors or inductors cannot be 
neglected. The only valid method to resolve this inconsistency is to 
include the major energy-storage elements, thereby increasing the 
order of complexity of the resulting networks. Since higher-order 
networks are much harder to analyze, we tried to preserve the 
simplicity of first-order networks by introducing the inertia postu- 
late and the principles of conservation of charge and flux linkages. 
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These “gimmicks” will allow us to analyze a large class of practical 
dynamic networks as first-order networks. However, the only 
justification for introducing these gimmicks is that they allow us 
to resolve the inconsistency successfully. There is no guarantee that 
these gimmicks will work in all cases. In fact, we shall now show 
that there are occasions where it is necessary to include additional 
parasitic elements. 

One occasion to which these gimmicks do not apply occurs 
when the multivalued function f(x) has more than three branches. 
For example, consider the network shown in Fig. 14-12a, where 
the DP plot of the black box is shown in Fig. 14-125. The normal- 
form equation is given by 


dv | 
Se = —i = —g(ue) (14-28) 


In this case the state variable x is uc, and the function f(x) is 
given by —g(vc), as shown in Fig. 14-12c. Observe that the lower 
part of this multivalued curve is identical with that shown in Fig. 
14-10a. Therefore, if we assume the same initial state Py(vg = 
5 volts) as before, the operating locus will move from P; toward the 
terminal state a. Upon reaching a, the locus must jump upward 
vertically to a transition state on the curve. However, there are 
now three possible candidates, namely, a’, a”, or a’”. There is 
no physical principle that will allow us to decide which of these 
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Fig. 14-12. An example show- 
ing how a multivalued function 
can lead to nonunique solu- 
tions. 
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points is actually the transition state. Hence, if we insist on using 
this incomplete model, we must assume each of the three transition 
states as equally likely and obtain a solution in each case. The re- 
sult is that we have three distinct solutions, whereas only one of 
them will actually be observed in practice. 

We shall now show that the above difficulty can be easily re- 
solved by introducing a parasitic inductance L in series with the 
capacitor as shown in Fig. 14-12d. This parasitic element may 
represent the line inductance of the wire connecting the capacitor 
to the black box. Let us write the normal-form equation of the re- 
sulting second-order network in terms of the state variables i, and 
Uc. Since i = iz, the v-i curve v = r(i) shown in Fig. 14-125 can 
also be written as v = r(i,). The resulting normal-form equations 
are given by 


di ] : 

<P = = le — Min] (14-29) 
duc ae 

— = — 14-30 
dt Ge Son 


Since r(i,) is a single-valued function of i,, these differential equa- 
tions are well-defined mathematically, and can be solved by the 
methods to be presented in Chap. 19. If we compare these equa- 
tions with Eq. (14-28), we shall see how the introduction of the 
parasitic inductor resolves the inconsistency; namely, the multi- 
valued function 7 = g(v) is obviated by the introduction of i = iz, 
as the independent variable, thereby resulting in using the inverse 
function v = r(i). 

Another occasion where additional parasitic energy-storage 
elements may be required to resolve the inconsistency arises when- 
ever a transition state does not exist. For example, suppose the v-i 
curve shown in Fig. 14-125 is replaced by the multivalued function 
shown in Fig. 14-13a. The corresponding function f(x) is shown in 
Fig. 14-135. If we choose P; again as the initial state, the operating 
locus will once again reach the terminal state a in a finite time. 
Since the capacitor voltage vg cannot change instantaneously, there 
is no point on the curve f(x) that can qualify as a transition state. 
Hence there can be no solution in this case. This difficulty is even 
worse than the case presented earlier, where at least one of the 
three solutions is valid. One way to resolve this difficulty is to in- 
troduce a parasitic inductance as before, thereby obtaining Eqs. 
(14-29) and (14-30) as the normal-form equations. Another way to 
resolve this difficulty is to recognize the fact that the v-i curve of 


Analysis of autonomous first-order nonlinear networks 


labo 


Fig. 14-13a is really incomplete in the sense that it possesses some 
missing branches which are not given. This conclusion is based on 
the reasoning that no physical network can exhibit a DP plot with 
a branch that tends to infinity in the fourth quadrant.! Invariably, 
the DP plot in the fourth quadrant must bend toward the third 
quadrant again, so that it will be in the third quadrant as v tends 
to —oo. In this case, the corresponding curve f(x) = —g(vc) 
in Fig. 14-135 will have a branch that tends to infinity in the 
second quadrant, and a transition state can always be found. 
There are more complicated examples where more than one 
parasitic element may be required, namely, when the DP plot 
is neither voltage-controlled nor current-controlled. The methods 
to handle these more difficult cases are beyond the scope of this 
book. However, it is comfortable to know that most of the common, 
practical, first-order networks that exist today can be successfully 
analyzed by the techniques introduced in the preceding sections. 


14-8 THE PIECEWISE-LINEAR APPROACH 


The method presented in the preceding sections is valuable for ob- 
taining qualitative properties of the network. It is not a very 
convenient method for obtaining the exact quantitative waveform 
because of the need to time-scale the trajectories, unless a computer 
is used. We shall now present a very practical method for obtaining 
the exact solution waveforms by inspection. The only restriction is 
that all nonlinear elements must be represented by piecewise-linear 
characteristics. For pedagogical reasons we shall develop this 
method inductively. 
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Fig. 14-13. An example illus- 
trating the nonexistence of a 
transition state. 


1 Since the power dissipated 
at any point of the DP 
plot in the second or the 
fourth quadrant is nega- 
tive, the corresponding 
network is actually gen- 
erating or delivering power 
to its external load when- 
ever its operating point 
lies in the second or the 
fourth quadrant. Hence, 
an infinite branch in these 
quadrants would imply an 
infinite source of power. 
Review the significance of 
passivity in Sec. 1-9. 
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tObserve that since only 
one nonlinear DP plot is 
involved here, we have 
chosen the  single-sub- 
script symbols 7;, Ej, gj, 
and J; in favor of the 
double-subscript symbols 
kj, op k8i> and rah used in 
Chap. 12. 

2 For reasons that will soon 
be obvious, it is more con- 
venient to choose / instead 
of i, as the state variable. 
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14-8-1 NETWORKS CONTAINING A LINEAR ENERGY-STORAGE 
ELEMENT ACROSS A NONLINEAR RESISTIVE NETWORK 
CHARACTERIZED BY PIECEWISE-LINEAR SEGMENTS WITH FINITE 
NONZERO SLOPES 


At any time ¢ = fo, a piecewise-linear network must operate on 
some linear segment / of the DP plot as seen by the energy-storage 
element. In view of the inertia postulate the operation will continue 
to stay on the same segment j until it reaches the breakpoint 
of this segment at some time ¢ = 4. During the time interval 
(¢o,t1), the nonlinear resistive network appears as a linear network 
to the energy-storage element. Therefore, it can be replaced either 
by its iterative Thévenin or Norton equivalent circuit as shown in 
Fig. 14-14a and b when the energy-storage element is a capacitor, 
and as shown in Fig. 14-14c and d when the energy-storage ele- 
ment is an inductor.! The corresponding normal-form equation is 
given by? 


dv l 1 
a Se Dee E 
died CamGs t ae 
dv l 1 
age ee ean RY R 
Tee Deva bare mete: one 
di po a ( “1) 
F pe aN os (14-33) 
di Lis rj 
Observe that these equations are of the same form as 
Ee ee 
imap x + ‘ belo) (14-35) 
where 

5 = HC (14-36) 
Xj(te) = 1S, = — Ir; (14-37) 
for the capacitor, and 

ahs, 

ii= rj (14-38) 

X(te) = Tj = ued 
r 


i 


(14-39) 
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for the inductor. The constant 7; will play an important role later, 
and will be called the time constant corresponding to the segment 7 
of the network. If we equate the right-hand side of Eq. (14-35) to 
zero, we find that the constant x,(f,) is simply the equilibrium state 
corresponding to segment 7 of the network. In particular, the 
equilibrium state defined by Eq. (14-37) is easily seen to be the in- 
tersection of segment / (or its extension) with the v axis. Similarly, 
the equilibrium state defined by Eq. (14-39) is easily seen to be the 
intersection of segment 7 (or its extension) with the 7 axis. It 
is important to observe that since each segment / of the DP plot is 
defined over some interval, the value x;(t,) at the equilibrium state 
may fall outside the interval of definition for segment /. In this 
case we shall call x;(¢-) a virtual equilibrium state. Clearly, the solu- 
tion x(t) will never reach a virtual equilibrium state because as 
soon as x(t) reaches the breakpoint of segment, it will enter a new 
segment. We shall see shortly, however, that a virtual equilibrium 
state is useful in determining the solution of a network by 
inspection. 


Basic form of solution Let us now investigate the nature of the so- 
lution to Eq. (14-35) corresponding to an initial state x = x;(to) 
located in segment /. By a direct substitution, we can easily verify 
that the solution is given by 


X(0) = Xj(te) + [x{to) — xxteJle M7) > bo a) 


661 


Fig. 14-14. During the time 
interval (0,41), a first-order 
nonlinear network is equivalent 
to a first-order linear network. 


1 Refer to Fig. 12-1 for this 
interpretation. 
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Ax(t) las 
x(t) > — / (t,—t,) 
a Time constant 7, > 0 
| J ew Gas) _ 
70! 
pos eae 
Mt | Cols). ne eee aan 1037 [xjlty)—a5(te)] 
1 staan ee ; “(t= sing cei 
| 1 | 
(lee (t) +37; ) | 
= a —>t 3 - — ft 


Fig. 14-15. The important pa- 
rameters associated with an 
exponential waveform are the 
initial state x;(7o), the equilib- 
rium state x;(¢-), and the time 
constant 7;. 


+ For this reason the equilib- 
rium state corresponding 
to a positive time constant 
is often called the final 
value. 


This solution is clearly valid for all times ¢ > ¢ for which the 
value x(¢) falls within the interval of definition of segment 7. An 
examination of Eq. (14-40) shows that it is completely specified by 
three parameters, namely, 


1. The initial state x;(to) 
2. The equilibrium state x;(f¢) 


3. The time constant 7; 


Given these three parameters, the solution x(t) can be obtained 
without having to solve the associated differential equation. This 
observation is the key to our method. Before we discuss this new 
method, however, it is instructive that we interpret Eq. (14-40) 
geometrically. 

Depending on the sign of the time constant 1), Eq. (14-40) repre- 
sents either a decaying exponential as shown in Fig. 14-15a or 
a growing exponential as shown in Fig. 14-155. Observe that 
for t; > 0, the exponential waveform x(t) > x,(te) as t > oo.f On 
the other hand, for 7; < 0, the exponential waveform x(t) > 
Xj(te) as t > —oo. Observe further that in the first case, where 
7; > 0, the value of x(f) after one time constant (¢ = fo + 7) 
is equal to the equilibrium state plus 37 percent of the distance 
between the initial state and the equilibrium state. In the second 
case, where 7; << 0, the value of x(f) at one time constant in 
the past (t = to — 7;) is also equal to the equilibrium state plus 37 
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percent of the distance between the initial state and the equilibrium 
state. These observations follow from the fact that 


x(t + |r|) = x (te) + 0.37[x;(to.) — x4(t.)] (14-41) 


where the plus sign corresponds to 7; > 0, and the negative sign 
corresponds to 7; < 0. In view of these properties, we can conclude 
that when 7; > 0, the exponential waveform would approach 
its equilibrium value after a time interval equal to five or more 
time constants. In other words, 


bles te) for t > to + 51; (14-42) 
Similarly, we can conclude that when 7; < 0, 
OES. (la) for t < tf — 5Jz;| (14-43) 


The above results allow us to sketch the waveforms very accurately, 
knowing only x;(7o), X;(¢e), and 7). 

Another result that will be of much use to us is an expression 
giving the time interval between any two points a and b on 
an exponential curve. This can be easily derived from Eq. (14-40). 


= X(ta) — Xj(te) 

= ty — tg = 7) nS 14-44 
eae La SAI atx Cert) wee 
This equation is valid regardless of the sign of 7;. However, if 
T; <0, it is more convenient to rewrite Eq. (14-44) in the form 


ee ee) Ate) 14-45 
hay = Wp la 7; Nn Ken 7 YO ( ) 

Finally, it is sometimes convenient to be able to determine by 
inspection the slope at a given point on an exponential. This 
is given earlier by Eq. (14-35), which we rewrite into the following 
form: 


Oe Xj(te) — x(t) (14-46) 


tH 
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7 The value x,(fo) represents 
either the initial voltage v 
on the DP plot for the 
capacitor or the initial cur- 
rention the DP plot for the 
inductor. Observe further 
that whereas U(to) = Uc(to), 
i(to) = —ix(to). 
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If we let ¢ = fo in Eq. (14-46) and combine it with Eq. (14-40), we 
obtain 


x(t) = Xj(te) — T)X’(to)e Mt t0)/7 1 (14-47) 


Equation (14-47) represents an alternate way of determining the 
equation of an exponential in terms of the time constant 7;, the 
equilibrium state x,(¢e), and the slope x’(¢o) at the initial time fo. 
This shows that it is always possible to draw an exponential with 
any prescribed initial slope, any equilibrium state, and any time 
constant. 

For future reference the various properties characterizing an 
exponential waveform and their relationships to the solution of 
first-order networks are summarized in Table 14-1. With the help 
of this table, we can obtain the complete solution of any piecewise- 
linear first-order network by inspection. The basic procedure can 
be outlined as follows: 


1. Label the segments of the DP plot from | to n, starting from 
the leftmost segment. 


2. Locate the pertinent segment / containing the initial state x;(7o). 


3. Using the relationships given in Table 14-1, determine the 
equilibrium state x,(¢-) and the time constant 7; corresponding 
to segment j of the DP plot. 


4. With x;(to), x;(te), and 7; known, sketch the exponential wave- 
form and specify the corresponding equation x(f) for ¢ > 0. 


5. If the value of x() obtained in step 4 stays within the interval 
of definition of segment / for all times ¢ > fo, then the complete 
solution consists of this single exponential time function. 


6. If the value of x(t) exceeds the interval of definition of segment 
j, then we must determine the time ¢ = ft, where x(t) reaches the 
terminal state (breakpoint) of segment 7. The exponential solu- 
tion is then valid only for f9 <¢ < h. 


7. To find the continuation of the solution for ¢ > 4, determine 
the transition state with the help of the inertia postulate and the 
principles of conservation of charge and flux linkages. 


8. With the transition state obtained in step 7 as the new initial 
state, repeat steps 2 to 7 as many times as necessary until the 
solution x(t) is found for all times ¢ > fo. The solution asso- 
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Fig. 14-16. A first-order net- 
work with a monotonically in- 
creasing DP plot and a linear 


capacitor (Example 1). 
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ciated with any piecewise-linear segment of the DP plot will 
always be an exponential waveform, provided that each seg- 
ment of the DP plot involved has a finite and nonzero slope. 


EXAMPLES 


1. Consider the network shown in Fig. 14-16a where the DP plot 


of the resistive subnetwork N is shown in Fig. 14-165. If the 
initial voltage across the capacitor at ¢ = fo is Uc(to) = Eo (the 
value Ep is labeled on the v axis), find the capacitor voltage vo(t) 
and the capacitor current c(t) for all time t > fo. 

Since v = Ug we have v(to) = Eo, and hence N is operating 
initially on Po of segment 2. This means that at ¢ = fo (and at 
all times ¢ > fo where the operating point remains on segment 
2), the DP plot of N appears as a straight line to the capacitor 
as shown in Fig. 14-17a. This follows because until such time 
as the operating point reaches breakpoint a of segment 2, 
the capacitor does not know that the DP plot of N is nonlinear. 
What the capacitor “experienced” here is analogous to what a 
man experiences driving on a straight but signless road on 
a foggy day. If the road eventually makes an abrupt change in 
direction, the man will not know it until he arrives at the 
turnoff point. However, even though he did not have this 
information, he can correctly predict his “present” position by 


l (5) 
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Fig. 14-17. The iterative linear 


. . 3 A ; network for determining v¢e(t) 
assuming that the road is perfectly straight up to infinity,  guting the time interval where 


provided he knows his initial position and his speed. Likewise, __ is operating on segment 2. 
we can determine v¢(f) for all times where the operating point 

remains on segment 2 by replacing N with its iterative linear 

network as shown in Fig. 14-175. 

The solution can now be obtained by determining the 
initial state, the equilibrium state, and the time constant corre- 
sponding to segment 2. 

The initial state is given by v(t) = Eo. The equilibrium 
state can be determined by inspection of either Fig. 14-17a or 
b; namely, ve(te) = E2.f From Table 14-1 we obtain the time 
constant Tt2 = reC and the associated solution 


u(t) = Eo + (Eo — Ea)e~t-to/e (14-48) 


for t > to. The solution can also be sketched directly as shown 
in Fig. 14-17c. This is done by plotting an exponential waveform 
with the time constant 72 starting at v = Eo and approaching 
an asymptote at v = Ep. 

An examination of the DP plot of Fig. 14-166 shows that — ; Recall that the equilibrium 
segment 2 is defined only up tov = E3. Therefore, only the solid state for the capacitor 
portion of the exponential waveform shown in Fig. 14-17c con- “2° 8 ediial beiche volt. 

: : ; : j ge intercept of the 
stitutes the valid solution. To determine the time f when pertinent segment or its 


the solution arrives at breakpoint a, we obtain from Eq. (14-44) extension. It is also equal 
to the voltage across the 

See & eens Th 
oa O- -2 - capacitor terminals when 
ta = to + (720) In jon Np (14-49) the capacitor is replaced 
3 by an open circuit. For 


Since point a represents a terminal state, the capacitor must _ identification purposes, a 
make a joint decision with the network N as to where to go — Subscript COCs OTIS 

; ee 5 the pertinent segment will 
next so that both C and N will remain “happy.” In other ge ‘associated with the 


words, we must find the transition state. As far as the capacitor variable v. 
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Fig. 14-18. The iterative linear 
network for determining vo(4) 
during the time interval when 
N is operating on segment 3. 
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is concerned, we have i = —C dv/dt or dv/dt = —i/C. Since 
point a is in the lower half-plane, the value of 7 at this point is 
negative; therefore, dv/dt >0 at the terminal state a. This 
means that to make the capacitor “happy,” its voltage v(/) 
at ¢ = tf, must continue to increase. But as far as N is concerned, 
the network must at all times be operating at a point on the DP 
plot. It is possible to satisfy both C and N by continuing 
to segment 3. Point a of segment 3 is, therefore, the transition 
state. 

At ¢ = ¢{, and at all times thereafter while the operating 
point remains on segment 3, the capacitor sees the linear DP 
plot shown in Fig. 14-18a. Therefore, we can replace N by its 
iterative Thévenin equivalent circuit as shown in Fig. 14-185. 
The initial state now is given by vs(tqa) = E3. The equilibrium 
state is given by v3(¢-) = E3, and the time constant is simply 
T3 = r3C. The corresponding solution for f > fq is given by 
v(t) = Es + (Bg — Ege“ tans (14-50) 
and the waveform is readily sketched as shown in Fig. 14-18c. 

However, upon arriving at breakpoint 6 of the DP plot of 
Fig. 14-165, the terminal state of segment 3 is reached, and the 
solution given by Eq. (14-50) is, therefore, valid only in the 
time interval tg < t < ty, where 
E. — 

Et — Es 

To determine the transition state again, we find that 

dv/dt = —i/C is positive at b because i < 0 at this point. We 


= te + (r3C) In (14-51) 
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conclude by the same reasoning as before that the operating 
point will continue to segment 4. 

On segment 4, the capacitor sees the linear DP plot shown 
in Fig. 14-19a@ and the iterative Thévenin network shown in 
Fig. 14-195. The initial state in this case is given by u(t) = E%, 
the equilibrium state is given by v4(t,) = E4, and the time con- 
stant Ty is equal to rgC. The solution for ¢ > t is, therefore, 
given by 


u(t) = Ex + (Et — Eyjet-ey/nie (14-52) 


and the corresponding waveform is sketched as shown in Fig. 
14-19c. Since it will take an infinite time interval for this 
exponential to reach the equilibrium value £4, and since v = E4 
is contained within segment 4, the solution given by Eq. (14-52) 
is valid for t) < t << o. Since vg = v, the complete solution is 
given by 


Pe ey ae ee Big tS le 
Pei LU Fee ene 7s, (14-53) 
FEA Le Ey era’ | hy. ST 


The corresponding waveform for u¢(7) is identical with that 
shown in Fig. 14-19c, and is replotted in Fig. 14-20a for future 
reference. Observe that the two adjacent exponential waveforms 
at each transition time f, or ¢, have identical slopes. This obser- 
vation can be verified by evaluating vé(t) from Eq. (14-53) at 
tz and ft). The fact that the slopes are identical at ¢, or ¢ can 
also be proved from the relationship i = C duc/dt. Since C is a 
constant, the current i will exhibit a jump if dvc/dt at ft; and 
tt are not identical. But we have just found that the operating 


Uc (t) 


Fig. 14-19. The iterative linear 
network for determining ve(2) 
during the time interval where 
N is operating on segment 4. 
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Fig. 14-20. The complete solu- 
tion waveforms v¢(Z), i(t), and 
ict) for Example 1. 


point traverses the DP plot of Fig. 14-165 continuously from 
point Po to the equilibrium state at v = Ey, and therefore can- 
not exhibit any instantaneous jump. 

To complete the solution of this problem, let us determine 
the capacitor current i((t). Since ig = —i, it suffices for us 
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to determine i(f). There are two methods for determining ((/). 
The first method consists of evaluating 
advo 


iz) = — ee (14-54) 


directly from ve(t) given in Eq. (14-53). The result is 
I 


ae) 


(Eo — EsjetovmC tg St <q 


i(t) = “(3 — Esje-t-t/s0t, Kt < hy (14-55) 
2 


LG Eve teach <t< ow 
r4 


This solution could have been obtained directly from v¢(t), as 
shown in Fig. 14-20a, by graphical differentiation. In either case, 
the resulting waveform for i(f) is shown in Fig. 14-20, and the 
desired solution i¢(f) is simply the negative of i(f) as shown in 
Fig. 14-20c. The above method for determining i¢(f) is con- 
ceptually rather straightforward. However, it is a circuitous 
method because it is necessary to determine v¢(‘) first. In prob- 
lems where only i¢(f) is sought, it will be much easier to use an 
alternate method described as follows. 

The alternate method for determining the capacitor current 
io(t) by inspection is based upon the following two important 
properties of exponential solutions of iterative linear networks: 


Property 1: The derivative of any exponential time function is 
also an exponential with an identical time constant. 


Property 2: The capacitor current ic(Z) is always equal to zero 
when it is in equilibrium. Therefore, i,(¢-) = 0 on 
any segment. 


In view of these properties we may conclude that since 
uc(t) always consists of exponential segments, so does i(¢). More- 
over, the transition times for ve(t) and (2) will always be iden- 
tical because v¢(t) and i(f) have identical time constants. This 
means that we can always determine the initial state i(7), the 
equilibrium state i,(¢.) (which is always zero because of property 
2), and the time constant 7; = 7;C. Therefore, once the sequence 
of operating segments, henceforth called the dynamic route, is 
known, the corresponding solution i(f) can be determined by 
inspection. In this example, the dynamic route starting at Po and 
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Fig. 14-21. The solution i(2) 
can be determined by inspec- 
tion of the dynamic route along 
the DP plot. 
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terminating at the equilibrium state v = FE, or i = 0 is easily 
determined as before and is shown by the bold lines in Fig. 
14-21. 

To determine i(¢), we start with segment 2, and by inspec- 
tion of the dynamic route obtain i(fo) = Jo, i2(te) = 0, and 
Tz = reC. The solution is, therefore, given by 


i(t) = Ipe~-to)/r2€ DIS (14-56) 
where 

Ip — 0 
Iz —0 
Similarly, on segment 3 we obtain i(tq) = J3, is3(te) = 0, and 
T3 = r3C. The corresponding solution is 


pS eon (14-57) 


it) = Ize" ta/73€ bec body (14-58) 
where 

lke = 0 
iy = hey oe (r3C) In Ts ai (14-59) 


Finally, on segment 4 we obtain i(t)) = I¢, ig(t-) = 0, and 
T4 = r4C. The corresponding solution is 


W(t) = Thet-b/nep <tc w (14-60) 


Applying simple analytic geometry to the DP plot shown 
in Fig. 14-21, we easily see that 
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Bo Ls 
fore (Eo — £2) (14-61) 
re 
EX — E: a= Eo 
fe ee ees = Es). (14-62) 
r3 re 
5 pat ae 2 
eee ye) (14-63) 
r4 rs 


If we substitute Jo, 73, and /% in Eqs. (14-56) to (14-60), we ob- 
tain Eq. (14-55), thus verifying the validity of the above method. 

Comparing the above methods, we see clearly that the 
alternate method is computationally much simpler than the 
earlier method. 


. Find the inductor current 7,(f) and the inductor voltage u;(t) of 
the network shown in Fig. 14-22a, corresponding to an initial 
current iz(to) = —Jo. The DP plot of the resistive subnetwork 
N is current-controlled and is shown in Fig. 14-225. 

Since the DP plot is given in the v-i plane, it is more con- 
venient for us to choose 7 instead of i, as the state variable. 
Since i(¢9) = Jo, the network is initially operating on segment 4 
as shown by the point Po in Fig. 14-22b. As before, it is neces- 
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Fig. 14-22. A first-order net- 
work with a current-controlled 
DP plot and a linear inductor 
(Example 2). 


(a) 
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Fig. 14-23. The iterative linear 
network for determining i(¢) 
during the time interval where 
N is operating on segment 4. 


a) 
; a 
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hi (t) 


(6) 


sary to determine the dynamic route along the DP plot. This 
can be easily found from the basic relationship di/dt = —v/L. 
Observe that di/dt < 0 whenever v > 0, and vice versa. This 
means that the current i in the right half-plane must be de- 
creasing with time, and the current / in the left half-plane must 
be increasing with time. Since the initial segment is in the right 
half-plane, the dynamic route will move down segment 4, 
as shown in Fig. 14-225, until it arrives at the terminal state a, 
which is still in the right half-plane. Therefore, the dynamic 
route must continue to decrease along segment 3. It will cross 
the v axis and eventually arrive at the terminal state b. Since 
point 5 is still in the right half-plane, the dynamic route will 
continue to decrease along segment 2 until it arrives at the 
equilibrium state i = Jz, as shown in Fig. 14-220. 

By arguments dual to those used in the preceding example, 
we observe that during the entire time interval while the net- 
work is operating in segment 4, the inductor sees a straight DP 
plot as shown in Fig. 14-23a. The resistive subnetwork N can, 
therefore, be replaced by its iterative linear equivalent circuit as 
shown in Fig. 14-23b. The initial state is given by i(to) = Io, 
and the equilibrium state is given by ig(t,) = J4. Since the 
energy-storage element is an inductor, the time constant is 
given by 74 = L/r4. The solution corresponding to segment 4 
is, therefore, given by 


i) = In + (Ip — Ta)ente to (14-64) 


where t > fo. Alternately, we can obtain the solution graphically 
by inspection as shown in Fig. 14-23c. Obviously, this solution 
is valid only up to the time f,, where 
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L, Io —I4 
tl =tot+ <i In preaie 

To find i(a) for t > tg, we observe that the DP plot can be 
replaced by the straight line shown in Fig. 14-24a and the 
corresponding iterative linear network as shown in Fig. 14-24b. 
The initial and the equilibrium states are given, respectively, by 
(ta) = 3 and i3(t,) = 73. Since the slope of this line is negative, 


(14-65) 


we obtain a negative time constant T3 = —L/|r3|. The corre- 
sponding solution is given by 
i(t) = I3 + Ud — I)el"sl-ta/L (14-66) 


where ¢ > fq. Alternately, this solution can be obtained graphi- 
cally as shown in Fig. 14-24c. Observe that we have used the 
properties that for a negative time constant the exponential 
through the initial state 7 = /4 is asymptotic to the horizontal 
line through the equilibrium state i = /3, and that if we move 
back one time constant to ¢ = fg — |r3|, the exponential wave- 
form will reach 37 percent of (/3 — J%) from its equilibrium 
state at i = /3. Another important clue for drawing this expo- 
nential is to notice that the slopes of the preceding and the 
present exponential waveforms at ¢ = f, are continuous. This 
follows because the dynamic route does not show a jump in the 


inductor voltage v, = —L di/dt at t = tq. The above solution 
is valid only over the time interval (f,,f)) where 
if Iz — 13 


eee in (14-67) 


sl Lg ds 
For ¢ > t, the inductor sees the straight DP plot shown in 
Fig. 14-25a, and the corresponding iterative linear network is 


4i(t) 
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Fig. 14-24. The iterative linear 
network for determining (2) 
during the time interval where 
N is operating on segment 3. 
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(a) 


Fig. 14-25. The iterative linear 
network for determining i(/) 
during the time interval where 
N is operating on segment 2. 


1We shall say a dynamic 

route is continuous if it 
does not exhibit any in- 
stantaneous jumps. 


(b) 


shown in Fig. 14-25b. The initial and equilibrium states are 
given, respectively, by i(t)) = J and i2(t,) = Iz. The time con- 
stant is once again positive and is given by tz = L/r. From this 
information we obtain the solution 


i(t) = Ip + (Ig — In)e~met- VE (14-68) 


where ¢ > f. This solution can also be obtained graphically as 
shown in Fig. 14-25c. Observe again that the slope at t= h 
must be continuous. Otherwise, the inductor voltage will jump 
here, thus contradicting the continuous dynamic route shown 
in Fig. 14-225.1 

Since i, = —i, the complete solution iz(¢) is obtained from 
Eqs. (14-64) to (14-68) as follows: 


La lo aera lo St<h 

int) = ;—I3 — Ud — Ip)eltsit-ta/L io R= ty (14-69) 
lp (5 tle eat tp et <AN0O 

This is plotted in Fig. 14-26a. 

It is now a simple matter to find v;(‘). We can use the 

relationship v, = L di;,,/dt and Eq. (14-69) to obtain 
ra(Ip — [q)e-tstttoy/ to Paty 

ur(t) = ; — |ralU$ — Ea)elsil@- tL tg <t<h (14-70) 
reU3 = Io)e7t2t— toy L hy SUK CO 
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>t 


We can also obtain this solution by a graphical differentiation 
procedure as shown in Fig. 14-26d. In either case these methods 
require the determination of i,(¢) first. 

It is possible to avoid this circuitous approach by taking 
advantage of the property that v;(7) must consist also of expo- 
nential waveforms having time constants identical with i(¢) over 
the same time intervals. Therefore, all we need to know are the 
initial state, the equilibrium state, and the time constant over 
each segment of the dynamic route. For example, correspond- 
ing to segment 4 of Fig. 14-22, we have v(to) = Eo, va(te) = OF; 
and 14 = L/r4. Therefore, we have 


u(t) = Epe="(t-to)/L (ome te (14-71) 

where 

ee es ee (14-72) 
V4 3 
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Fig. 14-26. The complete solu- 
tion waveforms i,(t) and v,(Z) 


for Example 2. 


yj Observe that the voltage 
across an inductor in 


equilibrium 
equal to zero. 


is 


always 
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1 This is dual to the capaci- 
tor case where the equilib- 
rium current is always 
Zero. 
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Corresponding to segment 3 of the dynamic route, we obtain 
the initial state v(f,) = E3, the equilibrium state v(t) = 9, and 


73 = —L/|rs3|. Therefore, we have 
u(t) = Egelrs\(t-ta/b Lita (14-73) 
where 
+ 
ty = la + ae (14-74) 
Irs] 3 


Finally, corresponding to segment 2 of the dynamic route, the 
initial state v(¢,) = E%, the equilibrium state v2(t,) = 0, and the 
time constant t2 = L/re are obtained. Therefore, we have 


v(t) = Eterm p< t <0 (14-75) 


By simple analytic geometry it is easy to derive from Fig. 14-225 
the following identities: 


Eo = r4(Lo — 4) (14-76) 
Ex = —\rs\U$ — 13) (14-77) 
E} = reg — 12) (14-78) 


Substituting these identities into Eqs. (14-71) to (14-75), we ob- 
tain the same result as Eq. (14-70). Observe, however, that the 
present method is computationally much simpler because the 
equilibrium voltage v,(¢,) is always zero,! and no differentiation 
is needed. 


. Consider next the network shown in Fig. 14-27a with the DP 


plot shown in Fig. 14-27b. If the initial capacitor voltage 
is given to be v¢(fo) = Eo, find v(t) and i((t) for all times 
flo. 

As usual, the first step is to determine the dynamic route. 
Since the energy-storage element is a capacitor, we have dv/dt = 
—i/C and hence, dv/dt <0 whenever i >0 and dv/dt >0 
whenever 7 < 0. From this, we can formulate the following 
general rule: the capacitor voltage must always decrease along 
the DP plot in the upper half-plane and increase along the DP 
plot in the lower half-plane. Therefore, starting with the initial 
state Po on segment 2, the dynamic route must move up along 
this segment as shown in Fig. 14-27b. When it reaches the ter- 
minal state a, the capacitor voltage must continue to increase 
because point a is still in the lower half-plane. But it cannot 
continue to segment 3 because the voltage is decreasing there. 
The only way out of this dilemma is for the dynamic route to 
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Fig. 14-27. A first-order net- 
work with a current-controlled 
DP plot and its associated solu- 
b Us (d) tion waveforms (Example 3). 
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1 The jump must be vertical 

because of the principle 
of the conservation of 
charge. 


2Whenever the voltage 
across a capacitor or the 
current in an inductor ex- 
hibits two distinct slopes 
avally, time yr — 775. tne 
corresponding capacitor 
current or inductor voltage 
must exhibit a jump and 
is therefore undefined at 
t;. Accordingly, it becomes 
necessary to split the time 
t; into tj and f}, where 
tj and f} are infinitesimally 
less than and greater than 
t;, respectively. 
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jump up instantaneously along the vertical line shown in Fig. 
14-27b.1 Having established the transition state at point b 
(which is now in the upper half-plane), the capacitor voltage 
must begin to decrease along segment 5 and continue down 
along segment 4 until it arrives at the equilibrium state v = F4. 
The complete dynamic route is shown by the solid paths 
in Fig. 14-27b. The next step is to determine the exponential 
solution associated with each segment. 

A review of the detailed procedure in the preceding example 
shows that a number of steps can easily be done mentally and 
can therefore be omitted. For example, the iterative linear net- 
works used in the preceding example are really unnecessary. 
They were used earlier in order to illustrate the main concept 
in a clearer perspective. The complete solution can be deter- 
mined by inspection of the dynamic route shown in Fig. 14-275. 
For convenience the pertinent information for each segment is 
summarized in Table 14-2. The complete solutions v¢(t) and 
it) for all times ¢ > fo are easily obtained from the data in this 
table and are shown, respectively, in Fig. 14-27c and d. Observe 
that, unlike the previous examples, the slope of u¢(t) at ft = fy is 
discontinuous.? Since ic(t) = C duc/dt, the capacitor current 
ic(t) must exhibit a jump here. This clearly agrees with the dy- 
namic route shown in Fig. 14-27b. Observe further that at 
t = f,, the slope of v¢(‘) is continuous, and the corresponding 
current i¢(t) is, therefore, continuous. This agrees again with the 
dynamic route. It should now be clear that our method in the 
present section provides many independent self-checking fea- 
tures. Any inconsistency that may arise means that an error 
has been committed, and it will be necessary to uncover the 
error before proceeding further. 


. As a final example consider the network shown in Fig. 14-28a 


with the DP plot shown in Fig. 14-285. The problem is to find 
i(t) and v;(t) for all times ¢ > fo corresponding to an initial in- 
ductor current iz(fo) = —Ip. 


TABLE 14-2 Pertinent information for 
describing the dynamic route of Example 3. 


Segment Initial state Equilibrium state Time constant 
v(to) i(to) Vj(te) i(te) Tj 

D; Eo Io E2 0 roC 

5 ER Ik Es 0 r5C 

4 ide JE Ey 0 aC 


eee 
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(d) 


Fig. 14-28. A first-order network with a voltage-controlled DP plot and its associated solution waveforms (Example 4). 
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TABLE 14-3 Pertinent information for 
describing the dynamic route of Example 4. 


Segment Initial state Equilibrium state Time constant 
i(to) v(t) ij(te) Vj(te) Tj 
4 Io Eo I4 0 — 
V4 
ib 
= - 0 8 
D Ie, E, To = 


Applying the general rule that the current = —i, through 
the inductor must decrease along the DP plot in the right half- 
plane and increase along the DP plot in the left half-plane, we 
immediately obtain the dynamic route as shown by the solid 
paths in Fig. 14-285. From this we summarize the pertinent 
data in Table 14-3. 

The complete solutions i(f) and v,(¢) are easily determined 
from the data in Table 14-3 and are shown, respectively, in 
Fig. 14-28c and d. Observe that the resulting waveforms for 
i(t) and v,(t) are periodic for all times ¢ > &%. The period of 
oscillation T is readily determined as follows: 


Lb Tals Jk, fd, 
— — a—t = —I|n 3 ] 3 
A aA) me as EA SE TONE 


(14-79) 


Observe further that v,(7¢) exhibits two jumps because v;(?) = 
—L di/dt, and the slope of i(t) exhibits two discontinuities per 
cycle. This again agrees with the dynamic route shown in 
Fig. 14-285. 


14-8-2 NETWORKS CONTAINING A LINEAR ENERGY-STORAGE 
ELEMENT ACROSS A NONLINEAR RESISTIVE NETWORK 
CHARACTERIZED BY PIECEWISE-LINEAR SEGMENTS WITH 
ARBITRARY SLOPES 


So far we have assumed that the DP plot of the resistive subnet- 
work contains neither horizontal nor vertical segments. The reason 
for this assumption is that the time constant becomes either infinite 
or zero when such segments are present, and Eq. (14-35) is no 
longer applicable. Fortunately, these special cases turn out to be 
easier to handle because the iterative linear network becomes 
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a current source when the segment is horizontal and a voltage 
source when the segment is vertical. 

Consider first the case where the energy-storage element is a 
capacitor. To be specific, let us choose a typical DP plot containing 
both a horizontal and a vertical segment as shown in Fig. 14-29a. 
Suppose it is required to find v(¢) and i(¢) for all times ¢ > fo corre- 
sponding to u(fo) = Eo. 

First we must find the dynamic route. Since the capacitor 
voltage v must decrease along the DP plot in the upper half-plane, 
the dynamic route starting at Po will move /eft along segment 6 
until it arrives at the terminal state a, when it must make an instan- 
taneous jump along segment 5 to point b. This jump is due to the 
fact that point a is in the upper half-plane, and hence the voltage 
v must continue to decrease toward the left. This behavior is 
obvious from an inspection of the equivalent network shown 
in Fig. 14-295 where a voltage source E5 is connected across 
the capacitor at f = fy. Since point 5 is in the upper half-plane, 
the dynamic route must continue to move left, first on segment 4, 
then to the horizontal segment 3, and finally to segment 2 until it 
arrives at the equilibrium state v = Ep. 

We can apply our previous methods to obtain the solutions 
corresponding to each segment of the DP plot. The only difference 
here lies in segments 5 and 3. Since the time it takes to move from 
a to b of the vertical segment 5 is zero, only segment 3 needs 
further consideration. The equivalent network for this horizontal 
segment is simply the current source shown in Fig. 14-29c. To 
determine the waveform of vu(/) on this segment, we observe that 


v(t) = —— [_ioa- = © (a) dr = ra f i) dr (14-80) 


The first integral in the right side of Eq. (14-80) is by definition 
the initial voltage u(¢,). The second integral can be easily integrated 
to obtain a linear function of ¢ because i(r) is constant for any 
horizontal segment. We have shown, therefore, that the voltage 
waveform corresponding to any horizontal segment is always 
a linear “ramp” and can be expressed as 


Be) = L(t “7 (14-81) 


where i is the current corresponding to the horizontal segment. 
From Eq. (14-81) it is easy to compute the time it takes the linear 
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b (e) 


Fig. 14-29. A first-order network with a DP plot containing both horizontal and vertical seg- 
ments and its associated solution waveforms. 
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ramp v(t) to move from v(fo) to any point u(r); namely, 


(eee i =A) — o(t0)] (14-82) 


If we let AT = (¢ — 7.) and Av = [v(¢) — v(t-)], Eq. (14-82) becomes 


ATS -c=2 (14-83) 


This equation could have been derived more easily upon replacing 
the differentials in the expression i = —C dv/dt by incremental 
quantities, a legitimate operation since vu(¢) is linear. 

Applying Eqs. (14-81) and (14-82) to segment 3 of the present 
DP plot, we obtain 


w(t) = Et — 2 ce) (14-84) 
and 
— _ Ft 
t@=te— cE =p (14-85) 
3 


where ¢, and ¢g denote the time when the dynamic route arrives at 
points c and d, respectively. 

The complete waveform v(f) is, therefore, as shown in Fig. 
14-29d. The corresponding current i(¢) can be obtained either from 
i = —C dv/dt or from the dynamic route as before. The result is 
shown in Fig. 14-29e. 

By a dual procedure it is just as easy to determine the wave- 
forms v(t) and i(t) when the energy-storage element is a linear in- 
ductor. In this case, the current i(t) will become a linear ramp 
along any vertical segment and will jump instantaneously on 
a horizontal segment. The equation for i(t) corresponding to a 
vertical segment starting at i(fo) is simply the dual of Eq. (14-81); 
namely, 


(aA = (azo) (14-86) 


Similarly, the time interval from the initial state to any point 
on the vertical segment is given by 


685 


686 


Fig. 14-30. A piecewise-linear 
capacitor can be replaced by a 
voltage source and a linear ca- 
pacitor in series. A piecewise- 
linear inductor can be replaced 
by a current source and a 
linear inductor in parallel. 
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po peo - i(to)| (14-87) 
or 

Wi oe (14-88) 
where 


AT=(t — fo) and Ai=i(t) — ito). 


14-8-3. NETWORKS CONTANING A PIECEWISE-LINEAR 
ENERGY-STORAGE ELEMENT ACROSS A NONLINEAR RESISTIVE 
NETWORK CHARACTERIZED BY PIECEWISE-LINEAR SEGMENTS 
WITH ARBITRARY SLOPES 


Let us now consider the more general case where the energy-storage 
element is also nonlinear. To be specific, we shall assume that the 
capacitor is characterized by a piecewise-linear v-q curve and that 
the inductor is characterized by a piecewise-linear i-p curve. There- 
fore each segment of the v-g curve can be described by 


ee ny aeeerr (14-89) 
Cj 
Similarly, each segment of the 7-p curve can be described by 


in = 9 + I, Sel ae (14-90) 
j 


Equations (14-89) and (14-90) can be represented by the iterative 
equivalent linear circuits shown in Fig. 14-30a and b, respectively. 
For the nonlinear capacitor we can replace the network by the 
iterative linear circuit shown in Fig. 14-3la. Observe that we can 
combine the voltage source Ec, with the original network N to ob- 
tain an equivalent resistive subnetwork N; connected with a linear 
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Fig. 14-31. An arbitrary first- 


capacitor C;. Similarly, for the nonlinear inductor we can replace "er Nonlinear autonomous 
network containing a piecewise- 


the network by the iterative linear circuit shown in Fig. 14-31. _ |inear capacitor or inductor can 
Observe that we can combine the current source J;, with the always be converted into the 
original network N to obtain an equivalent resistive subnetwork Cae Me Maner as aU) 
N; connected with a linear inductor L;. In either case, the resulting 
networks shown in Fig. 14-31 reduce to the same forms as those 
considered previously in Secs. 14-8-1 and 14-8-2. 

From the above observation it is clear that the same methods 
discussed previously are applicable here. But this time we have 


nape a yy (14-91) 


for the capacitor and 


di; 
Uj = LiF 
for the inductor. The time constants will now depend on both the 
resistance of each segment of the DP plot and the capacitance or 
inductance of the corresponding segment of the v-g or i-¢ curve. In 
order to keep track of which segment combination to use at any 
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(a) 


ll 
5 


(b) 


Fig. 14-32. The  piecewise- 
linear networks in Fig. 14-31 . ; ae ; . ; 
can be transformed into an given time, it is sometimes convenient to redraw the networks in 


equivalent network containing Fig. 14-31 into the more explicit form containing switches, as 

mo shown in Fig. 14-32. Observe that, in this case, the DP plot seen 
by the linear capacitor C; or inductor L; changes whenever the 
terminal voltage v or current / of the original resistive network N 
reaches a breakpoint of the v-g curve or the i-p curve, respectively. 
A network with this property is an example of a first-order switch- 
ing network to be discussed in the next chapter. Therefore, we 
should be able to handle this more general class of nonlinear net- 
works after studying Chap. 15. 


Exercise 1: Describe the step-by-step procedure for obtaining the capacitor 
current waveform or the inductor voltage waveform of any first-order autonomous 
network by inspection. 


Exercise 2: Replace the capacitor in Fig. 14-16a by an inductor and sketch 
the inductor voltage and current waveforms corresponding to an initial current 


(to) = Ip. 


Exercise 3: Replace the inductor in Fig. 14-22a by a capacitor and sketch 
the capacitor current and voltage waveforms corresponding to an initial voltage 
U(to) = Eo (assume N is operating initially on segment 4). 


Exercise 4: Specify the DP plot of the network WN in Fig. 14-28 in order to generate 
the dual waveforms of Fig. 14-28c and d, if the inductor is replaced by a 
capacitor. 
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Exercise 5: Specify the DP plot of a network so that when connected across 
a 1l-uF capacitor, a 1-kHz, 10-volt symmetrical triangular voltage waveform 
is generated. 


14-9 SUMMARY 


Two basic approaches: qualitative and quantitative The first approach 
finds the equilibrium states and their associated trajectories. It 
gives useful qualitative information. This approach is tedious if 
the solution waveforms are to be found because of the necessity 
for time scaling. The second approach is the piecewise-linear 
method and can be used to find the solution waveforms by inspec- 
tion. These two approaches supplement each other because the 
former is qualitative and the latter is quantitative in nature. 


General stability criteria] An equilibrium state P; of the normal-form 
equation dx/dt = f(x) is stable if there exists an interval around 
P; such that f(x) is a monotonically decreasing function of x. 
Otherwise, it is unstable. 


Corollary to the stability criteria If the slope of f(x) is nonzero at 
each equilibrium state P;, then P; is stable if the slope of f(x) at 
P; is negative. Otherwise, P; is unstable. Moreover, if f(x) is 
a single-valued function, then the singular points must alternate 
between stability and instability. 


Stability criteria for two common circuit configurations For a capaci- 
tor circuit in configuration 1, an equilibrium state P; is stable if, 
and only if, 1/R > —g’(v), where g’(v) is the incremental conduct- 
ance evaluated at the equilibrium state P;. For an inductor circuit 
in configuration 2, an equilibrium state P; is stable if, and only if, 
R> —r'(i), where r’(i) is the incremental resistance evaluated at 
the equilibrium state Pj. 


Basic principle for handling multivalued functions © When /(x) of the 
normal-form equation is not a single-valued function, two tech- 
niques are available for obtaining a unique solution: 


1. Make use of the inertia postulate and the principles of conser- 
vation of charge and flux linkages. The solution waveforms in 
this case will contain jump discontinuities. 
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2. Introduce additional parasitic elements at strategic locations so 
that the normal-form equations can be obtained. The existence 
of the normal-form equations precludes the possibility of any 
jump phenomenon. 


Piecewise-linear method The first step is to draw the dynamic route 
corresponding to a given initial state. Each segment of the dynamic 
route gives rise to an exponential waveform whose exact form can 
be found by determining, by inspection, three pieces of informa- 
tion, namely, the initial state, the equilibrium state, and the time 
constant associated with the segment. The pertinent equations are 
given in Table 14-1. When a segment is either horizontal or 
vertical, the corresponding solution waveform is linear and can also 
be determined by inspection. 


PROBLEMS 


14-1 Let x = x, be an equilibrium state of the system dx/dt = f(x). 
(a) Prove that the equilibrium state x, is stable if, and only if, 
(x — Xe) f(x) <0 for all values of x in the vicinity of xe; 
namely, (xe — €) << x < (Xe + ©), where «€ is any positive 
number which does not cause the initial state to move 
beyond any adjacent equilibrium state. 
(b) Apply the above criterion to test the stability of each of the 
equilibrium states of the equation dx/dt = cosh x — 10. 


14-2 Consider the two first-order circuits shown in Fig. P14-2a and b. 

The thermistor is assumed to be operating at T = 50°F. 

(a) Find the operating points of these networks when the capac- 
itor is open-circuited and the inductor is short-circuited. 

(b) For the tunnel-diode circuit shown in Fig. P14-2a, find the 
operating-point voltage that will be measured in steady 
state corresponding to each of the initial states ve(0) = 0.25, 
0.1, and 0.5 volt. 

(c) For the thermistor circuit shown in Fig. P14-25, find the 
operating-point current that will be measured in steady state 
corresponding to each of the initial states i,(0) = 5, 25, 
50 ma. 


R=500 2 R=500 0 L 


i = 
i Se WO 
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(a) (b) 


(d) 


(e) 
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In theory, is it possible to operate at the middle equilibrium 
State? If so, specify the initial state for achieving this goal. 
Is this operating point observable in practice? Explain why. 
Specify the range of permissible initial states for which the 
circuit will be operating at a given equilibrium state. 


14-3 Consider the network shown in Fig. P14-3a. The DP plot of the 
resistive subnetwork N is shown in Fig. P14-3, and the v-q curve 
of the nonlinear capacitor is shown in Fig. P14-3c. 


(a) 


(b) 
(c) 


(d) 


(e) 


(a) 


Write the equations of motion in terms of the state variable 
q. Plot the associated function /(q). 
Find all equilibrium states and determine their stability. 


Assuming an initial charge g(0) = —1 coul, find q(t) 
analytically. 
Repeat part (c) by the qualitative method and sketch the 


trajectory accurately. 
Determine the time scale analytically. Repeat by applying 
the trapezoidal rule. 


(b) 


14-4 Repeat Prob. 14-3 for the network shown in Fig. P14-4. Assume 
that the initial inductor current i,(0) = 1.8 amp and choose the 
inductor flux linkage gz, to be the state variable. 
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v, volts 
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Fig. P14-3. 


Fig. P14-4. 


he, weber-turns 


+ > 
v, volts 
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14-5 Consider the first-order network shown in Fig. P14-5, where the 


Fig. P14-5. 


14-6 


14-7 


Fig. P14-7. 


L=1md 


_—_—<— 


DP plot of the black box N is given by i; = v1? and the v-q curve 

of the capacitor is given by g = v%. 

(a) If the initial charge g(0) = 1 coul, find g(t) analytically. 

(b) Repeat (a) by the qualitative method. 

(c) Find v(¢) and i(t) corresponding to the same initial state 
q(0) = 1 coul. 

(d) Determine v(t) directly from g(t) and the v-g curve. 


ty 


Consider the network shown in Fig. P14-5 but with the DP plot 

given by i; = (vi + Y6v13)10~® amp. 

(a) Assuming an initial voltage vc(0) = 5 volts and a linear 
capacitor C = 1 uF, find v(Z) analytically. 

(b) Repeat (a) by applying the qualitative method and the 
trapezoidal rule. 


Consider the first-order network shown in Fig. P14-7a, where the 
DP plot of N is given in Fig. P14-7b. Find the inductor current 
i(t) and inductor voltage v,(t) for t > 0 corresponding to the 


hi, ma 


ho Ke 
10+ : 


—— = W, VOLS 
8 10 


(b) 


14-8 


14-9 
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initial states i,(0) = 7 ma and — 10 ma. Sketch the time functions 
accurately and label all pertinent quantities. 


Consider the network shown in Fig. P14-8a where the DP plot of 
N is given by Fig. P14-8d. If the initial charge in the capacitor is 
q(0) = —12 x 10-6 coul, find ig(t) and v¢(t) for ¢ > 0. Sketch the 
time functions accurately and label all pertinent quantities. 


A i, ma 
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(a) 


Tr, = —500 2 


Consider the network shown in Fig. P14-9a where the DP plot of 
N is given by Fig. P14-9d. Find iz(¢) and v(t) for t > 2 sec corre- 
sponding to the initial current i,(2) = 5 ma. Sketch the time 
functions accurately and label all pertinent quantities. Assume 
that any jump in the dynamic route is toward the nearest positive- 
slope segment of the DP plot. 


hi, ma 


Fig. P14-8. 


Fig. P14-9. 
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(a) 
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14-10 Assuming an initial charge q(0) = 10-6 coul, find the output volt- 
age v(t) of the network shown in Fig. P14-10. Sketch the wave- 
forms accurately and label all pertinent quantities. 


20 volts = 
Fig. P14-10. i 


14-11 Consider the two zener-diode circuits shown in Fig. P14-1la and 
b. Let the zener diodes be represented by the usual piecewise- 
linear v-i curve with a breakdown voltage E£,. 

(a) Find the values of £, and R in the circuit of Fig. P14-11la in 
order to generate a 20-volt peak-to-peak 10-kHz square 
wave U,(f). 

(b) Assuming that £, = 5 volts and i,(0) = 0.5 ma in the circuit 
shown in Fig. P14-114, find vz(4), iz(4), and their periods of 
oscillation. 

(c) Repeat (5) with Ry = 0. 


E, 


—= 2.5 volts 


Fig. P14-11. (b) 


14-12 Consider the tunnel-diode circuit shown in Fig. P14-12a and the 
tunnel-diode v-i curve shown in Fig. P14-125. 
(a) If the initial inductor current is i,(0) = 5 ma, find i,(t) and 
v(t) for t > 0. Sketch all waveforms accurately. 
Fig. P14-12. (b) Find the frequency of oscillation. 


Ai 


,l, Ma 


> U,, UV, volts 


(a) () 
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14-13 Consider the networks shown in Fig. P14-13a where the v-i curve 

of the nonlinear resistor R is shown in Fig. P14-13d. 
If the voltage across the capacitor at ¢ = 10 msec is 10 volts, 
find i¢(t) and v¢(t) for t > 10 msec. Sketch all waveforms 


(a) 


(b) 


accurately. 


Find the value of C so that the frequency of steady-state 
oscillation is equal to 1 kHz. 


(a) 


=U Q 2 


U 


14-14 Consider the network shown in Fig. P14-14a, where the DP plot 


of the black box N is shown in Fig. P14-140. 


(a) Assuming an initial voltage vc(0) = —5 volts, find the cur- 
rent i¢(t) and the voltage u¢(r) for t > 0. Sketch all waveforms 


(b) 


route to jump, choose the nearest segment with a positive slope. 


accurately. 


After the trajectory has reached a steady state, ic(¢) and u¢(t) 
become periodic. Find the frequency of oscillation. 
NOTE: If there is more than one possible segment for the dynamic 


volts 
Fig. P14-13. 
Fig. P14-14. 
Ai, ma 
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Fig. P14-15. 


Fig. P14-16. 
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14-15 Consider the network shown in Fig. P14-15a, where the DP plot 
of N is given in Fig. P14-15b. 

(a) If the initial voltage ve(0) = —10 volts, find c(t) and v(t) 

for t > 0. Sketch the time functions accurately and label all 


pertinent quantities. 


(b) Find the frequency of oscillation in the steady state. 


(a) 


14-16 Consider the network shown in Fig. P14-16a, where the DP plot 
of N is given in Fig. P14-16d. If the initial current 7;(0) = 3.0 ma, 
find i,(f) and v,(t) for t > 0. Sketch all waveforms accurately. 


(a) 


hi, ma 


15-1 WHAT IS A FIRST-ORDER SWITCHING NETWORK? 


The principles presented in the preceding chapter are generally not 
applicable to nonautonomous networks; the reason is that, unlike 
the autonomous case, the DP plot associated with a nonautono- 
mous network does not remain fixed but changes with time. How- 
ever, there is an important subclass of nonautonomous networks 
which behaves like autonomous networks during some specified 
intervals of time. This class of networks can be distinguished by 
the presence of one or more switches (mechanical or electronic) or 
stepwise switching signals, or both, and are henceforth called 
switching networks. 

An example of a switching network containing a switch is 
shown in Fig. 15-la. If the vj-i; curve of Ri is as shown in Fig. 
15-15, and if the switch S is off for —coo<¢< 0 and on for 
all times ¢ > 0, then the DP plots of the network during the corre- 
sponding time intervals are shown in Fig. 15-1c. Another example 


i,,amp 
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Fig. 15-1. An example of a 
first-order switching network 
whose DP plot depends on 
whether the switch is on or off. 


l, amp 


O0<t<oco 


(c) 
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OQ; 21 2 3 4 


(a) 


Fig. 15-2. An example of a 
first-order switching network 
whose DP plot changes accord- 
ing to a stepwise switching 
signal. 


of a switching network whose DP plot changes according to a step- 
wise switching signal is shown in Fig. 15-2a. The two nonlinear re- 
sistors are characterized by the same vj-i; curve shown in Fig. 
15-2b. The DP plot during the time intervals — oo <7¢< 1 and 
2<t< oo is easily found to be given by the lower v-i curve shown 
in Fig. 15-2c. The corresponding DP plot during 1 <¢< 2 is 
given in the same figure by the upper v-i curve. 

More complicated switching networks can be found where 
both switches and stepwise switching signals are present. In any 
case, however, it is possible to partition the time axis into a finite 
number of intervals such that during each interval, the energy- 
storage element “sees” a fixed DP plot. We shall now extend the 
techniques in the preceding chapter to analyze this class of non- 
autonomous networks. 


15-2. ANALYSIS OF FIRST-ORDER LINEAR SWITCHING NETWORKS 


A switching network containing only linear resistors and one 
linear inductor or one linear capacitor is called a first-order linear 
switching network. This class of networks is important because: 
(1) there are many practical switching networks which are of this 
type, and (2) any first-order nonlinear switching network can be 
analyzed as a number of linear switching networks with appropri- 
ate initial and transition states. Since basically no new concept is 
involved, we shall consider only examples to illustrate the details. 
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EXAMPLES 


1. Consider the linear switching network shown in Fig. 15-3a. The 
switch S' has been “open” for a “long time.” By this we mean 
a long time compared with the largest time constant of the net- 
work so that for all practical purposes, the network can be 
assumed to be operating in its equilibrium state. If the switch 
is closed at ¢ = 1 sec and then “reopened” at ¢ = 2 sec, find 
the output voltage v,(z) for all times ¢ > 0. 

Since the network is linear, we can replace the resistive 
subnetwork across the capacitor by its Thévenin equivalent 
circuit. This is shown in Fig. 15-3b for the case when S is open 
and in Fig. 15-3c when S is closed. The corresponding DP plots 
are shown by the upper and the lower straight lines in Fig. 
15-3d. 

Since the network is assumed to have reached its equilib- 
rium state, it is operating at point a of the upper DP plot 
during the time interval 0 <¢< 1. Att = 1 sec, the DP plot 
switches to the lower line. Since the capacitor voltage cannot 
change instantaneously, the transition state at ¢ = 1+ must be 
at point b(v = 6) in the lower half-plane. Accordingly, the 
dynamic route will move up along the lower DP plot until it 
reaches some point c corresponding to f = 2 sec when the DP 
plot switches back to the upper line. The transition state at 
t = 2* sec must be at point d (directly above c) in the upper 
half-plane, and hence the dynamic route must move down 
along the upper DP plot until it arrives at its equilibrium state 
again. The complete dynamic route is shown by the solid lines 
in Fig. 15-3d. 

Applying the principles in the preceding chapter, we can 
immediately draw the solution waveform v¢(7) as shown in Fig. 
15-3e for all times ¢ > 0. The corresponding equations are 
given by 

10 — 4e (00.9) Ue tee2 


AD = 16 4 268-210) DB ab) 


The voltage v,(t) can now be obtained by inspection of Fig. 
15-3a; namely, 


doe 
dt 
Dal) = 1.78e-lt-1)/0.9] es hei 2 
— 1.07e7lé-2)/1.01 EEE EOO 


R3ig = R3 
(15-2) 


R,=12 kQ 


S 


i, R2=12 ka 


— = 30 volts 


R4,=3 ko 


(a) 


= Eeq = 6 volts 


When switch S is open 


(b) 


Req =3.6 k2 


= E,.,=10 volts 


When switch S is closed 


(c) 


Fig. 15-3. An example illustrat- 
ing the steps involved in the 
solution of a typical linear 
switching network. 


U0) 


C= 250 uF 
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—oo<t<land2<t< oo 
C= 2500 


—+———+ pv, volts 
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10 


—+————+ ++ ——» ft, sec 
0 eo rs ee ae Cee ee eS 
(e) 


is 
Ue 


The resulting waveform for v,(¢) is sketched in Fig. 15-3f and is 
seen to consist of exponential segments with time constants 
identical with v¢(t) during the corresponding intervals of time. 
Indeed, by applying the voltage-source substitution theorem, 
we can replace the capacitor by a voltage source u¢(t) having 
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the waveform shown in Fig. 15-3e. The resulting voltages and 
currents in all resistors must, therefore, consist also of exponen- 
tial segments with identical time constants for v(t) during 
corresponding intervals of time. This follows because the wave- 
form solutions of any resistive network are always identical 
with the waveform of the excitation function. This observation 
is important enough to be summarized as a theorem. 


EXPONENTIAL WAVEFORM SOLUTION THEOREM 


The solution waveform of the voltage across any terminal pair 
or the current in any branch of a first-order linear switching net- 
work always consists of a sequence of exponential waveforms 
kje tt ti)/711 during each time interval (¢,¢;,1). The same time 
constant 7; applies to any voltage and current solution during 
each time interval. 


Applying this theorem, we can determine the voltage or 
current waveform of any resistor of a linear switching network 
by a more direct method. All we need to find are the three 
pertinent pieces of information describing an exponential. For 
example, consider the network shown in Fig. 15-3a again. 
Since the capacitor current is zero when the network is in 
equilibrium, we have v,(¢) = 0 for ¢ < 1; hence v,(1-) = 0. To 
determine v,(1*), we observe that at ¢ = 1* sec, the capacitor 
voltage can be replaced by a battery vg = 6 volts as shown in 
Fig. 15-4a. (The 2-kQ resistor and 10-volt battery represent the 
Thévenin equivalent of the resistive network to the left of the 
capacitor with the switch closed.) The voltage v,(t) at t = 1* is, 
therefore, equal to 


Di lt 1 8-volts (15-3) 


The time constant is identical with that of v¢(t) during 1 <1 < 
2 and is given by 71 = 0.9 sec. The equilibrium state is given by 
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Fig. 15-4. The three instan- 
taneous networks needed to 
determine the transition states. 


vy (1*)=6 volts ve(2-)= 8,WS V v.(2*) = 8.68 volts 


v9(27) = 0.59 
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Fig. 15-5. A simple linear 
switching network containing a 
stepwise switching signal and 
its equivalent network. 


v,(t) 


(a) 
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(b) 


Ute) = 0. From this information we obtain the same exponen- 
tial waveform during 1 < ¢ < 2 as shown in Fig. 15-3. 

At t =2 sec, the switch S is reopened, and hence it is 
necessary to determine the three pieces of information v,(2*), 
T2, and v,(t). Clearly, t2 = 1 and v,(t.) = 0. It remains to find 
vo(2*). Since the voltage across a resistor may jump instantane- 
ously, v,(2*) need not equal v,(2~). However, we do know that 
vo(2+) = ve(27), and from this we can find v,(2*). To show how 
this is obtained, let us determine uv¢(2_) first. The equivalent cir- 
cuit that applies at ¢ = 27 is shown in Fig. 15-4b. Since 
02>) = 099s (coe 0D9VN6k = 037 mavand 


Oka) = 10 V0 37) — 050 668 (15-4) 


Therefore, vo(2*) = 8.68, and the equivalent circuit that applies 
at ¢ = 2* is shown in Fig. 15-4c. The capacitor is again re- 
placed by a battery, and the resistive network across the capac- 
itor is replaced by the Thévenin equivalent with the switch 
opened. We can now compute for v,(2*) as follows: 


v,(2+) = FP (—2.68) sees Ky (15-5) 


The final solution for t > 2 can now be obtained as shown in 
Fig. 15-3f. 

Observe that the above alternate procedure is a direct one 
because we have solved for v,(¢) without having to solve 
for u(t) first. For this example the amount of work involved in 
the two methods is about the same. In other networks one 
method might be simpler than the other. However, in all cases 
the first method is conceptually simpler and offers less chance 
for error. 


- Consider the simple R-C switching network shown in Fig. 


15-5a. The stepwise switching signal v,(f) is equal to zero for 
¢ < 0 and is equal to E for ¢ > 0. In spite of its simplicity, this 
network is very important because it represents a large class of 
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practical networks. For example, the resistive subnetwork 
might represent the equivalent circuit of a square-wave voltage 
generator, and the capacitance C might represent the “parasitic” 
capacitance between the output terminals. It is of utmost im- 
portance to know the effect of this parasitic element on the 
output waveform. 

For purposes of analysis a switching signal can always be 
represented by an appropriate combination of batteries and 
switches. For example, the switching signal of Fig. 15-5a can 
be replaced by the equivalent switching circuit shown in Fig. 
15-55. In this case, S$; is open while S» is closed for ¢ < 0. This 
will simulate the condition v,(t) = 0 for ¢ < 0. Similarly, Sj is 
closed while Sz is open for ¢ > 0 to simulate the condition 
Us(L) yy 

To analyze this network, observe first that since S2 is 
closed for t < 0, v(0-) = 0. The three pertinent pieces of in- 
formation for drawing the exponential are easily obtained by 
inspection; namely, v,(0+) = v,(0-) = 0, tr = RC, and v,(t,) = E. 
The corresponding solution is 


v(t) = E — Ee RO) io () (15-6) 


This waveform is shown in Fig. 15-6a and 4 illustrating the 
relative difference between a large and a small value of r. 
Observe that in the limit where 7 = 0, Eq. 15-6 reduces to 


iy a eer 0 (15-7) 


as expected, since this corresponds to the case where no para- 
sitic element is present. The effect of the parasitic capacitance 
is, therefore, to distort the actual output waveform from the 
ideal waveform given by Eq. (15-7). Clearly, the larger 7 is, the 
greater the distortion. It is highly desirable, therefore, to reduce 
7 as much as possible in order to obtain a faithful reproduction 
of the input signal. In practice, this is accomplished by careful 
wiring and by using as short leads as possible so as to minimize 
the parasitic capacitance. 


Av, (t) Au, (t) 


Exponential with 
small time constant 


E 


Fig. 
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15-6. Two typical expo- 


nential waveform solutions, 
(a) with a small time constant 
and (5) with a large time con- 
stant. 


Exponential with 
large time constant 


—»>t 


(a) 


(6) 


704 


Fig. 15-7. An example illustrat- 
ing the significance of the rise 


time. 


u,(t) 
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From this example it is seen that the time constant 7 Is a 
useful parameter not only because it is needed to draw the ex- 
ponential waveform accurately, but also because it gives a 
measure of how “good” a system is in reproducing an in- 
put signal. Unfortunately, the concept of a time constant 
is meaningful only for first-order networks. Since it is desirable 
to have a measure of distortion for higher-order networks as 
well, it is standard practice to define another parameter, (,, 
known as the rise time of the network. The rise time is the 
time it takes the output waveform to rise from 10 percent of 
its final value at equilibrium to 90 percent of its final value 
when the input is a stepwise signal. For first-order networks a 
simple relationship between the rise time /, and the time con- 
stant t of a network can be easily derived, namely, 


= tin ZOE = tn9 = 227 (15-8) 

In order to appreciate the significance of the rise time f,, 
let the network shown in Fig. 15-5a be excited by the rectan- 
gular pulse shown in Fig. 15-7a. Assuming that R = | kQ® and 
C = | wy, the rise time is ¢, = 2.2 nsec, and the output wave- 
form is readily sketched as shown in Fig. 15-7b. However, if 
G=10iupr, then the:rise: time 1s: 47922 msecy and theicorre- 
sponding output waveform is as shown in Fig. 15-7c. Compar- 
ing the waveforms shown in Fig. 15-7, it is clear that to mini- 
mize distortion, the rise time must be as small as possible. 
Since the parasitic capacitance is always present in a physical 
circuit, it is impossible to make ¢, zero, and hence it is impos- 
sible to obtain a perfect square wave. 


. Find the current i,(¢) of the parallel R-L network shown in Fig. 


15-8a with the periodic stepwise signal 7,(¢) shown in Fig. 15-8). 
From KCL we obtain 


I(t) = is(t) — I(t) (15-9) 


hu, (t) 


| us 20 t, nsec 
t-=2.2 nsec 


(b) tr= 22 nsec (c) 
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(a) 


Since i,(t) jumps abruptly twice every cycle, and since the 
inductor current iz,(7) cannot change instantaneously, Eq. (15-9) 
requires that any abrupt change in i,(¢) must be absorbed by 
it). Therefore, whenever i,(¢) jumps by AJ, i,(¢) must also 
jump by AY. In order to illustrate the effect of the time constant 
on the waveform for i,(f), we shall consider two numerical 
cases. 


Case 1: Small time constant Let R= 10 kQ and L=1 mH. 
The time constant is given by t= L/R=0.1 usec. Since 
it) = 0 for ¢ < 0, the network is initially in equilibrium, and 
the inductor can be replaced by a short circuit. Therefore 
i,(0O-) = 0. To find the transition state at t = Ot, we observe that 
i(t) must jump abruptly by an amount equal to the jump in 
it); therefore, i,(0*) = 10 (Fig. 15-9a). The equilibrium state 
io(te) for this network is always equal to zero because the cur- 
rent i,(¢) will flow through the short-circuited inductor at equi- 
librium; hence i,(t,) = 0. The resulting exponential is shown in 
Fig. 15-9b. Observe that since the time constant here is much 
smaller than 6, of i,(¢), the exponential waveform can be 
assumed to have reached steady state so that i,(1~) = 0. The 
transition state is, therefore, given by i,(1*+) = —15 (Fig. 15-9c). 
The time constant remains unchanged, and the exponential 
waveform is shown in Fig. 15-9d. Again, since T < 62, we can 
assume that the network has reached its equilibrium state, and 
so for t > 4, the waveform of i,(t) becomes periodic as shown 
in Fig. 15-10a. This solution is valid only when the time con- 
stant of the network is much smaller than the duration 6, and 
52 of the stepwise signal. 


Case 2: Large time constant Let R= 1 kQ and L= 10 mH. 
The time constant becomes t = L/R = 10 usec. As before, we 


>t, WSeC 


Fig. 15-8. A linear switching 
network driven by a periodic 
stepwise signal. 


Fig. 15-9. The step-by-step 
procedure for analyzing a 
linear switching network con- 
sists of finding the transition 
state, the equilibrium state, 
and the time constant. 
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(d) 7 =0.1 usec 
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T =0.1 usec Tt =0.1 usec 


7 =0.1 usec 


E LSes 


105d 12 13 14 15 
ee T =0.1 usec 7 =0.1 usec T = 0.1 usec 
= 10) 
-15 
r 
(a) 
Ai, (t), ma 
iS f 7 = 10 usec Tt = 10 usec 7 = 10 usec 7 = 10 usec 
11.26 
10 9.05 2 


—— 
— 
— 
F—> 


arte =4.0 are 


—5.04 


5.4 


7 = 10 usec 7 = 10 usec 


(6) 


7 =10 usec T =10 usec 


Fig. 15-10. The solution corre- 
sponding to a periodic input have 1.(Os)t 0) 7,(0>) 10) and te) =. 0m | neTerorema ne 


shown (a) for the case when ‘ 5 c 
the time constant is small and solution is Ie by 


(b) for the case when the time io(t) = 10e-(/10) 0 = t < ] psec (15-10) 


constant Is large. 
and is plotted in Fig. 15-105. Since the time constant in this case 
is large compared with 61, i,(¢) will not reach equilibrium 
avec = lin fact> trom Eqs (15=10)*werobtainiar,()t 289,05. 
Since /,(¢) jumps from 10 to —5S at t = | usec, AJ = —15, and 
the transition state at ¢ = 1* usec is 


tole) = 19.05 815, — 5.95 
The solution for ¢ > | is given by 
fo Dir —0.95e = a 1<t< 4 psec (15-11) 


This waveform is shown in Fig. 15-10b. Observe again that 
since the time constant is large compared with 42, i,(¢) will not 
reach equilibrium when the input signal jumps back to 
i()) = lO at r= 4 usec. Instead we nave 7,(4=).— «4 4.1.and 
hence 


Ce eas 1 = Ul es 0, 5C 
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The solution is given by 
i(t) = 10.59e-le-4)/10) Shik 5 PSEC (15-12) 
and is shown in Fig. 15-100. 


If we continue the above procedure over a few periods of 
the input signal, we obtain 


boJ=96 i(07)=—54 i,(f) = —5.4e-(¢-8)/101 
) Sf <= 8 sec 
i(8-) = —4 Rl ee LI io(t) = 1let¢-8)/10) 
Ot 9 SEC 
i AQF) == 9,96 ilo? = S04 i(t) = —5.04e-lt-9)/10] 
Dt <a SEU 
i12-) = —3.74 = i,(12*) = 11.26 i(t) = 11.26eté-12)/10) 
Le eS sec 


This waveform is shown in Fig. 15-10b over the interval 
0 <1r< 12. Observe that while the waveform shown in Fig. 
15-10a becomes periodic after t = | usec, the present waveform 
will become periodic only after a sufficiently long time interval. 


Exercise 1: Under the same assumptions as in Example 1, find the voltage v4 across 
the resistor R4 in Fig. 15-3a by two methods: (a) Using the exponential waveform 
solution theorem. (5) Using the solution waveforms u¢(t) and v,(t) shown in Fig. 
15-3e and fF. 


Exercise 2: Using the exponential waveform solution theorem, find the current iz 
in the resistor Ro in Fig. 15-3a. Check your solution by making use of the wave- 
forms for v¢(t) and v,(t) shown in Fig. 15-3e and f. 


Exercise 3: Find the current i¢(t) in Fig. 15-3a without finding the voltage v¢(z). 
Check your solution using uc(t) in Fig. 15-3e. 


Exercise 4: Using the exponential waveform solution theorem, find the voltage 
between the negative terminal of the capacitor and the positive terminal of the 
battery. Check your solution using v,(f) in Fig. 15-3f. 


Exercise 5: Replace the capacitor in Fig. 15-5a by an L-henry linear inductor and 
find the voltage and current waveforms associated with this inductor for the 
small and large time-constant cases. 


Exercise 6; Replace the inductor in Fig. 15-8a by a C-farad linear capacitor and 
find the voltage and current waveforms associated with this capacitor for the 
small and large time-constant cases. 
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v, (t) 


Fig. 15-11. A typical first-order 
nonlinear switching network. 
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15-3 ANALYSIS OF FIRST-ORDER NONLINEAR SWITCHING NETWORKS 


Any first-order nonlinear switching network can be analyzed as a 
sequence of linear switching networks. The switching from one 
linear network to another can be handled by the principles pre- 
sented in Chap. 14. Although nothing essentially new is involved, 
it is instructive to consider a numerical example in detail. 


EXAMPLE 


Consider the nonlinear switching network shown in Fig. 15-1la 
and the switching signal shown in Fig. 15-116. The DP plots seen 
by the inductor during the three time intervals —coo <t< 0, 
0O<t< 15, and 15 < t < o are shown in Fig. 15-11c. As usual, 
the basic problem is to find i(¢) and v(2) across the inductor. 

Since u;(¢) = 0 for all times t < 0, the network can be assumed 
to be in equilibrium. In particular, the equilibrium current i at 
t = O° can be found from the intersection of DP plot I with the 
v = 0 axis; namely, (0) = 5 ma. At ¢ = 0*, DP plot I switches 
to DP plot IL. Since the inductor current cannot change instan- 
taneously, (0+) = i(0-) = 5 ma and the network must be operating 
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at point Po on DP plot II. Our first task is to draw the dynamic 
route starting from Po at ¢ = 0*. However, we cannot draw the 
complete dynamic route for all times ¢ > 0 because at ¢ = 15 pusec 
we switch from DP plot II to DP plot II, and we do not yet know 
exactly at what point to switch from one to the other. Hence, it is 
necessary to determine i(r) along DP plot II before we can com- 
plete the dynamic route. 

The dynamic route along DP plot II is shown in Fig. 15-12a. 
Applying the principles in Chap. 14, we readily obtain the solution 
i(t) as shown in Fig. 15-12b. The corresponding equations can be 
written by inspection, namely, i(f) as shown in Fig. 15-12b. 


243e¢5 O0<t<h 
i) = 112 — Bette) PP 4, (15-13) 
—4 4 e-[i-t)/2.85] ip Lo 


where 

of 2—2 _ 
fa = 9InZ—, 203 SEC 
and 


sai ad haa 


Since ft) < 15 psec, and since it will take an infinite time interval 
for i(t) to attain the equilibrium value, we conclude that the 
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Fig. 15-12. The current wave- 
form is obtained by inspection 
of the dynamic route along DP 
plot Il. 


Growing exponential approaching 
a4 the asymptote at 7 = 12ma 


—20 usec 


(b) 


= 2.85 usec 
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Fig. 15-13. The complete dy- 
namic route for the nonlinear 
switching network in Fig. 
L502 
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dynamic route must terminate at some intermediate point on seg- 
ment 2 as shown in Fig. 15-12a. This point can be found by sub- 
stituting ¢ = 15 psec into Eq. (15-13). 


i(15) = —4 + 2¢e-[5~13.23)/2.85] — _2.92 ma (15-14) 


This terminal state is located at point c on DP plot II as shown in 
Fig. 15-13. 

As soon as the solution reaches point c, DP plot I switches to 
DP plot HI as shown in Fig. 15-13. Since the inductor current can- 
not change instantaneously, the transition state will be at point d 
of DP plot III. The remaining portion of the dynamic route can 
now be completed as shown in Fig. 15-13. Again, applying the 
principles of Chap. 14, we obtain the complete solution for i(f) as 
shown in Fig. 15-14a. The corresponding solution v;(t) can now be 
easily determined either from vz = —L di/dt or directly from the 
dynamic route. This is shown in Fig. 15-146. 


Exercise 1: Find the voltage v,(t) and current i(t) of the network in Fig. 15-1la 
corresponding to an initial inductor current i,(0) = 4 ma. 


Exercise 2: Replace the inductor in Fig. 15-1la by a 1,000-puF linear capacitor 
and find the current and voltage waveforms associated with this capacitor 
ior ¢ = O; 


DP plot III DP plot li 
(15 <t< co) (0<t<15) 
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Ai(t), ma 
~<a -o= 5 usec 
to 
i=12 fa To = 20) SEC 
en eg Fo yt, = 13.23 usec _'0 i=8 
= 16.72 ia ae 
ai LO.7enusec 21.2 
f f + >t, usec 
as t, = 2.03 usec ee e 


—2-— = T, = 10 usec 


(a) | 


= — 


hv, (t), volts 


a= 5 usec 


a= —20 usec 


T; = 2.85 usec 


clas Ree t3 = 16.72 


t, = 21.85 usec 


in = 21.85 usec 


— 3 t, usec 


to uv, =0 


to 2 = usec 

oo aS 

L ——— 
sil == 2.03 usec (iy WSS) ila dei 
Be = - Bi itt. «——— +> tovu,= 
EL oe TF ne i = WO usec 


(b) T, = 20 usec 


15-4 ANALYSIS OF AUTONOMOUS FIRST-ORDER NETWORKS 
CONTAINING ONE NONLINEAR INDUCTOR OR CAPACITOR 


We have already shown in Chap. 14 that an autonomous first- 
order network containing a nonlinear energy-storage element can 
be analyzed as a nonlinear switching network. We shall now illus- 
trate the detailed procedure with an example. 


EXAMPLE 


Consider the autonomous nonlinear network shown in Fig. 15-15a. 
The DP plot of the resistive subnetwork N is shown in Fig. 15-155, 
and the i,-@z, curve of the nonlinear inductor is shown in Fig. 15-15c. 
If i,(0) = 6 ma, find the current i() and the voltage v(Z) across the 
inductor for all times ¢ > 0. 

As usual, the first step is to draw the dynamic route. Since 
there are now two piecewise-linear characteristics, it is necessary 
to draw one dynamic route along each curve. The initial state at 
t = 0 corresponds to the point Po(i = —6 ma) on the DP plot and 


Fig. 15-14. The complete solu- 
tion waveforms of i(¢) and v;(A) 
for the nonlinear switching net- 
work in Fig. 15-11. 
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e,) milliwebers 


(a) 


Fig. 15-15. An autonomous : b 5 2 
= - . mic route for 
firetorder network containing tHe point Po(éz, = 6 ma) on the iz-py curve The dyna 


both a nonlinear resistive sub- | ¢ > O can be drawn with the help of the relationship 
network and a nonlinear in- 
ductor. 


0 whenever v > 0 (15-15) 
<Q) whenever v < 0 


From Eq. (15-15) we conclude that the dynamic route along 
the i,-pz curve must be in the decreasing pz direction whenever the 
operating point along the v-i curve is in the left half-plane. Apply- 
ing this simple rule, we immediately obtain the dynamic routes 
shown in Fig. 15-155 and c. Observe that since i = —i;, the points 
a, b, c, d, and Q along the dynamic route of Fig. 15-155 must 


TABLE 15-1 Summary of information pertaining to the dynamic route in Fig. 15-15. 


Pertinent Pertinent 
segment segment 
Time of v-i of ir-p Time constant Initial and 
interval, msec curve curve Tk, MSEC transition state, ma 
0.4 ee , 
Oa <ere 1 3 713 = Tiga = 9? KO) = iO) S16 
i, 2 3 er A Ee Peay pera 
a, 723 (273)(103) 0.6 itty) in(th) — 
D) Ree 5 
iy SUK th 2 2 722 = PaO => iG) jug) =1 
lo SUG D, 1 gacsee UAT eter: RU) SiC) Ss = 
d T21 (2/3105) 0.6  ix(t.) = itt) = -1 
0.4 ky nee : 
ay SK a) 3 1 Tt (108 == 0 in(tq) = in(tt) = =) 
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correspond to the points a, b, c, d, and Q along the dynamic route 
of Fig. 15-15c. If we denote the time when the solution reaches 
points a, b,c, d, and Q by fa, t, te, ta, and fg, respectively, then we 
can summarize the pertinent data as shown in Table 15-1. 

Observe that for fa < t < %, the inductor is operating on seg- 
ment 3. Hence, the network can be replaced by the equivalent cir- 
cuit shown in Fig. 15-l6a. Similarly, corresponding to the time 
intervals (t) < t < tg) and (f¢< t < fg), we have the equivalent 
circuits shown in Fig. 15-165 and c, respectively. The composite 
networks N,, No, and N3 are characterized by the v4-74, ve-i2, and 
U3-13 Curves shown in Fig. 15-16. It is important to observe that the 
currents 74, 72, 73 are not equal to the actual current i, in the 
nonlinear inductor but are related by KCL. 


WO=f-i) j=1,2,3 (15-16) 


Therefore, to translate the dynamic route along the i,-pz, curve of 
Fig. 15-15c into the corresponding dynamic routes along the 
U4-11, V2-i2, and v3-i3 Curves, it is necessary to determine the equiva- 
lent initial and terminal states. 

Let us start with the v,-7, curve of Fig. 15-16a. This DP plot 
is valid during the time interval 0 <¢< %. From the dynamic 
route along the i,-pz curve of Fig. 15-15c, we obtain the initial state 
ix(OT) = 6 ma and the terminal state i,(t,) = 1 ma. If we substitute 
these values into Eq. (15-16), we obtain 


(07) = J, — 7,(0*) = —4 —6 = —10 ma (15-17) 
and 
in(t) = Ly — i(t]) = —4—1= —S5 ma (15-18) 


The corresponding dynamic route along the v;-i; curve must, 
therefore, start at point Po(i; = —10) and terminate at point 
b(i, = —5) as shown by the solid paths in Fig. 15-16a. 

At ¢ = ff we switch from the v,-i; curve to the v2-i2 curve 
shown in Fig. 15-16b. This DP plot is valid during the time interval 
ty < t < te. From the dynamic route along the iz-pz, curve of Fig. 
15-15c we obtain the initial state i,(¢}) = iz(t;) = 1 ma and the 
terminal state i,(t7) = —1 ma. If we substitute these values into 
Eq. (15-16), we obtain 


He Sib) Sa SO Sane (15-19) 
i (nse ind, = Oo (1) = ma (15-20) 
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Fig. 15-16. The three equiva- 
lent circuits for the network 
shown in Fig. 15-15 corre- 
sponding to the time intervals 
(0,¢3), Gia) and (¢¢, 00). 


ie 


The corresponding dynamic route along the v-i2 curve must, 
therefore, start at point b(iz2 = —1) and terminate at point c(iz = 1) 
as shown by the solid paths in Fig. 15-16b. 

At ¢ = ¢{ we switch from the ve-i2 curve to the v3-i3 curve 
shown in Fig. 15-16c. This DP plot is valid during the time intervals 
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te < t << oo. From the dynamic route along the i,-p, curve of Fig. 
15-15c we obtain the initial state i,(¢t) = i(t2) = —1 ma and the 
equilibrium state i,(t.) = —4 ma. If we substitute these values into 
Eq. (15-16), we obtain 


PAP) ilo ye) ee 4-2 (<1) 5.ma (15-21) 
is(00) = Ig — ix(00) = 4 — (—4) = 8 ma (15-22) 


The corresponding dynamic route along the v3-i3 curve must, 
therefore, start at point c(iz3 = 5 ma) and terminate at point 
Q(iz3 = 8 ma) as shown by the solid paths in Fig. 15-16c. 

It is now a simple matter to solve for the waveforms of i(f) 
and vu(f). This involves the determination of 14(f), io(¢), and i3(Z) 
corresponding to the dynamic routes shown in Fig. 15-16a to c. 
Applying the principles of Chap. 14, we obtain the waveforms for 
ii(t), i2(t), and 73(t) as shown in Fig. 15-17a to c, respectively. The 
values of fa, fy, te, ta, and fg are calculated from the data in Table 
15-1 and the dynamic routes in Fig. 15-16. 


i(0) = i1(te) = (2 lin = i=) 


Rt TT Cy np) : ya ee 
foetus ae in =e = 0.08 + 0.6 in 4 

=) 2D OeISeC 
ay rap In a 095-4 3in—1—* = 1.0 msec 
= ie a a 1.0 + 0.6In : = = Beieenccs 


The final solution i(f) can now be obtained from Eq. (15-16); 
namely, 


(= —i1D =O — Gj 
DE) yt 1s 

it) = jit) — (O) tho t<te (15-23) 
i3(t) — 4 Leos <Glg 


This is plotted in Fig. 15-18a. By a similar procedure we obtain 
the complete solution v(t) as shown in Fig. 15-180. 
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A closer examination of the waveforms shown in Figs. 15-17 

and 15-18 will reveal that the current source in Fig. 15-16a, b, and 

c does not affect the time constant of each segment of i(7). More- 

over, observe that the same constant I; added to the vj-i; curves in 

Fig. 15-16 is subsequently subtracted from the corresponding 

. waveforms shown in Fig. 15-17. Therefore, the final solution wave- 

Fig. 15-17. The solution wave: forms shown in Fig. 15-18 could have been obtained directly from 
forms for ix(4), i2(t), and is(Z) . i Z ; 

over the time intervals (0.0.25), the dynamic route shown in Fig. 15-15b and c, provided the 

(0.25,1.0), and (1.0, 00). 


1, (¢), ma 


ee 


+—+—— }+__+—> t, msec 
1.4 1.6 1.8 
to in2=8ma 
eS > 
+ —+——__++ ++} >t, msec 
14 1.6 18 
L 3 ( ey 
13(t), ma ee 402 
| ae 
8 | Ca 
I an 
ZA 
+ - = Le | 
a ore | 721 = 0.6 usec 
| | 
| | 
2 | | 
| 
a a a ee 
= t 
u 0.2 0.4 0.6 0.8 10) thi) the 14 iounnar; seals’ 
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Fig. 15-18. The complete solu- 
tion waveforms of i(t) and v(t) 


: : é for the nonlinear network 
appropriate time constant were chosen for each segment combina- shown in Fig. 15-15. 


tion. In other words, the intermediate steps shown in Figs. 15-16 
and 15-17 are really unnecessary. They are given only for peda- 
gogical reasons. 


There is an alternate procedure for solving the above example 
which is sometimes simpler to apply. This procedure chooses the 
flux linkage gy as the state variable. If we denote the v-i curve by 
v = v(i) and the i,-gz curve by i, = iz(pz), then the normal-form 
equation is given by 
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Au _ yi) = v(—in(qn)) (15-24) 
dt 
or 
PL = F(¢x) (15-25) 


where f (~1) = v( —iz(@z)) can be obtained by a graphical composi- 
tion between the v-i curve and the (—iz)-g, curve. Clearly, the f(r) 
curve will also be piecewise-linear, and the solution gy ,(t) can 
be obtained by the procedure developed in Chap. 14. Once @z(‘) is 
found, we can obtain u(t) = dp,/dt. The current i(t) can be found 
by a graphical composition between the v-i curve and v(f). 


Exercise 1: Verify the solution waveforms i(¢) and v(t) in Fig. 15-18 by the alter- 
nate procedure given by Eq. (15-25). 


Exercise 2: Replace the inductor in Fig. 15-15a by a capacitor whose v-q curve is 
obtained by replacing the coordinates i, and gz, in Fig. 15-15c¢ by v and gq, 
respectively. Find the solution waveforms i(t) and v(t) across the capacitor 
by the method dual to that shown in Fig. 15-16. 


Exercise 3: Repeat Exercise 2 by the alternate composition procedure. 


15-5 SUMMARY 


First-order switching networks A first-order network (linear or non- 
linear) containing switches as well as stepwise signals is called 
a first-order switching network. This class of nonautonomous net- 
works can be analyzed as a sequence of autonomous first-order 
networks. 


The exponential waveform solution theorem The solution wave- 
form of the voltage across any terminal pair or the current in any 
branch of a first-order linear switching network always consists of 
a sequence of exponential waveforms. The time constant of the 
exponential is the same for all voltage and current waveforms 
during the same time interval. This theorem allows us to find the 
voltage across any terminal pair or current in any branch of a 
first-order switching network by inspection. In other words, it is 
not necessary to find the capacitor voltage or the inductor current 
before finding the remaining variables. 

A first-order autonomous network containing a nonlinear in- 


ductor or capacitor can be solved by the following two piecewise- 
linear methods: 
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1. As a first-order switching network containing a linear inductor 
or a linear capacitor 
2. Asa first-order autonomous network with the flux linkage or 
charge as the state variable 
PROBLEMS 
15-1 Consider the linear R-C network shown in Fig. P15-la. The 
switching signal v,(7) is shown in Fig. P15-1b. 
(a) Calculate the rise time of the network. 
(b) Determine v,(t) for t < 25 sec. 
(c) Determine the steady-state waveform of v,(2). 
(d) Repeat (c) with C = 0.001 uF. 
v(t), volts 
R=1kQ 
C=0.01 uF| + 
Us (t) Wo 
(a) Fig. P15-1. 
15-2 The DP plot of the switching network shown in Fig. P15-2a 
is given in Fig. P15-2b corresponding to the switching signal 
shown in Fig. P15-2c. 
(a) Assuming that the network is at rest for ¢ < 0, find u¢(t) for 
EU, 
(b) If the initial charge q(0) = 2 x 10-8 coul, find i¢(Z). Fig. P15-2. 
At, ma 
v, volts 


30 
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15-3. The DP plot of the switching network shown in Fig. P15-3a 
is given in Fig. P15-3b corresponding to the switching signal v,(1) 
shown in Fig. P15-3c. Find the waveform v,(f) across the inductor 
for t > —2 msec. The current i,(t) at ¢ = —2 msec is known to 
be 5 ma. 


——|_» y), VO 
30 


>t, msec 


Fig. P15-3. 
15-4 A first-order switching network and its switching signal v,(f) are 

shown in Fig. P15-4a and b. 

(a) Using the p-n-p transistor model Cg with 6 = 60, Vero = 0, 
and Ico = 0, find the DP plot across the capacitor terminals 
during each switching time interval. 

(b) Plot the waveform v,(f) for t > 0. 

Fig. P15-4. 


uv, (¢), volts 


“= 40 volts 


t, usec 


(a) 
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15-5 Consider the first-order switching circuit shown in Fig. P15-Sa 
and the switching signal v,(t) shown in Fig. P15-5b. Let the FET 
be represented by a simplified version of an n-channel FET 
model A as shown in Fig. P15-5¢ with k = —1.5 ma per volt. 
(a) Determine the DP plot across terminals a-b during each 

switching time interval. 
(b) Plot the waveform v,(f) for t > 0. 


v, (t), volts 


t, wSec 
L=1mH 
v,(t) 


v,—1, curve for R, 


12 Ro=10/7k2 


—10/7 ka 


Yas a 


2 volts 


SS = Di, Wols 
20 30 40 


(c) 
Fig. P15-5. 
15-6 Consider the first-order switching network shown in Fig. P15-6a 
and the switching signal v,(t) shown in Fig. P15-6b. 
(a) Using the triode model C with 7, = 100 Q, r, = 2.0 kQ, and 
f. = 20, find the DP plot across terminals a-b. 
(b) Plot the output voltage v,(¢) for ¢ > 0. 
Fig. P15-6. 


vu, (t), volts 


(a) 
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15-7 A first-order switching network consisting of two identical triodes 
is shown in Fig. P15-7a. The associated switching signal v,(¢) 1s 
shown in Fig. P15-7b. 

(a) Using the triode model C with r, = 100 0, % = 10 kQ, 
and p = 24, find the DP plot across terminals a-b. 
(b) Plot the voltage v;z(t) for t > 0. 


hu, (t), volts 


101520 30 40 
St 


t, msec 


= E=300 volts 


(b) 


15-8 One of the most useful and versatile first-order switching networks 
is the Schmitt trigger circuit shown in Fig. P15-8a. A typical 
switching signal is shown in Fig. P15-8). 

(a) Assuming that the two identical triodes may be represented 
by the triode model C with rz = 200 Q, 7 = 7.0 kQ, and 
uw = 24, find the DP plot across terminals a-b during each 
switching time interval. 


(b) Plot the output voltage waveform v,(f) for ¢ > 0. 
Fig. P15-8. 


+300 volts 


hus (t), volts 


C=0.01 uF Oe 


t, msec 


(b) 
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15-9 Consider the autonomous first-order network shown in Fig. 
P15-9a. The nonlinear resistive black box N is characterized by 
the DP plot shown in Fig. P15-95, and the nonlinear inductor is 
characterized by the i,-m, curve shown in Fig. P15-9c. Find the in- 
ductor current i,(t) and the inductor voltage v,(t) for ¢ > 0 corre- 
sponding to an initial flux linkage ;,(0) = —6. 


hi, amp Ag, webers 


Q,=2t,-7 


(a) 
z ; . Fig. P15-9. 
15-10 Consider the autonomous first-order network shown in Fig. 
P15-10a. The nonlinear resistive black box N is characterized by 
the DP plot shown in Fig. P15-105, and the nonlinear capacitor 
is characterized by the v-q curve shown in Fig. P15-10c. 
(a) Find the equilibrium states of this network by inspection. 
(b) If the initial charge on the capacitor is given by q(0) = —10, 
find the voltage u(¢) and current i(¢) for ¢ > 0. 
t, amp A q, coul 
4 8+ 
a tb one 6 
Uae | q=3v-12 
at 
+ ~ reat al 
v, volts =8 <6 <4 =2) pe v, volts 


| 

I 

| 

| 
—6 

| 

| 


(a) 


; Fig. P15-10. 
15-11 Consider the autonomous first-order network shown in Fig. 


P15-1la. The nonlinear resistive black box N is characterized by 
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the DP plot shown in Fig. P15-11b, and the nonlinear inductor is 

characterized by the iz-p, curve shown in Fig. P15-11c. 

(a) Find the equilibrium states of this network by inspection. 

(b) If the initial flux linkage is given by 9,(0) = 9, find the cur- 
rent i(f) and voltage v(f) for ¢ > 0. 


AQ, webers 
14+ 


ae 


g,=i,t1 


6 v, volts -8 -6 -4 -2 


(a) 


Fig. P15-11. : : . ; : ae: 
15-12 Animportant problem in the analysis of integrated circuits is to 


determine the voltage response of a nonlinear capacitor when it 
is connected to a stepwise signal in series with a linear resistor as 
shown in Fig. P15-12a. Let the capacitor be characterized by the 
v-g curve shown in Fig. P15-125. 

(a) Find v¢(t) for ¢ > 0 if the switching signal is given by 


20 i > 
v(t) = 
0 i < W 
(b) Find v¢(t) for t > 0 if the switching signal is given by 
0 i > 
KG) = | 
20 Pew 


Fig. P15-12. 


16 


Mee 
We 


16-1 WHAT IS A FIRST-ORDER MULTIVIBRATOR? 


Multivibrator is a generic name normally given to an important 
class of dynamic nonlinear networks which are found in virtually 
any modern electronic system of moderate complexity. Multi- 
vibrators are indispensable building blocks of pulse and digital 
systems such as digital computers and radar. It is not our purpose 
here to undertake an exhaustive study of the countless variations 
of multivibrator circuits, for this would only lead to confusion, if 
not frustration. Instead, we shall study the general concepts under- 
lying the operation of all first-order multivibrators. We shall be 
particularly interested in what network components can be used 
to synthesize a multivibrator and how to use element characteris- 
tics to meet a given set of specifications. Once a basic multivibrator 
circuit is synthesized, there are many “finishing touches” that we 
can apply to modify the circuit and improve its performance. The 
ability to apply the appropriate finishing touches will come nat- 
urally after the principles of operation and the roles played by the 
circuit elements are clearly understood. 

For complete generality, we shall define a multivibrator as 
any dynamic network (of arbitrary order of complexity) having 
the property that at least one voltage or one current waveform 
associated with the network exhibits an abrupt jump! either peri- 
odically or whenever a relatively small switching signal known as 
the triggering source is applied. Since most practical multivibrators 
can be considered as first-order switching networks, we shall study 
only first-order multivibrators in this chapter. Depending on the 
type of the DP plot seen by the energy-storage element, the class 
of first-order multivibrators can be classified into three subclasses: 
astable, monostable, or bistable. The following three sections will 
be devoted to a detailed presentation of these three subclasses. 
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1As will be shown later, 
no physical network can 
exhibit an instantaneous 
change in either the volt- 
age or the current wave- 
forms associated with the 
network. In order to in- 
clude practical multivibra- 
tors in our definition, we 
shall interpret the term 
abrupt jump to be a very 
fast change in the wave- 
form over an extremely 
short interval of time. 
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—»t 


Fig. 16-1. The DP plot seen by 
the inductor of an astable mul- 
tivibrator must be voltage-con- 
trolled, and the negative-resist- 
ance portions of the curve 
must intersect the 7 axis. 


1Jn practice, the parasitic 

inductance in series with 
any physical capacitor will 
prevent an abrupt jump in 
the capacitor current 
waveform. To show this, 
let vz = L dic/dt be the 
voltage drop across the 
parasitic inductor (with 
inductance L) due to the 
capacitor current i¢(t) 
flowing through it. Now, 
an abrupt jump in i¢(/) at 
any time ¢ = ¢; means that 
dic/dt = co at t = tj. This 
implies that vz,(t;) = co, 
which is impossible in view 
of the principle of conser- 
vation of energy. By dual 
reasoning, it can be shown 
that the parasitic capaci- 
tance across any physical 
inductor will prevent an 
abrupt jump in the in- 
ductor voltage. 


(d) 


16-2 ASTABLE (FREE-RUNNING) MULTIVIBRATORS 


An astable (free-running) multivibrator is a first-order autonomous 
nonlinear network with three distinguishing properties: (1) it has 
one, and only one, equilibrium state Q, (2) the equilibrium state 
Q is unstable, and (3) the DP plot of the resistive subnetwork is 
voltage-controlled if the energy-storage element is an inductor and 
current-controlled if the energy-storage element is a capacitor. For 
example, the circuits shown in Figs. 16-1 and 16-2 satisfy these 
properties and are, therefore, astable multivibrators. Observe that 
in both networks the slope of the DP plot at the equilibrium state 
Q is negative. Since this condition is necessary for Q to be 
unstable, we can conclude that in order to satisfy the properties 
defining an astable multivibrator, it is necessary that the DP plot 
exhibit a negative-resistance region. Moreover, the negative- 
resistance portion must intersect the 7 axis if the energy-storage 
element is an inductor and the v axis if the energy-storage element 
is a capacitor. 

From the dynamic routes and waveforms shown in Figs. 16-1 
and 16-2, we can conclude that both the current and voltage solu- 
tions of any astable multivibrator are periodic time functions. 
Moreover, the inductor voltage waveform and the capacitor cur- 
rent waveform exhibit two abrupt jumps per cycle.1 Observe that 
over each half-cycle the dynamic route stays entirely on one 
branch of the DP plot. In earlier days, the resistive subnetwork N 
of astable multivibrators usually consisted of two vacuum tubes 
connected in such a way that during each half-cycle one tube was 
conducting while the other was not. Therefore, while one tube was 
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“working,” the other was “relaxing.” Because of this unique be- 
havior, an astable multivibrator is sometimes called a relaxation 
oscillator. 

To synthesize an astable multivibrator, the first step is to look 
for a resistive subnetwork which exhibits the required DP plot. Two 
approaches are possible: (1) One can look for commercially avail- 
able nonlinear resistors whose v-i curves include a negative- 
resistance region. Some examples of these are the tunnel diode, 
the unijunction transistor, and the neon bulb. (2) One can apply 
synthesis techniques (such as those presented in Chap. 8) to realize 
the desired DP plot using commercially available components 
such as zener diodes, constant-current diodes, and transistors. Al- 
though the v-i curve of each of these elements does not contain a 
negative-resistance segment per se, a suitable interconnection of 
these elements can realize the desired DP plot. Since the basic 
principles are the same, it suffices for us to consider an illustrative 
example. 


EXAMPLE 


For our resistive subnetwork WN let us choose two identical zener 
diodes connected back to back across a rotator as shown in Fig. 
16-3a. The DP plot of the zener-diode combination is shown in 
Fig. 16-3b, where E, is equal to the breakdown voltage of the 
zener diodes. The DP plot of the composite network N corre- 
sponding to a clockwise angle of rotation (—90° <4< 0") is 


i(t) 
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Fig. 16-2. The DP plot seen 
by the capacitor of an astable 
multivibrator must be current- 
controlled, and the negative- 
resistance portion of the curve 
must intersect the v axis. 
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Fig. 16-3. A voltage-controlled 
DP plot with a negative-resist- 
ance segment intersecting the 
v axis can be realized by two 
zener diodes and a rotator. 


Fig. 16-4. The output wave- 
form corresponding to case 1 
consists of a periodic decaying 
exponential which can be 
clipped to obtain a square 
wave. 


(b) (c) 


shown in Fig. 16-3c. This voltage-controlled DP plot can be used 
to design an astable multivibrator by simply connecting an induc- 
tor L across the driving-point terminals. By a suitable choice of 
the value of L and the angle of rotation 6, it is possible to generate 
various useful periodic waveforms. Let us consider two typical 
cases: 


Case 1: E, = 7.1 volts, L = 10 mH, 6 = —45° The network cor- 
responding to the above choice of parameters is shown in Fig. 
16-4a, and the DP plot seen by the inductor is shown in Fig. 
16-4b. The resulting periodic waveform v(f) is readily obtained as 
shown in Fig. 16-4c. This waveform is useful in many pulse and 


Av(t), volts 


T = 10 usec 
E,=7.1 volts 
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digital circuits. For example, by applying v(t) across the input of a 
base-and-peak clipper, the square wave v,(t) shown in Fig. 16-4d 
is obtained across the output terminals of the clipper. Observe 
that the frequency of oscillation can be varied by changing the 
value of the inductance. 


Case 2: FE, = 7.1 volts, L = 10 mH, @ = —80° The network cor- 
responding to the above choice of parameters is shown in Fig. 
16-5a, and the corresponding DP plot is shown in Fig. 16-5b. This 
time the resulting periodic waveform of v(t) is as shown in Fig. 
16-5c. Comparing this waveform with that obtained in case 1, we 
observe that the peak value of u(f) in the present case is more 
than twice the peak value of vu(7) in case 1. Observe also that the 
present waveform is a lot sharper than in case 1. If we apply this 
waveform to the input of a base clipper, we obtain the periodic 
“pulse train” shown in Fig. 16-5d. As will be seen later, this par- 
ticular waveform has widespread applications. 


The above examples are chosen primarily for pedagogical 
reasons. They are not necessarily the best way nor the only way to 
generate a square wave or a pulse train under all circumstances. 
There are many other astable multivibrator circuits which can be 
used for these purposes, some of which are given in the problems. 
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Fig. 16-5. The output wave- 
form corresponding to case 2 
consists of a sharply decaying 
exponential waveform which 
can be clipped to obtain a pe- 
riodic pulse train. 


E,=7.1 volts 


Ez=7.1 volts 
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Fig. 16-6. The DP plot seen by 
the inductor of a monostable 
multivibrator must be a multi- 
valued function of current and 
must intersect the 7 axis at one 
point. 


1 Recall that a curve in the 
y-vs.-x plane is said to be 
a multivalued function of 
x if for some value of x 
there corresponds more 
than one value of y. It is 
said to be a multivalued 
function of y if for some 
value of y there corre- 
sponds more than one 
value of x. 
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Depending on the specific applications and situations, one circuit 
may be preferred over another. 


Exercise 1: Discuss the effect of the slope of each segment of the DP plot 
in Figs. 16-15 and 16-2b on the waveforms i(f) and v(¢). 


Exercise 2: Find the DP plot required to generate a 100-kHz symmetrical square 
wave using the following energy-storage elements: (a) a 100-yuF capacitor and 
(b) a 10-mH inductor. 


Exercise 3: Show that an astable multivibrator can be designed by replacing the 
inductor and the rotator in Fig. 16-4a by a capacitor and a reflector, respectively. 
Find the range of allowable angles of reflection 6. 


Exercise 4: Design a 10-kHz astable multivibrator using a type 1NXX6 tun- 
nel diode as the nonlinear element. 


16-3 MONOSTABLE (SINGLE-SHOT) MULTIVIBRATORS 


A monostable (single-shot) multivibrator is a first-order nonlinear 
switching network with three eeen ect properties: (1) at any 
time ¢ = ¢; it has one, and on OW sere See e Pi; LOD Et G 
equilibrium state Q; is stab % an (3) at” eee me? — beet 

plot of the resistive subnetwork is a multivalued function of cur- 
rent if the energy-storage element is an inductor, and a multi- 
valued function of voltage if the energy-storage element is a 
capacitor. For example, for an inductor the DP plots shown in 
Fig. 16-6a to d satisfy the above properties. Similarly, for a capaci- 
tor the DP plots shown in Fig. 16-7a to d satisfy the above prop- 
erties. In either case, this multivibrator is monostable because it 
has one stable equilibrium state. 

Since by definition the equilibrium state Q; is stable, the in- 
ductor becomes a short circuit, and the capacitor becomes an 
open circuit at equilibrium. This is neither interesting nor useful. 
However, if we incorporate a triggering signal which enables us to 
switch instantaneously from one DP plot to another, then the re- 
sulting transient waveforms become very useful. The simplest way 
to incorporate a triggering signal is to connect a triggering-voltage 
source in series with the inductor or a triggering-current source in 
parallel with the capacitor as shown in Fig. 16-8a and b, respec- 
tively. Except for a horizontal or a vertical translation of the orig- 
inal DP plot, the form of the resulting DP plots remains un- 
changed. There are many other ways to connect the triggering 
source such that the resulting DP plot differs considerably from 
the original plot. However, since the basic principles are the same, 
we shall consider only the simpler case. 
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EXAMPLE 


The first step to synthesize a monostable multivibrator is to choose 
a resistive subnetwork with a suitable DP plot. An inspection of 
the typical DP plots shown in Fig. 16-6 might suggest a tunnel 
diode whose v-i curve resembles that of Fig. 16-6a. For simplicity, 
let us approximate the tunnel diode vg-ig curve by the piecewise- 
linear characteristics shown in Fig. 16-9a. Since this curve is 
voltage-controlled, an inductor must be chosen in order to satisfy 
the properties of a monostable multivibrator. If we connect the in- 
ductor directly across the tunnel diode, the equilibrium state will 
coincide with the origin. However, for reasons that will become 
obvious soon, it is often desirable that the equilibrium state of a 
monostable multivibrator be located near a breakpoint of the DP 
plot. We can attain this objective by connecting a resistor-battery 
biasing circuit in series with the inductor as shown in Fig. 16-95. 
From the explicit equilibrium state theorem we know that the 
equilibrium state of this network is the same as the operating 
point of the resistive subnetwork obtained by short-circuiting the 
inductor as shown in Fig. 16-9c. Hence, by an appropriate choice 
of R and E, we can obtain a load line which intersects the vg-ig 
curve at an operating point Q near the breakpoint b, as shown in 
Fig. 16-9d. The equilibrium current is, therefore, given by i = Ig. 

After fixing the equilibrium state, it is convenient to obtain 
the composite DP plot seen by the inductor. The resulting v-i 
curve is simply the DP plot of the series combination of the tun- 
nel diode, the resistor R, and the battery E. This is obtained 
graphically as shown in Fig. 16-9e. As a check, observe that 
at equilibrium v = 0, and the equilibrium current is given by 
i= Ig. This agrees with the operating point in Fig. 16-9d, as 
it should. 

The next step is to incorporate a triggering-voltage source in 
series with the inductor as shown in Fig. 16-10a. The resulting DP 
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Fig. 16-7. The DP plot seen by 
the capacitor of a monostable 
multivibrator must be a multi- 
valued function of voltage and 
must intersect the v axis at 
one point. 


Fig. 16-8. Two simple methods 
for switching from one DP plot 
to another. 
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DP plot of resistor - battery 
circuit in series 


Va-la curve of 
tunnel diode 


Fig. 16-9. The introduction of 
a resistor-battery biasing circuit 
in series with an inductor 
results in a monostable multi- 
vibrator having a prescribed 
equilibrium state. 


+ Observe that at f = 4 the 
network is operating on 
branch 3 of the tunnel 
diode. Therefore, at t=/7 
it must remain on branch 
3, if at all possible. This is 
the essence of the inertia 
postulate. 


plot during the triggering interval fo < f < 4, is obtained by trans- 
lating the original v-i curve by Eo volts toward the left, as shown 
in Fig. 16-105. Observe that in view of the triggering signal, the 
DP plot of the network switches from the DP plot I to DP plot II 
at t = fo, and then switches back to DP plot I at ¢ = t,. The dy- 
namic route will clearly depend on the pulse width 6 of the trig- 
gering signal. A typical dynamic route suitable for a monostable 
multivibrator is shown in Fig. 16-105. Here we assume that the 
dynamic route reaches point d at t= 747. At t=?¢{ the DP plot 
switches instantaneously back to DP plot I. Since the inductor 
current cannot change instantly, the dynamic route must be along 
the horizontal line i = Jy. Since there are three possible candidates 
(e, e’, e’”), we must invoke the inertia postulate to conclude that 
the dynamic route must go to point e at ¢ = ff.+ 

The remaining portions of the dynamic route are easily ob- 
tained as shown in Fig. 16-106. The corresponding output wave- 
forms of i(f) and v,(t) are shown in Fig. 16-lla and 5. 
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16-3-1 SOME APPLICATIONS OF MONOSTABLE MULTIVIBRATORS 


Most applications of monostable multivibrators are based on two 
significant properties of the output voltage waveform v(¢).¢ The 
first property concerns the observation that the peak value of the 
output voltage (v, = 560 mv) is many times larger than the trig- 
gering amplitude (Eo = 100 mv). Moreover, since thig/peak output 
voltage is independent of the triggering amplitude, a monostable 
multivibrator can be used to produce a large output voltage signal 
whenever a relatively small input pulse is present. In this sense, 
the monostable multivibrator is used as a pulse amplifier. An ex- 
ample of this application is the detection of nuclear radiation by 
a Geiger counter, which operates on the principle that a weak 


Fig. 16-10. The dynamic route 
of a monostable multivibrator 
during the triggering operation. 


j For a capacitor it is the 
output current waveform 
that is useful. 
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Fig. 16-11. The output wave- 
forms of a monostable multi- 
vibrator during triggering oper- 
ation. 
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current pulse is generated whenever a radiation particle passes 
through the counter tube. This weak current pulse can be used to 
trigger a monostable multivibrator, thus generating an output 
pulse large enough to deflect an indicating instrument such as a 
galvanometer. 

The second property concerns the abrupt-jump phenomenon 
of the output waveform v(f). If this signal is applied to a base-and- 
peak clipper, the square output pulse v,(¢) shown in Fig /6-12a is 
obtained. Observe that this pulse starts at tf = f where f > to. If 
we draw the triggering pulse v,(7) directly below u(Z) as shown in 
Fig. 16-125, we find that the output pulse is delayed by A = #, — 
to sec. Therefore, a monostable multivibrator can be designed to 
function as a “delay line,” an indispensable building block in 
many electronic systems. By an appropriate choice of the time 
constant T; = L/r,, any desired delay A can be obtained. 

So far our discussions are based on the dynamic route shown 
in Fig. 16-106. Let us now investigate the effects of the amplitude 
Eo and the pulse width 6 of the triggering signal on the dynamic 
route and the associated output voltage vu(¢). 
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16-3-2 MINIMUM TRIGGERING-PULSE-AMPLITUDE CONDITION 


Consider first the case where Eo < Emin, where Emin is the voltage 
at the upper breakpoint of the DP plot shown in Fig. 16-10b. The 
resulting DP plot II during fo < ¢ < 4 is shown in Fig. 16-13a. 
Observe that since the breakpoint P of DP plot II is in the right 
half-plane, the dynamic route will be as shown in Fig. (6-13a. 
Clearly, this dynamic route will never reach point P because it will 
take an infinite time interval to arrive even at the new equilibrium 
state Q’. Therefore, the dynamic route will arrive at some point b 
at f = tf) + 6 and then jump back to DP plot I. The correspond- 
ing waveform for v;(f) is shown in Fig. 16-135. Observe that the 
desirable property of a large abrupt jump is no longer present. In 
fact, the magnitude of the jump in v,(Z) is equal to Eo, the trigger- 
ing amplitude! Since nothing is gained here, this situation is un- 
desirable, and the multivibrator is said to have “failed to trigger.” 
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Fig. 16-12. An_ illustration 
showing how the output voltage 
of a monostable multivibrator 
can be clipped to obtain a 
delayed square pulse. 


Fig. 16-13. The monostable 
multivibrator fails to trigger 
whenever Ey < Emin. 
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Fig. 16-14. The dynamic route 
on the left occurs whenever 


Ate In order to avoid this situation, an inspection of Fig. 16-13a shows 
the trigger-pulse width is too ; : : 
small. The one on the right oc- that the triggering amplitude should be chosen large enough 
curs whenever the trigger-pulse sg that the upper breakpoint P of DP plot II will clear the / axis 
iia and move into the left half-plane. The condition to satisfy this re- 
quirement is clearly given by 


Ii > 1B satin (16-1) 


16-3-3. MINIMUM TRIGGERING-PULSE-WIDTH CONDITION 


Consider next the effect of the pulse width 6 on v;(f), assum- 
ing that Eq. (16-1) is satisfied. An inspection of the dynamic route 
of Fig. 16-105 shows that if 6 is smaller than the time it takes the 
route to arrive at the peak point of DP plot II (6 < &% — 4), then 
the dynamic route will be as shown in Fig. 16-14a. Since this is 
similar to the route of Fig. 16-13a, the multivibrator will fail to 
trigger. Therefore, for satisfactory triggering to occur, the pulse 
width 6 must be larger than the time din it takes the dynamic route 
to clear point P of DP plot II, or 


6 > Onin ( I 6-2) 


What happens if 6 is too large? The corresponding dynamic route 
shown in Fig. 16-145 will repeat itself for as long as the trig- 
ger pulse is on. Since the circuit becomes an astable multivibrator 
for all times fo <t< 4, the output voltage v,(7) will consist 
of several cycles of oscillations as shown in Fig. 16-15.1 This wave- 
form is undesirable in the application described above. However, 
Re ee ee it is useful in other applications, such as in the design of a “burst 
1A circuit with this prop- cari jodie > 
erty is usually called a 8enerator,” where a periodic “burst” of a few cycles of the output 
gated oscillator. signal is desired. Another application where a gated oscillator may. 
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be useful is in the design of a threshold device for generating 
a persistent warning signal whenever the input signal reaches a 
predetermined “dangerous” level. 


Exercise 1: Verify that the multivalued DP plot shown in Fig. 16-6c and d can be 
synthesized by connecting a nonlinear resistor with an appropriate voltage- 
controlled DP plot in series with a positive linear resistor. 


Exercise 2: Verify that the multivalued DP plot shown in Fig. 16-7c and d can be 
synthesized by connecting a nonlinear resistor with an appropriate current- 
controlled DP plot in parallel with a positive linear resistor. 


Exercise 3: Derive a systematic procedure for determining the minimum 
triggering-pulse amplitude and the minimum triggering-pulse width directly from 
the load-line construction shown in Fig. 16-9d. 


Exercise 4: Discuss the triggering mechanisms for a first-order monostable 
multivibrator with a linear capacitor as the energy-storage element. Specify the 
conditions on the triggering-pulse amplitude and triggering-pulse width for 
successful operation. 


Exericse 5: Enumerate some practical applications of a delay line and a gated 
oscillator. 


16-4 BISTABLE (DOUBLE-SHOT, FLIP-FLOP) MULTIVIBRATORS 


A bistable (double-shot, flip-flop) multivibrator is a first-order 
nonlinear switching network with three distinguishing properties: 
(1) it has three equilibrium states Q;, Qo, and Qs, (2) at least two 
equilibrium states are stable, and (3) the DP plot of the resistive 
subnetwork is a multivalued function of voltage if the energy- 
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Fig. 16-15. The monostable 
multivibrator becomes a gated 
oscillator when the trigger 
pulse width is too large. 
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Fig. 16-16. The DP plot seen 
by the inductor of a bistable 
multivibrator must be a multi- 
valued function of voltage and 
must intersect the 7 axis at 
three points. 


{In view of the inertia pos- 
tulate the dynamic route 
can jump only after reach- 
ing a breakpoint. Hence, 
if the initial state is along 
the segment containing 
either Q; or Qs, the dy- 
namic route will never 
reach Qo». 
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storage element is an inductor, and a multivalued function of cur- 
rent if the energy-storage element is a capacitor. For example, for 
an inductor (Fig. 16-16a) both the current-controlled DP plot 
of Fig. 16-165 and the multivalued DP plot of Fig. 16-l6c are 
multivalued functions of voltage and are, therefore, possible 
candidates for a bistable multivibrator. For a capacitor (Fig. 
16-17a) both the voltage-controlled DP plot of Fig. 16-17b and the 
multivalued DP plot of Fig. 16-17¢ are multivalued functions of 
current and are, therefore, possible candidates. Observe that two 
of the three equilibrium states Q; and Q3 in Fig. 16-16b and 
16-17b are stable, whereas the third equilibrium state Q»2 is un- 
stable. Observe also that all three equilibrium states in Figs. 
16-16c and 16-17c are stable. However, the equilibrium state Q2 in 
this case is not “accessible” in the sense that unless the initial 
condition was originally located in that branch of the DP plot 
containing this equilibrium state, it is not possible to reach Qo. 
From experience we know that the initial state is never located in 
this branch, and hence even though Qpz is stable, it is never ob- 
served. We can, therefore, conclude that the DP plots shown in 
Figs. 16-16 and 16-17 have two accessible stable equilibrium 
states, hence the name bistable. 

The two possible equilibrium states of a bistable multivibrator 
can be used to represent the two distinct states, usually labeled 
“state 0” and “state 1,” in binary logic. For example, whenever 
the multivibrator is operating at Qi, we can agree to call it state 0 
and whenever the multivibrator is operating at Q3, we can agree to 
call it state 1. This provides a simple form of “memory.” By a 
systematic arrangement of many bistable multivibrators, it is pos- 
sible to store information in digital form. It is, therefore, not 
surprising that bistable multivibrators are the building blocks of 
many digital computers. In order to be able to store the appropriate 
information, a means must be provided so that one can force 
a bistable multivibrator to operate at either of the two equilibrium 
states. This can be achieved by a triggering source similar to that 
used in triggering a monostable multivibrator. Before we present 
a detailed example, it is instructive to consider a mechanical 
analogy consisting of a glass tube (closed on both ends) with 
a metallic ball inside it as shown in Fig. 16-18a. The tube is free to 
turn about the pivot on top of the wedge, and the ball will move 
along the tube in accordance with the laws of mechanics. Observe 
that of the three equilibrium states Q1, Qo, and Q3 as shown in 
Fig. 16-185 to d, respectively, only Q; and Q3 are stable. If we de- 
note the position Q; by 0 and the position Q3 by 1, we obtain a 
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(a) 


two-state device similar to a bistable multivibrator. To carry 
the analogy further, observe that we can trigger from state 0 to 
state | by applying a force F; to “flip” the glass tube (Fig. 16-185) 
until it “flops” over to the other side of the wedge (Fig. 16-18d). 
In view of this switching mechanism, a bistable multivibrator is 
commonly called a flip-flop. Observe that in order to trigger suc- 
cessfully from state 0 to state 1, a minimum force F; is required 
to overcome the weight of the ball. Moreover, this force must be 
applied for a minimum period equal to the time it takes the ball 
to move past the pivoting point P as shown in Fig. 16-185. 
Similarly, a minimum triggering force Fy must be applied (Fig. 
16-17d) over a minimum period in order to trigger from state 
1 back to state 0. Let us now consider the design of an electronic 
flip-flop. 


EXAMPLE 


For convenience, let us choose a tunnel diode again, but this time 
we Shall use it to synthesize a bistable multivibrator. In view of the 
explicit equilibrium state theorem, it is clear that in order to 
obtain three equilibrium states, the resistive network obtained by 
short-circuiting the inductor or open-circuiting the capacitor must 
have three operating points. Hence the first step is to synthesize a 
biasing network so that its load line intersects the vg-iq curve 
of the tunnel diode at three points. For reasons that will be obvious 
soon, it is desirable that these points be located near the break- 
points of the vg-ig curve. One simple biasing network for accom- 
plishing this is shown in Fig. 16-19a. The corresponding operating 
points are shown in Fig. 16-19b. The next step is to select the 
energy-storage element and to connect it in such a way that the 
corresponding resistive network in equilibrium reduces to that 
shown in Fig. 16-19a. Since an inductor becomes a short circuit 
and a capacitor becomes an open circuit when the network is 
in equilibrium, it is clear that if an inductor is chosen, it must be 
connected in series with the biasing network as shown in Fig. 


Fig. 16-17. The DP plot seen 
by the capacitor of a bistable 
multivibrator must be a multi- 
valued function of current and 
must intersect the v axis at 
three points. 


Fig. 16-18. The mechanical 
analogy of a flip-flop. 
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Biasing network 


Dynamic nonlinear networks 


Load line corresponding to 
R=752 and EF =600 mv 
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Fig. 16-19. The first step to 
synthesize a flip-flop is to de- 
sign a biasing network which 
yields three operating points. 
The next step is to choose the 
energy-storage element and 
the appropriate connections. 


Fig. 16-20. The DP plot seen 
by the inductor is a multivalued 
function of voltage, and the 
DP plot seen by the capacitor 
is a multivalued function of 
current. 


DP plot of Q 
1 


resistor - battery 
series combination 


(c) (d) 


16-19c. Similarly, if a capacitor is chosen, it must be connected in 
parallel with the biasing network as shown in Fig. 16-19d. To 
verify that these two basic network configurations indeed satisfy 
the properties defining a bistable multivibrator, the DP plot 
as seen by the inductor is shown in Fig. 16-20a, and the DP plot 
as seen by the capacitor is shown in Fig. 16-20d. In the first case 
the equilibrium states Q1, Q2, and Q3 are found at the intersections 
of the multivalued v-i curve with the 7 axis. In the second case the 
equilibrium states Q1, Q2, and Qs are found at the intersections of 
the voltage-controlled v-i curve with the v axis. In this case observe 
that Q, and Qs are stable but Qz2 is unstable. It remains for us to 
design an appropriate triggering circuit so that we can switch from 
one state to another. 


Case 1: Triggering the inductor flip-flop © The simplest way to trigger 
the inductor flip-flop circuit of Fig. 16-19c is to connect a voltage 
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vi- by curve of 
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source in series with the inductor as shown in Fig. 16-2la. De- 
pending on the initial equilibrium state, the triggering voltage may 
be either a positive or a negative square pulse as shown in Fig. 
16-215 and c, respectively. If the initial state is at Q1, it is necessary 
to apply a positive pulse to switch from Q; to Qs. If the initial 
state is at Q3, it is necessary to apply a negative pulse to switch 
from Q3 to Q,. The pertinent DP plots before and after the 
triggering pulse is applied are shown in Fig. 16-22a corresponding 
to a positive pulse and in Fig. 16-22 corresponding to a negative 
pulse. Also shown in these figures are the dynamic routes corre- 
sponding to a typical pulse height Eo and pulse width 6. For 
illustrative purposes, the output waveforms corresponding to the 
triggering signal shown in Fig. 16-23a are shown in Fig. 16-23b 
and c. 

Let us now investigate the effects of the triggering-pulse 
height Eo and pulse width 6 on the triggering operation. It suffices 
to consider the case where we want to switch from Q, to Qs. If the 
pulse height Eo is not chosen large enough for the upper break- 
point of the shifted DP plot to clear the 7 axis, then the dynamic 
route will be as shown in Fig. 16-24a. Observe that this route 
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Fig. 16-21. The simplest trig- 
gering circuit for an inductor 
flip-flop consists of a positive 
or a negative square-voltage- 
pulse triggering source in 
series with the inductor. 


Fig. 16-22. The dynamic 


routes corresponding to a typi- 
cal positive triggering-voltage 
pulse and a negative trigger- 
ing-voltage pulse. 
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Fig. 16-23. The output wave- Ae 4 : 
Ferme enenondingtere pest eventually returns to Qj, and the flip-flop fails to trigger. Clearly, 


tive and a negative triggering in Order to trigger successfully, the value of Eo must exceed 
voltage pulse) appliedyin”sue- the value Of Emin shown in Fig.916-24a) Consider next what 
see oon happens if the pulse width is too short. The resulting dynamic 
route in Fig. 16-24b shows that once again the operation returns 
to Q1, and the flip-flop fails to trigger. Clearly, the minimum value 


Synthesis of first-order multivibrators: the black-box approach 


743 


(a) 


dmin Of the pulse width must be equal to the time it takes the route 
to arrive at the upper breakpoint P shown in Fig. 16-246. 


Case 2: Triggering the capacitor flip-flop The simplest way to trigger 
the capacitor flip-flop of Fig. 16-19d is to connect a current source 
in parallel with the capacitor as shown in Fig. 16-25a. The positive- 
current pulse shown in Fig. 16-255 is required to switch from 
Q; to Q3. Conversely, the negative-current pulse shown in Fig. 
16-25c is required to switch from Q3 to Q;. The pertinent DP plots 
before and after the triggering pulse is applied are shown in Fig. 
16-26a corresponding to a positive pulse and in Fig. 16-26 corre- 
sponding to a negative pulse. Also shown in these figures are the 
dynamic routes corresponding to a typical pulse height Jo and 
pulse width 6. For illustrative purposes, the output waveforms 
corresponding to the triggering signal shown in Fig. 16-27a are 
shown in Fig. 16-276 and c. It is easy to see that if Ip is too small, 
the dynamic route will be as shown in Fig. 16-28a, and the flip-flop 
fails to trigger. Similarly, if 6 is too small, the dynamic route will be 
as shown in Fig. 16-285, and the flip-flop also fails to trigger. 
To trigger successfully, it is necessary that Jo > Jmin Bue) SS arin 
where Jin is the peak current shown in Fig. 16-26a and 6min is the 


(a) (b) 


Fig. 16-24. The flip-flop will 
fail to trigger if the pulse height 
Eo or the pulse width 6 is too 
small. 


Fig. 16-25. The simplest trig- 
gering circuit for a capacitor 
flip-flop consists of a positive 
or a negative square-current- 
pulse triggering source in par- 
allel with the capacitor. 
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Fig. 16-26. The dynamic 
routes corresponding to a typi- 
cal positive triggering-current 
pulse and a negative triggering- 
current pulse. 
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-107 (b) 


time it takes the dynamic route to reach the point Q3 shown 
in Fig. 16-28. 

From the output waveforms shown in Figs. 16-23 and 16-27, 
we observe that for the inductor flip-flop the output current i(/) is 
the useful quantity because it exhibits two distinct values and can, 
therefore, be used to represent the two states of the binary logic. 
On the other hand, for the capacitor flip-flop the output voltage 
u(t) is the useful quantity. Observe that in both cases an additional 
period of time after the triggering signal has dropped to zero 
is needed for the respective output variable to reach the new 
equilibrium value. Since the speed of a digital computer is a 
function of how fast a flip-flop can be triggered from one state to 
another, it is highly desirable that this transient time be as short 
as possible. Since this depends on the time constant L/r; or 7;C, 
the transient time can be minimized by choosing as small a value 
for L or C as possible. It is not possible to reduce L or C to zero 
because some parasitic inductance and capacitance are invariably 
present in any physical circuit. On the other hand, there is no rea- 
son for adding an external inductance to the inductor flip-flop or 
an external capacitance to the capacitor flip-flop because this will 
only increase the time constant of the resulting network. In other 
words, we need not use any physical inductance or capacitance to 
build a practical flip-flop because the parasitic inductance or the 
parasitic capacitance will assume the role of the desired energy- 
storage element. This is why most commercial flip-flop circuits do 
not show any energy-storage element explicitly. 


The above discussion is based on the assumption that only 
one parasitic element plays a major role. Strictly speaking, how- 
ever, there is more than one parasitic element, and hence a flip- 
flop is actually an nth-order network. Fortunately, the error result- 
ing from assuming only one of these parasitic elements is usually 
quite small for most practical purposes. 
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Fig. 16-27. The output wave- 
forms corresponding to a posi- 
tive and a negative triggering- 
current pulse applied in suc- 
cession. 


Fig. 16-28. The flip-flop will 
fail to trigger if the current 
pulse height Jo or pulse width 6 
is too small. 
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Exercise 1: Compare the advantages and disadvantages of the two bistable multi- 
vibrator circuits shown in Figs. 16-21 and 16-25. 


Exercise 2: Design a bistable multivibrator using a type 1NXX8 glow lamp and a 
linear capacitor as the energy-storage element. Specify the conditions on the trig- 
gering-pulse amplitude and the triggering-pulse width for successful operation. 


Exercise 3: Repeat Exercise 1 with a linear inductor as the energy-storage 
element. 


Exercise 4: Connect a small parasitic capacitor across terminals a-b of the SCR 
in the latching switch shown in Fig. 10-6f and explain the switching mechanisms. 
Show that the presence of this parasitic capacitor prevents an instantaneous 
switching. Sketch the transient waveforms. 


16-5 SUMMARY 


First-order multivibrator A first-order dynamic network character- 
ized by the property that either the voltage or the current wave- 
form exhibits an “abrupt jump” either periodically or whenever 
a relatively small triggering signal is applied. 


Three types of first-order multivibrators 
1. Astable (Free-running) Multivibrator 


2. Monostable (Single-shot) Multivibrator 
3. Bistable (Double-shot, Flip-flop) Multivibrator 


TABLE 16-1 Properties of first-order multivibrators. 


Astable Monostable Bistable 
Defining Inductor- Capacitor- Inductor- Capacitor- Inductor- Capacitor- 
properties loaded loaded loaded loaded loaded loaded 
Number of 1 1 1 1 3 3 
equilibrium 
states 
Type of Unstable Unstable Stable Stable The two The two 
equilibrium outermost outermost 
state equilibrium equilibrium 
states must states must 
be stable1 be stable 
Type of DP Voltage- Current- Voltage- Current- Current- Voltage- 
plot of the controlled controlled controlled controlled controlled controlled 
resistive or multi- or multi- or multi- or multi- 
subnetwork valued valued valued valued 
function function function function of 
of current of voltage _—_ of voltage current 


rr 


1 The center equilibrium state may be either stable or unstable. 
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PROBLEMS 


16-1 The DP plots of the resistive portion of an adjustable waveform 
generator, used in an automatic milling-machine controller, are 
shown in Fig. P16-1la to c. The controller sequence requires that a 
capacitor or an inductor be connected across the terminals of the 
resistive black box as shown in Fig. P16-1d and e. 

(a) Plot the waveforms of u¢(¢) and i(r) for the circuit of Fig. 
Pl6-ld and the DP plot of Fig. Pl6-la when v,(0) = —10 
volts. 

(b) Plot the waveforms of u¢(t) and i(t) for the circuit of Fig. 
P16-1d and the DP plot of Fig. P16-15 when v¢(0) = — 10 volts. 

(c) Plot the waveforms of v,(‘) and i(t) for the circuit of Fig. 
P16-le and the DP plot of Fig. P16-1b when i,(0) = —3 ma. 

(d) Plot the waveforms of v¢(t) and i(t) for the circuit of Fig. 
P16-1d and the DP plot of Fig. P16-1c when v(0) = — 10 volts. 

(e) Classify the four circuit combinations above according to 
whether the operation is astable, monostable, or bistable. 


hi, ma hi, ma 


> U, 
10 volts 


v, 


+> 
810 volt 


3 
-10 -5 
| 
| 
| 


Fig. P16-1. 


16-2 Consider the tunnel-diode circuit shown in Fig. P16-2a and the 
Va-iq curve shown in Fig. P16-2b. 
(a) If R = 100 Q, find the range of £ for monostable operation 
and the range of E for bistable operation. 
(b) If R = 100 Q and E = 450 my, find the minimum amplitude 
of a rectangular voltage pulse required to trigger the circuit. 
Show how the pulse is to be applied. 
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(c) If R = 100 Q, E = 450 my, and L = 15 mH, find the mini- 
mum pulse width of a 200-mv triggering pulse for successful 
operation. 

(d) If R = 100 Q, E = 450 mv, and L = 15 mH, find va(?) and 
ig(t) corresponding to a 200-mvy triggering pulse with a pulse 
width of 250 psec. 


/ | 


Too 200 300 $400 MY 
350 
(a) (5) 
Fig. P16-2. 
16-3 Consider the flip-flop circuit shown in Fig. P16-3a where the DP 
plot of the resistive black box N is given by Fig. P16-3d. 

(a) If the triggering signal v,(f) is as shown in Fig. P16-3c with 
Eo = 2 volts, find the minimum pulse width 6 required to 
trigger the flip-flop from its upper state to its lower state. 

(b) If 6=0.5 msec, find the minimum pulse amplitude £o re- 
quired to trigger the flip-flop from its upper state to its lower 
state. 

(c) If £o = 2 volts and 6 = 0.5 msec, find vz,(f) and i(Z). 

u,(t) : 
hi, ma 
N =i Upper state 
(a) : +—> v, volts 
-2 2 
v,(t), volts | 
| 
t, msec 
Lower state 
Fig. P16-3. (b) 


16-4 A neon lamp multivibrator circuit is shown in Fig. P16-4a. If the 
v-I curve of the neon lamp is given by Fig. P16-46 and if the trig- 
ger waveform i,(¢) is shown in Fig. P16-4c, find the output voltage 
vo(t) for the following cases: : 


16-5 
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(a) 5 = 14 usec, Jp = 0.4 ma. (c) 8 = 16 psec, Ig = 3.0 ma. 
(b) 


6 = 14 usec, Jo = 3.0 ma. (d) 8 = 46 usec, Io = 3.0 ma. 


|u, ma 


t, usec v, 


20 40 60 80 
volts 


(b) 


The triggering signal v,(t) for the bistable circuit shown in Fig. 
Pl6-5a is given in terms of the parameters 6), 52, Ey, and E» 
as shown in Fig. P16-5b. The v-i curve of the neon lamp is shown 
in Fig. P16-45. 


(a) 


(b) 
(c) 
(d) 


Find the minimum value of £; in order to trigger the circuit 
from its high-current equilibrium state to its low-current 
equilibrium state. 

If £; = 20 volts, find the minimum value of 6; to ensure 
a successful triggering operation. 

If £, = 20 volts and 6, = 1.7 usec, find the waveform of i¢(7) 
LOM ee USCC: 

Assume that the circuit is in its low-current equilibrium state 
at f = 7 usec when the negative trigger pulse shown in Fig. 
P16-55 is applied. (1) Find the minimum value of £2 to en- 
sure a successful triggering operation. (2) If Ez = —25 volts, 
find the minimum value of 62. (3) If Z2 = —25 volts and 
= Pesecwiind) 7, (.) torr = 7 sec: 


u,(t), volts 


] 
60 volts 


Fig. P16-4. 


Fig. P16-5. 
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Fig. P16-6. 


Fig. P16-7. 
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16-6 Most commercial square-wave voltage generators are designed to 
generate abrupt pulses and then clip them to produce a square 
wave. It is possible to eliminate the clipper by using the cir- 
cuit shown in Fig. P16-6. 

(a) Explain how this circuit works. 

(b) Derive the design equations for determining the values of R, 
L, and the zener breakdown voltage E, in order to generate 
a square voltage wave having a peak-to-peak amplitude of 2E 
volts and a frequency of fk Hz. 

(c) What are the advantages and possible disadvantages of this 
circuit? 


16-7 One method of generating a square-wave current generator is to 
make use of two identical constant-current diodes in the cir- 
cuit shown in Fig. P16-7. 

(a) Explain how this circuit works. 

(b) Derive the design equations for determining the values of R, 
C, and the constant current Jo in order to generate a square 
current wave having a peak-to-peak amplitude of 2/7) ma and 
a frequency of f kHz. 

(c) What are the advantages and possible disadvantages of this 
circuit? 


16-8 The bistable tunnel-diode multivibrator circuit shown in Fig. 
P16-8a is a basic component of many modern digital computers. 
This circuit can be triggered to furnish two stable values of output 
voltage v(t). The v-i curves of the tunnel diodes are shown in 

Fig. P16-85 and c. 
(a) Sketch the waveform of the triggering signal i,(t) in order to 
trigger from the low-voltage state to the high-voltage state. 
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Specify the minimum pulse amplitude and the minimum 
pulse width corresponding to a pulse amplitude of 10 ma. 
(b) Repeat (a) in order to trigger from the high-voltage state to 
the low-voltage state. 
(c) Sketch the output voltage waveform corresponding to the 
triggering pulse shown in Fig. P16-8d. 


Ai,,ma 
eS Se 
ah 
19-b = 
10+ 
5+ 
+ Ve = 
100 t200 300 v,;, mv 


160 310 
(b) 


0.11 volt 


(a) 


t, msec 


16-9 Consider the bistable multivibrator circuit shown in Fig. P16-9a. _ Fig. P16-8. 
The two identical neon bulbs are characterized by the v-i curve 
shown in Fig. P16-9b. 
(a) Find the voltages v;(¢) and v2(t) when the circuit is in a stable 
equilibrium state. 
(b) If v,(¢t) is a rectangular triggering pulse, find the minimum 
pulse amplitude for successful triggering. Fig. P16-9. 


font 


— = 100 volts 20 


10 


V1, Uo, Volts 


(a) (b) 
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16-10 Consider the two basic circuit configurations shown in Fig. 16-19c 


16-11 


Fig. P16-11. 


Switch S 


h alii} ma 


and d in the text. Both circuits are made up of a nonlinear resistor 

(which may be either voltage-controlled or current-controlled), a 

linear biasing circuit, and an energy-storage element. 

(a) Show that because the load line is linear, any dynamic route 
(corresponding to any initial condition) of these circuits can 
be found by obtaining the composite DP plot of the biasing 
circuit with portions of the vq-iq curve of the nonlinear resis- 
tor representing the corresponding locus of operating points. 

(b) Using the method described in (a), find the current i,(f) of the 
circuit shown in Fig. P16-2 with E = 350 mv, R = 35 Q, 
Leal Hand t3(0) a0. 

(c) Check the solution in (5) by using the method described in 
the text. Compare the relative advantages of these two 
methods. 


The circuit shown in Fig. P16-lla can be used to determine the 
number of current pulses (up to a maximum of four) generated by 
the random pulse current source i,(¢) in a selected 10-msec time in- 
terval. The 10-msec interval is selected by opening switch S for 10 
msec. Assume that S opens at ¢ = 0 and closes at ¢ = 10 msec. 
Further assume that during this 10-msec time interval, the current 
source i,(¢) generates three 1-msec pulses as shown in Fig. P16-11b. 
(a) Determine the value of C so that pulse | switches the circuit 
from Q; to Q» in exactly | msec. Sketch the current wave- 
form during the switching cycle. 
(b) Find the voltage across the capacitor at t = 9.99 msec. 


> v, volts 


Pulse number 1 


t, msec 
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17-1 WHAT IS A TIME-BASE GENERATOR? 


Any network designed specifically to provide a linear time scale is 
called a time-base generator. This class of networks is indispens- 
able in the design of many electronic systems involving time 
measurements. Some typical examples are radar, television, cath- 
ode-ray oscilloscopes, and timing circuits. As will be obvious soon, 
either the output voltage or the output current waveform of a 
time-base generator must be a linear function of time over some 
specified time interval. 

To show the necessity for a linear waveform, let us design a 
horizontal deflection system for an oscilloscope to sweep the elec- 
tron beam left to right at a uniform velocity. For convenience, let 
us assume that the horizontal deflection plates are connected with 
a battery in series with the output terminals of a time-base genera- 
tor v,(t) as shown in Fig. 17-la. The battery voltage Eg is chosen 
so that when v,(f) = 0, the electron beam will be deflected to the 
leftmost position A. As u,(¢) increases positively, the electron 
beam will be swept toward the rightmost position B as shown in 
Fig. 17-1b. Clearly, if v,(¢) is assumed to be a linear waveform as 
shown in Fig. 17-1c, then by projecting the corresponding points 
as shown in Fig. 17-1d, it is clear that the time of occurrence of 
the electron beam at each point along the horizontal line A-B is 
uniquely determined. Since v,(¢) is linear, the beam velocity is uni- 
form, and the horizontal axis A-B can be calibrated with a linear 
time scale. This means that if we apply a voltage signal v,(¢) 
across the vertical deflection plates, the electron beam will trace 
out that portion of v,(t) which occurs during the same time inter- 
val it takes the electron beam to sweep from point A to point B. 
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Fig. 17-1. The principle in- 
volved in the display of an in- 
put voltage signal on the oscil- 
loscope screen requires the 
application of a linear time- 
base waveform across the ver- 
tical deflection plates of an 
oscilloscope. 
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When the beam reaches point B at fg, it is necessary to make 
U,(tz) = 0 in order for the beam to return to point A. However, in 
view of the principle of conservation of energy, it is impossible for 
a physical network to exhibit an instantaneous jump. Therefore, 
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the beam will return to point A at some time fc > fp. It is conven- 
ient to define 


T; = tp — ts (17-1) 
and 
T, =to — tz (7-2) 


where 7; is called the sweep time and T, is called the retrace time. 
Ideally, we would like the retrace time to be as short as possible. 
Let us now investigate the effects of the sweep time 7, on the 
displayed waveform. Consider first the case where the vertical 
signal v,(t) consists of a single pulse. If the pulse width is approxi- 
mately equal to the sweep time 7, as shown in Fig. 17-le, and if 
the pulse starts at ¢ = ¢4, then the entire waveform will be swept 
and displayed as shown in Fig. 17-1f If the pulse width is much 
shorter than 7, as shown in Fig. 17-1g, the complete waveform will 
still be displayed as shown in Fig. 17-14. However, the displayed 
waveform will be so “compressed” that the details cannot be seen. 
Figure 17-17 shows the same input waveform starting at some time 
t4 <¢ < fg, and the same compressed waveform is displayed as 
shown in Fig. 17-lj. If the pulse width is much longer than 
the sweep time as shown in Fig. 17-1k, then only a portion of the 
input signal is displayed as shown in Fig. 17-1/. It should be 
emphasized that since these input signals consist of a single pulse, 
the corresponding waveform will be displayed only once.? 
Consider next the case where the input signal v,(2) is periodic. 
Suppose it is desired to display the sinusoidal signal v,(¢) shown in 
Fig. 17-2a. Since this signal is periodic, we can obtain a stationary 
display on the oscilloscope screen if the output voltage of the 
time-base generator consists of a periodic sawtooth waveform as 
shown in Fig. 17-26 to d. Since this waveform is similar to the out- 
put waveform of an astable (free-running) multivibrator, the net- 
work for generating this is called a free-running time-base genera- 
tor. The sweep time T; of the sawtooth waveform shown in Fig. 
17-2b is approximately equal to three times the period of v,(¢), and 
hence approximately three cycles of the sinusoidal signal will be 
displayed. Similarly, the sweep time of the sawtooth waveforms 
shown in Fig. 17-2c and d will result in a stationary display of ap- 
proximately two cycles and one cycle of the sinusoidal signal, 
respectively. In all cases observe that the sweep time T; and the 
retrace time 7; were chosen so that the starting point of each new 
cycle of the sawtooth signal always coincides with the same position 
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1The retrace time is also 
known as the return time, 
the restoration time, or 
the flyback time. 


2 If it is desired to have the 

displayed waveform per- 
sist on the oscilloscope 
screen, a special-purpose 
oscilloscope called the 
memory scope must be 
used. 
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Fig. 17-2. A free-running saw- 
tooth waveform is required to 
display a stationary periodic 


signal. 


(d) \ 


on the sinusoidal waveform. This condition is clearly necessary in 
order to display a stationary waveform on the oscilloscope screen. 
Observe that since the retrace time 7; is not zero, the correspond- 
ing portion of the sinusoidal signal will be displayed in the return 
trace as shown in Fig. 17-26 to d. This return trace can be elim- 
inated by shutting off the electronic beam during the retrace time 
intervals. This is easily achieved by applying a high negative volt- 
age called the “blanking signal” to the controlled grid of the 
electron gun. 

Any number of complete cycles of the sinusoidal waveform 
shown in Fig. 17-2a can be displayed steadily on the oscilloscope 
screen by an appropriate choice of the sweep time 7;. For example, 
if a detailed examination of the displayed waveform is desired, a 
single cycle can be displayed across the oscilloscope screen as 
shown in Fig. 17-2d. This flexibility cannot be attained if the 
periodic signal consists of a widely separated pulse train such as 
the one shown in Fig. 17-3a. Observe that in order to obtain: 
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a stationary display of this signal by means of a free-running time- 
base generator, the period of the sawtooth waveform must be at 
least as large as the period of the pulse train as shown in Fig. 
17-36. Since the pulse width 5 is extremely short compared with 
the period 7, the displayed waveform will be so compressed that it 
will appear almost like a vertical line. In order to spread out this 
pulse, it is necessary that the sweep time 7, be equal to the pulse 
width. Moreover, in order for the displayed waveform to persist on 
the oscilloscope screen, it is necessary that whenever a pulse occurs, 
a linear time-base waveform is generated as shown in Fig. 17-3c. 
This can be done by a triggering circuit, and the resulting network 
is called a triggered time-base generator. 

The preceding discussion shows that there are two types 
of time-base generators, a free-running time-base generator, which 
generates a periodic sawtooth waveform, and a triggered time-base 
generator, which generates a linear waveform with a prescribed 
duration whenever a triggering signal is applied. Although a time- 
base voltage waveform is required in an oscilloscope, a time-base 
current waveform may be required in other systems, such as in the 
deflection coils of a television receiver. 

Based on the preceding discussions, we can now define an 
ideal free-running time-base generator as a black box whose out- 
put voltage or current consists of a periodic sawtooth waveform 


hv,(t) 
bn fe >| 6< 


(a) 
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Fig. 17-3. Atriggered sawtooth 
waveform is required to display 
a widely separated periodic 
pulse train. 


(c) 
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Fig. 17-4. Two common ideal 
output waveforms of a free- 
running time-base generator. 


Fig. 17-5. Two common ideal 
output waveforms of a trig- 
gered time-base generator and 
the associated triggering sig- 
nal. 
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vx(t), ix(t) 


(b) 


with a linear ramp and a zero retrace time. Two common examples 
of this ideal sawtooth waveform are shown in Fig. 17-4a and b. 
Similarly, an ideal triggered time-base generator can be defined as 
a black box with a triggering source such that a linear output volt- 
age or current waveform is generated each time the switching 
signal is applied and then drops back to the original value when 
the switching signal returns to zero. For example, Fig. 17-5 shows 
a switching signal v,(¢) or i;(¢) with two ideal output waveforms. 
Observe that for complete generality, the output waveforms of 
Figs. 17-4 and 17-5 are drawn with a reference voltage Eac or 
reference current Jg.. Observe also that the linear ramp may 
be either increasing or decreasing with time. Although the ideal 


v,(t), i,(t) 


| 
! (a) 
ee i,(t) 


(b) 
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waveforms shown in Figs. 17-4 and 17-5 are not physically realiz- 
able, they are useful because they provide a model for the design 
of practical circuits. 

Most existing time-base generators can be considered as first- 
order nonlinear networks. It is not our objective to study the 
countless variations of existing circuits because this can at best be 
a systematic collection of “recipes,” a task which we abhor. Instead 
we shall present only the basic principles underlying the synthesis 
of time-base generators. In particular, only first-order time-base 
generators will be considered in this chapter. 


17-2. SYNTHESIS OF FREE-RUNNING TIME-BASE GENERATORS 


Let us consider first how the ideal waveforms of Fig. 17-4 can be 
synthesized using ideal elements. We have shown in Chap. 14 that 
a linear voltage waveform can be generated by connecting a cur- 
rent source across a capacitor. We have also shown that a linear 
current waveform can be generated by connecting a voltage source 
across an inductor. Hence, if we connect a switch S across the 
capacitor C as shown in Fig. 17-6a, then by closing and opening 
the switch S periodically, the ideal voltage waveform shown in Fig. 
17-6b is obtained. The ideal DP plot seen by the capacitor in this 
case is shown in Fig. 17-6c. Similarly, the series switching circuit 
shown in Fig. 17-7a will have an output sawtooth current as shown 
in Fig. 17-76 and an ideal DP plot as shown in Fig. 17-7c. Since 


(a) (b) 
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DP plot when 
S is closed 


> U 


DP plot when 
S is opened 


(c) 


Fig. 17-6. An ideal sawtooth 
voltage waveform can be gen- 
erated by a current source in 
parallel with a switch and a 
capacitor. 


Fig. 17-7. An ideal sawtooth 
current waveform can be gen- 
erated by a voltage source in 
series with a switch and an in- 
ductor. 
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S is opened (o) 
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(a) 


Fig. 17-8. The output voltage 
waveform and DP plot of a 
realistic time-base generator. 


Fig. 17-9. A current-controlled 
DP plot can be chosen in place 
of the resistive network across 
the capacitor. 
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(b) (c) 


the current time-base generator is simply the dual of the voltage 
time-base generator, it suffices to consider only one case from here 
on. 

Since any physical switch has a small but nonzero series re- 
sistance R, and any physical current source has a large but finite 
parallel resistance R,, the ideal circuit of Fig. 17-6a must be 
replaced by the more realistic model shown in Fig. 17-8a. The 
presence of the resistances R, and R, will prevent any abrupt 
change in the capacitor voltage. In fact, in order to allow time for 
the capacitor to discharge quickly during the return trace, the 
switch S must remain closed for a short but nonzero time interval. 
If we assume that S is open until the capacitor charges up to some 
specified voltage v, = EF; volts and is then closed until the capaci- 
tor discharges down to some specified voltage v; = FE» volts, then 
the waveform v,(t) will be as shown in Fig. 17-8b. The associated 
DP plot and dynamic route are shown in Fig. 17-8c. 

Since v,(t) shown in Fig. 17-85 is periodic and resembles the 
output waveform of an astable multivibrator, we can eliminate the 
switch S and the current source J and choose, instead, a resistive 
black box N (Fig. 17-9a) with the DP plot shown in Fig. 17-90. 
Since the dynamic route remains unchanged, the same output 
voltage is obtained. Clearly, it is desirable that segment 1 be 
as horizontal as possible and segment 3 be as vertical as possible. 
The main task in designing a free-running time-base generator, 
therefore, consists of realizing a resistive network with the desired 
DP plot. Let us consider two simple examples. 


EXAMPLES 


1. Neon-bulb Time-base Generator. There are many practical non- 
linear resistors and resistive black boxes which exhibit a DP. 


DP plot 
when S 
is opened 
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plot suitable for designing time-base generators. For simplicity, 
we shall choose a neon bulb whose v-i curve is shown in Fig. 
17-10a. Since a free-running time-base generator is simply an 
astable multivibrator with a specific DP plot, we can apply the 
techniques of Chap. 16 to bias the neon bulb for astable opera- 
tion. The resulting circuit is shown in Fig. 17-105 where the 
values of R and E are chosen so that the load line will intersect 
the negative-resistance segment as shown in Fig. 17-10a. The 
composite DP plot is obtained in Fig. 17-10c together with the 
associated dynamic route. Applying the methods of Chap. 15, 
the output voltage v,(7) is easily obtained and is shown in Fig. 
17-10d. The sweep time 7; and retrace time 7; are given, re- 
spectively, by 


Ep 
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Fig. 17-10. The synthesis of a 
neon-bulb time-base generator. 


762 


Dynamic nonlinear networks 


(a) 


Fig. 17-11. A unijunction tran- 
sistor time-base generator. 


{Changing the value of E 
has the effect of translat- 
ing the composite DP plot 
vertically and hence chang- 
ing the values of £3 and E4. 


where 71 = RiC and 73 = R3C. The frequency /; of this peri- 
odic waveform is, therefore, given by 


ee ee (17-5) 


lig = Jb EE; — E4 
BES. a. Fay ji 
Pag nk ne aay 


Observe that in order to approach the ideal sawtooth waveform, 
it is necessary that 7; > 73. Under this condition Eq. (17-5) can 
be approximated by 


RiCln 


fe eels (17-6) 


7 Ea Ee 
In any case the frequency f, depends on the capacitance C, the 
supply voltage E,} and the slopes of the DP plot. Obviously, 


the simplest way to change the frequency is to vary the value 
of C. 


. Unijunction Transistor Time-base Generator. Consider the first- 


order unijunction transistor circuit shown in Fig. 17-1la. The 
DP plot seen by the capacitor was obtained in Fig. 6-40 
of Chap. 6 and is redrawn in Fig. 17-116. Notice that the ver- 
tical scale is compressed in order to show the complete dy- 
namic route. Since this dynamic route resembles the one 
shown in Fig. 17-10c, the unijunction transistor circuit in Fig. 
17-11a is in fact a voltage time-base generator. In practice we 
can save one battery by choosing E = Ez and applying the 
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v-shift theorem to obtain the equivalent time-base generator 
circuit shown in Fig. 17-1 1c. 


Exercise 1: Describe the detailed procedure for designing a current time-base 


generator. 


Exercise 2: Using a type 2NXX21 unijunction transistor, design a 10-kHz voltage 
time-base generator. 


17-3. SYNCHRONIZATION OF FREE-RUNNING TIME-BASE GENERATORS 


As we have shown earlier, a free-running time-base generator is 
required to display a stationary periodic signal. In order for the 
displayed waveform to remain stationary on the oscilloscope 
screen, it is necessary that the input signal and the sawtooth wave- 
form be “synchronized” at all times. By this we mean that the be- 
ginning of each sweep must occur at the same position on the input 
waveform. For example, consider the periodic input signal v,(¢) 
shown in Fig. 17-12a and the sawtooth waveform v,(t) shown in 
Fig. 17-125. These two waveforms are synchronized because the 


vy(t) 
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Fig. 17-12. An example show- 
ing the need for synchroniza- 
tion between the time-base 
generator and the input signal. 


— > 
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starting point of each sweep occurs at exactly the same position 
(a, b, c, d,.. .) along the input signal. Consider now what happens 
if the frequency of the sawtooth waveform changes by a small in- 
crement. If the frequency decreases slightly as shown in Fig. 17-12c, 
the waveforms are no longer synchronized because the starting 
points a’, b’, c’, d’,...no longer coincide with one another. The 
effect of this is that the displayed waveform will drift slowly to the 
left of the oscilloscope screen. If the frequency increases slightly as 
shown in Fig. 17-12d, the waveforms are also not synchronized be- 
cause the starting points a”, b”, c’, d”,... are different. In this case 
the displayed waveform will tend to drift slowly to the right. From 
these observations we can conclude that in order for synchroniza- 
tion to be possible, the frequency f, of the time-base generator 
must be an integral submultiple of the input signal frequency /,; 
namely, 


aes (17-7) 


where n is any integer equal to or greater than I. 

Since the frequency f, depends on such parameters as the sup- 
ply voltage and the slopes of the DP plot, it is clear that even if Eq. 
(17-7) was initially satisfied, the slightest perturbation due to noise 
or other extraneous factors will immediately result in a loss 
of synchronization. There are various methods that can be used to 
force the time-base frequency f, to “synchronize” or “lock” with 
the input signal frequency f,. Since the basic principles are the 
same in all cases, we shall consider only one method, the pulse 
synchronization method. 

In the pulse synchronization method the time-base generator 
is synchronized with a pulse train v,(¢) having the same frequency 
fy as the input signal. This synchronization signal v,(t) is always 
derived from the input signal v,(t) by some standard wave- 
form operation in order to ensure that the frequency is exactly f,. 
For example, v;(¢) can be obtained from the output of a monostable 
multivibrator which is being triggered by the input signal v,(¢). 
Ideally, each synchronization pulse should have a very fast rise 
time. Let us consider the mechanism behind the synchronization 
phenomenon. 

The DP plot and the output waveform of a typical time-base 
generator are shown in Fig. 17-13a and b. The dynamic route 
jumps from segment | to segment 3 whenever the breakpoint 
Biv = E;) 1s reached. This is indicated in Fig. 17-13b by the hori- 
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zontal switching threshold v = Fy. If EF; either increases or 
decreases, this switching threshold will move either up or down. 
Accordingly, the frequency /; of v(t) will either decrease or increase. 
In practice, because of the presence of noise or other extraneous 
factors such as changes in temperature and environment, the DP 
plot of Fig. 17-13a will vary randomly. This variation can be rep- 
resented by a tolerance band around the DP plot as shown in Fig. 
17-13c. In other words, because of the uncertainties involved, we 
can state only that the DP plot at any time will lie within 
the tolerance region. If we denote the maximum variation in v by 
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Fig. 17-13. The frequency of 
any physical time-base genera- 
tor will vary whenever the 
switching threshold changes. 


Uncertainty band 


v, = v(t) 
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Fig. 17-14. The mechanism for 
synchronization consists of ini- 
tiating the vertical jump before 
the minimum threshold voltage 
is reached. 


(a) 
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+AE, then the horizontal switching threshold becomes a thresh- 
old band as shown in Fig. 17-13d. 

Let us observe what happens if we connect a synchronization 
voltage source u,(¢) in series with the capacitor as shown in Fig. 
17-14a. If v,(t) is as shown in Fig. 17-146, then the DP plot will be 
shifted to the left whenever a pulse appears, and the threshold volt- 
age will decrease by an amount equal to the pulse height £, 
of v,(t). The switching threshold will, therefore, change as shown 
in Fig. 17-14d whenever a pulse occurs. Observe that because we 
have hastened the switching to occur prematurely, i.e., before the 
dynamic route reaches the uncertainty band, the frequency of v,(¢) 
in Fig. 17-14d will be precisely equal to that of v,(t). Therefore, the 
time-base generator is synchronized with the input signal, and one 
cycle of v,(¢) will remain stationary on the oscilloscope screen. 

We shall now show that a minimum pulse height and a mini- 
mum pulse frequency (relative to the unsynchronized frequency 
fr) is required to ensure synchronization. Consider first the case 


hv, (t) 


New switching Minimum threshold | 
threshold voltage voltage 
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(d) 
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(b) 


(c) 


when the pulse height is relatively small as shown in Fig. 17-15a. 
It is easily seen that this pulse height is too small to cause 
the switching to occur prematurely, and hence no synchronization 
is possible in this case. For synchronization to occur, the minimum 
pulse height must be chosen [depending on the frequency of v;(7)] 
so that the breakpoint B of the DP plot of Fig. 17-14c is shifted to 
the left of the value assumed by v,(f) at the time when a pulse 
occurs. 

When the pulse frequency is smaller than the unsynchronized 
frequency f; of the time-base generator as shown in Fig. 17-15d, 
again no synchronization is possible. It is easy to see that in 
order for synchronization to occur, the frequency of v,(t) must be 
greater than the highest possible unsynchronized frequency /, of 
the time-base generator. An example illustrating this condition is 
shown in Fig. 17-15c. It is easy to see that, provided the pulse height 
is large enough, the sawtooth waveform v,(f) will synchronize 
with a subharmonic frequency of v,(f). In this case, more than one 


Fig. 17-15. Waveform relation- 
ships showing that synchroni- 
zation will not occur whenever 
(a) the pulse height or (b) the 
pulse frequency is too small. 
Synchronization can be at- 
tained, however, with (c) a 
higher-frequency synchroniza- 
tion signal. 


TObserve that in this case 
a partial synchronization 
occurs every few cycles. 
However, this phenome- 
non does not have any 
practical value at present. 
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' The rpm of a synchronous 
motor is a function of the 
frequency of the applied 
voltage. 
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stationary cycle of the input signal can be displayed on the oscil- 
loscope screen. This phenomenon is useful in many other applica- 
tions. For example, if we consider v,(¢) as the input signal and v,(7) 
as the output signal, then the output frequency /, will be equal to 
a subharmonic of the input frequency /;; namely, 


lar el (17-8) 


This property is the basic operating principle of most frequency 
dividers that exist today. Indeed, by connecting an appropriate 
number of these dividers in cascade, it is possible to divide accu- 
rately an extremely high-frequency pulse train down to any desired 
output frequency. This property has been used in the design of an 
atomic clock. For example, certain atomic beams (such as that of 
cesium) are known to resonate at an extremely high and ex- 
tremely stable frequency. A typical resonant frequency might be 
101° cps with a maximum frequency variation of AF equal to 
10-5 cps. If we divide this frequency down to 1,000 cps to operate 
a synchronous motor, then n = 107, and the output frequency 
variation is Af = 10-5/107 = 10-¥ cps. Hence it will take 1012 sec 
for the motor frequency to change by one cycle. In view of 
this great stability, the motor can be calibrated to serve as an ex- 
tremely accurate clock.! 

We have merely scratched the surface of the subject of syn- 
chronization. This phenomenon is unique in that it can occur only 
in nonlinear systems. Although a complete theory of synchroniza- 
tion is not presently available, it is good to know that most prac- 
tical synchronization mechanisms are similar to the simple case 
presented in this section. 


Exercise 1: Discuss the synchronization mechanism using a periodic rectangular 
synchronization pulse. 


Exercise 2: Discuss the synchronization mechanism using a sinusoidal synchro- 
nization signal. 


17-4 SYNTHESIS OF TRIGGERED TIME-BASE GENERATORS 


We have already shown that in order to obtain a stationary display 
of one pulse of a widely separated pulse train and spread it out 
across the entire oscilloscope screen, it is necessary to initiate a 
linear sweep each time a pulse occurs. Ideally, this can be done by 
opening a normally closed switch S in the circuit of Fig. 17-6a. 


u(t) 
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Electronic 


switch 


(a) 


(d) 


during the time interval where a pulse is present. The electronic 
switching circuit shown in Fig. 17-16a@ can be used to open 
the switch at the start of each pulse and to close the switch upon 
the termination of the pulse. The switching signal v,(7) is generally 
a square wave obtained from the input pulse train. For example, 
the typical pulse train v,(t) shown in Fig. 17-165 can be used to 
trigger a monostable multivibrator. The output of the multivibrator 
can then be clipped to obtain the desired switching signal v,(¢) 
shown in Fig. 17-16c. In this case the electronic switch must be 
designed so that it will be open whenever u,(t) = E; and closed 
whenever vu,(t) = 0. The output waveform v,(¢) of this ideal time- 
base generator will then be shown in Fig. 17-16d. 

Several practical limitations must be considered in the design 
of a time-base generator. First of all, the switching signal v,(¢) will 
generally be delayed by some short but nonzero time interval AT. 
In this case, v;(t) and v,(t) will also be delayed by AT as shown by 
the dotted lines. The effect of this is that a small initial portion of 
the input waveform v,(7) will not be displayed. However, by a 
careful choice of components, it is possible to reduce AT to a very 
small value so that the portion of v,(7) that is lost will not be 
noticeable. Another practical limitation is the fact that it is impos- 
sible to design an ideal electronic switch or an ideal current source. 
This means that the output waveform v,(t) of the time-base gen- 
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Fig. 17-16. An ideal voltage 
time-base generator being trig- 
gered by an electronic switch. 
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Resistive 


black box 


Fig. 17-17. A DP plot with a 
horizontal segment intersect- 
ing the 7 axis can be used in 
place of the current source. 


Fig. 17-18. Three simple prac- 
tical circuits that can be used 
in place of the current source. 
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erator will not be linear and that the retrace time will not be zero. 
With these limitations in mind, let us now consider a few sample 
designs. 


EXAMPLES 


1. An FET-triggered Time-base Generator. From the basic circuit 
configuration shown in Fig. 17-16q, it is clear that a triggered 
time-base generator can be designed in two steps: (1) choose 
or design a suitable current source, and (2) design the associated 
electronic switch. 

For step 1 let us refer to Fig. 17-8 and observe that it is 
not really necessary to have a current source. Indeed, any two- 
terminal black box whose DP plot contains a horizontal seg- 
ment which intersects the i axis (Fig. 17-17) would do just as 
well. For example, the DP plot of each of the three black boxes 
shown in Fig. 17-18a to c contains a nearly horizontal segment 
and can, therefore, be used in place of the ideal current source. 
The value of R in Fig. 17-18a must be chosen very large 
in order for the DP plot to approach a horizontal line. In all 
cases, however, the segments will always have a nonzero slope. 
It is possible to reduce the slope of these segments by adding 
compensating circuits, thus improving the linearity of the out- 
put waveform. Since this refinement does not involve any new 
concept, we shall not bother to consider it here. 

For step 2 we can apply the principles presented in Chap. 


(b) 
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N-channel 
FET Ty 


v,(t) 


10 to synthesize the appropriate electronic switch. For example, 
if we choose the n-channel FET switch shown in Fig. 17-19a 
and the switching signal v,(¢) shown in Fig. 17-195, then the DP 
plot across terminals a-b will approximate an open circuit when 
Ves = —£;, and a short circuit when Vgg = 0. Since this is a 
unidirectional switch, we must choose the circuit of Fig. 17-18a 
to simulate the current source so that the corresponding load 
line will intersect the horizontal segment when Vgs = — E; and 
the vertical segment when Vgg = 0 (Fig. 17-19c). The complete 
triggered time-base generator is shown in Fig. 17-19d. Observe 
that since the current intercept of the load line corresponding to 
the circuits of Fig. 17-185 and c is negative, it would be neces- 
sary to use a p-channel FET switch if these circuits were to be 
used in place of the ideal current source. 


. A Self-triggered Time-base Generator. Another method for de- 
signing a triggered time-base generator is to synthesize first a 
free-running time-base generator and then prevent the switch- 
ing operation from occurring. A simple method to accomplish 
this is to connect a zener diode across the resistive black box 
of a free-running time-base generator as shown in Fig. 17-20a. 
If the original DP plot of the resistive black box is shown in 
Fig. 17-2la and the DP plot of the inverted zener diode is 
shown in Fig. 17-215, then the composite DP plot is readily ob- 
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Fig. 17-19. The complete de- 
sign of a simple FET-switch- 
triggered time-base generator. 
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(a) (d) 


Fig. 17-20. A_ free-running 
time-base generator can be 
converted into a_ triggered 
time-base generator by con- 
necting a switching voltage 
source in series with the resis- 
tive black box and a zener 
diode in parallel with the ca- 
pacitor. 


(b) (e) 


Fig. 17-21. The composite DP Q r 
plots in the presence and ab- 
sence of the switching signal 
show the basic mechanism for 
initiating a linear sweep. (c) 


(f) 
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tained as shown in Fig. 17-21c. Observe that point Q is a stable 
equilibrium state, and hence no switching will occur. In order 
to initiate the sweep, we must connect a switching voltage 
source v,(f) as shown in Fig. 17-20. This has the effect of shift- 
ing the original DP Plot I to the new DP Plot II shown in Fig. 
17-21d. If this shift is large enough so that the new threshold 
voltage Fj is smaller than the zener voltage E., namely, 


EL <E, (17-9) 


then the composite DP plot will be as shown in Fig. 17-21f In 
this case switching will occur, and a linear sweep will be initi- 
ated after the dynamic route has returned to segment 2 of the 
composite DP plot. Since the sweep will terminate when 
v(t) = 0, the input pulse train can be used as the switch- 
ing signal itself. In this case we can guarantee that the duration 
of the linear sweep will be approximately equal to the pulse 
width. For example, if the pulse train v,(‘) is shown in Fig. 
17-22a, then the output waveform v,(f) will be as shown in 
Fig. 17-22b. Observe that the linear sweep will occur only after 
the retrace time 7; is completed. This means that the initial 
portion of the pulse will not be displayed on the oscilloscope 
screen. Hence this method of triggering is suitable only for 
tracing slowly varying waveforms so that only a small initial 
portion of the pulse is lost. The advantages of this method over 
the electronic switching method are the inherent simplicity of 
the circuit and the fact that the same input pulse train can be 
used as the switching signal, thus obviating the need for addi- 
tional external circuitry. Another desirable feature of this 
method is that by connecting a mechanical switcli in series 
with the zener diode, we can obtain either a triggered time-base 


hu, (t) = v,(t) 


Fig. 17-22. The output wave- 
form of a time-base generator 
and its associated input-trig- 
gering pulse train. 


WES 


774 


Dynamic nonlinear networks 


generator or a free-running time-base generator by merely 
closing or opening the switch. 

An examination of the circuit shown in Fig. 17-20b and 
the switching mechanism in Fig. 17-21 shows that the effect of 
the zener diode is to prevent the capacitor voltage from exceed- 
ing the zener breakdown voltage E,. Observe that as soon as 
the diode “catches” this breakdown voltage, it behaves like a 
battery of voltage E,. Because of this the diode (when used for 
this purpose) is often referred to as a catching diode. When a 
zener diode is not available, the catching diode can be realized 
by a junction diode and a battery. In view of this “catching” 
phenomenon, the switching must be initiated before the capac- 
itor voltage reaches the critical value E,. This is accomplished 
by applying an appropriate switching signal so that the result- 
ing DP plot will not contain a vertical segment intersecting the 
v’ axis as shown in Fig. 17-21f. 


Exercise 1: Describe the design of an ideal current time-base generator analogous 
to that shown In Fig. 17-16. 


Exercise 2: Design a triggered time-base generator using a p-channel FET switch 
and a constant-current diode as the nonlinear elements. 


17-5 SUMMARY 


Time-base generator A first-order dynamic network for generat- 
ing a linear output voltage waveform (voltage time-base generator) 
or a linear output current waveform (current time-base generator). 


Two types of time-base generators 


1. Free-running time-base generator. The output voltage or cur- 
rent is a periodic sawtooth waveform. 


2. Triggered time-base generator. The output voltage or current 
is an aperiodic linear ramp initiated by a triggering signal. 


Some practical considerations 


1. The retrace time in a practical free-running time-base genera- 
tor is never zero. It must be made as small as possible. 


2. The waveform during each sweep-time interval is not exactly 
linear. Linearity can be improved by altering the slope of 
the appropriate DP plot segments. 
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3. In order to obtain a stationary display in the oscilloscope 
screen, an external synchronization signal may be applied 
through an appropriate synchronization circuit. The synchro- 
nization signal is usually derived from the time function being 
displayed. It consists of a periodic string of pulses whose fre- 
quency must be an integral submultiple of the input signal 
frequency. 


PROBLEMS 


17-1 Consider the neon-bulb time-base generator circuit shown in Fig. 
Pl7-la, where the v,-i; curve of the neon bulb is shown in 
Fig. P17-15. 
(a) Plot the voltage waveform v(¢) at steady state. 
(b) Find the sweep time 7, and the retrace time T,. 


16 R=1kQ 
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(a) (b) 
Fig. P17-1. 


17-2 A neon-bulb sawtooth generator circuit is shown in Fig. P17-2. 
Using the v-i; curve shown in Fig. P17-1b, find an appropriate set 
of values for R, E, and C in order to generate a 1-kHz nega- 
tive sawtooth voltage waveform. 


Fig. P17-2. 
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Fig. P17-3. 


— = 20 volts 


Fig. P17-4. 
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17-3. A relatively simple current time-base generator circuit is shown in 


=| 0.16 volt 0.5 


17-4 


(a) 


Fig. P17-3a. The v-i; curve of the tunnel diode type INXX6 is ap- 
proximated by the piecewise-linear curve shown in Fig. P17-30. 
(a) Plot the current waveform i(¢) at steady state. 

(b) Find the sweep time 7, and the retrace time T,. 


++! _,__4_» v,, my 
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(6) 


The unijunction transistor in the circuit shown in Fig. P17-4a 
is biased by R and E so that it exhibits a vj-i; curve across ter- 
minals a-b as shown in Fig. P17-4b. 

(a) Plot the voltage waveform v(f) at steady state. 

(b) Find the sweep time 7; and the retrace time T,. 


17-5 A common transistor time-base generator is the “bootstrap” circuit 


shown in Fig. P17-Sa. 

(a) Using n-p-n transistor model Cg and assuming Ic¢zo = 0 and 
Vcro = 0, show that the DP plot across terminals a-b is given 
by Fig. P17-5é. 

(b) Can segment 2 of the DP plot be made to appear as our ideal 
current source for a given value of B? If B is variable, can it 
be made into an ideal current source? 
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switch a 
() E, __‘BE» () 
(1+8)R, (1+8)R, 
Fig. P17-5. 
17-6 The circuit shown in Fig. P17-6a is to be used as a time-base gen- 
erator in a cathode-ray oscilloscope. The DP plot of the nonlinear 
resistive box is given in Fig. P17-6b. 
(a) Find C such that the frequency of oscillation is 1 kHz 
and sketch the waveform v(/). 
(b) It is desired to synchronize this time-base generator with a 
1.1-kHz sine wave. To accomplish this a pulse train v,(¢) is de- 
rived from the sine wave as shown in Fig. P17-6c. Indicate 
how v,(t) should be applied in order to synchronize v(t) with 
v,(t). Assuming that E is of sufficient magnitude to accom- 
plish switching instantaneously, sketch a typical dynamic 
route. 
(c) What is the minimum magnitude for EF that ensures syn- 
chronization? 
Fig. P17-6. 
(a) 
he volts 
PSF >t 
ican 7 
| | } — > v, volt 
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(c) (b) 


1 Although the class of non- 
autonomous networks may 
include other time-varying 
elements such as fime- 
varying resistors, induc- 
tors, and capacitors, only 
time-varying independent 
sources are allowed in this 
chapter. Consequently, 
most of the theorems and 
methods are formulated for 
this class of networks and 
may not be valid for the 
more general case. 


2A quasi-resistive network 

was defined earlier in Sec. 
9-1 as a functional network 
which behaves as a resis- 
tive network most of the 
time except during short 
periods where the wave- 
forms are undergoing 
rapid changes. A wave- 
form may undergo rapid 
changes during the ap- 
plication of stepwise 
signals. 


18-1 MOTIVATION AND STRATEGIES 


All the methods developed in the preceding chapters are based on 
the fundamental property that over each appropriately chosen 
time interval the resistive subnetwork can be characterized by a 
fixed DP plot. This property ceases to be true whenever the net- 
work contains ac independent sources described by time functions 
which are not of a stepwise nature. Based on our earlier definition 
(Secs. 4-6-2 and 13-4-1), this class of dynamic networks is said to 
be nonautonomous.' Roughly speaking, most practical autonomous 
networks can be considered as waveform generators or oscillators 
because they do not require an external driving source, other than 
stepwise triggering signals. In contrast with this, most practical 
nonautonomous networks can be considered as waveshaping net- 
works or signal processors because the time functions generated by 
the ac sources are being transformed or processed upon passing 
through such networks. 

Nonautonomous networks are commonly encountered in 
practice for two reasons. First, there are many practical signal 
processors which are inherently nonautonomous. Second, in order 
to obtain the transient response of quasi-resistive networks,? it is 
necessary to include major parasitic capacitors and inductors in 
the analysis. 

Since the DP plot (seen by the energy-storage elements) 
changes from time to time in a nonautonomous network, new ap- 
proaches are needed to analyze this class of networks. Although 
the numerical techniques described in Sec. 4-7 are valid for both 
autonomous and nonautonomous networks, they suffer from the 
same objections raised earlier in Sec. 14-1; namely, the solutions 
do not give a qualitative picture of a network’s behavior. To over- 
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come this objection, we shall introduce a powerful and general 
graphical approach, the constant-slope network approach. Before 
we do this, however, we shall consider first two special classes of 
nonautonomous networks which are amenable to an analytic 
solution, namely, /inear and piecewise-linear networks. 


18-2 NONAUTONOMOUS FIRST-ORDER LINEAR NETWORK ANALYSIS 


Any nonautonomous first-order linear network can be represented 
by the black-box configuration shown in Fig. 18-la.1 The ac- 
resistive subnetwork N may contain linear resistors, ac or dc in- 
dependent sources, controlled sources, and other linear resistive 
elements. Since all resistors are linear and time-invariant, the re- 
sistive subnetwork N can be replaced by its Thévenin equivalent 
circuit as shown in Fig. 18-15 or by its Norton equivalent circuit 
as shown in Fig. 18-1c.? The resistance R is the equivalent resist- 
ance seen by the capacitor or inductor when all independent sources 
inside N are set equal to zero. The time functions v,(t) and 
i(t) represent, respectively, the equivalent open-circuit voltage and 
the equivalent short-circuit current across terminals a-b. Our ob- 
ject is to be able to calculate v,(t) corresponding to any u(t), and 
to calculate i,(¢) corresponding to any i,(¢). Since the two circuits 
are duals, it suffices to consider only the capacitor case. 


18-2-1 ZERO-STATE RESPONSE 


Without loss of generality let us assume that v;,(¢) = 0 for all 
t < to, where fo is called the initial time and is usually taken to be 
zero. The pertinent state variable in this case is the capacitor volt- 
age Up. Recall that the capacitor may have an initial voltage vu,(to) 
even though u,(t) = 0 for ¢ < fo. The solution v,(¢) must depend, 
therefore, on both v;(f) and the initial state v,(fo). As will be shown 
in the next section, for a linear network the effect of u;(¢) and v,(to) 
on the solution v,(t) can be treated separately. Hence, in this sec- 
tion we shall find v,(¢) corresponding to the zero initial state 
Uo(to) = 0. To emphasize that this is not the complete solution, 
we shall call v,(t) corresponding to v,(to) = 0 the zero-state response. 

The normal-form equation for the network in Fig. 18-10 is 
given by 


Def eiee Nish 25: ¢7) (18-1) 
Qf A 
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1 This assumes that the net- 
work contains neither 
loops of capacitors and 
voltage sources nor cut 
sets of inductors and cur- 
rent sources. 


2 We have arbitrarily chosen 
the energy-storage element 
in Fig. 18-15 to be a ca- 
pacitor and in Fig. 18-lc 
to be an inductor. Obvi- 
ously, the equivalent cir- 
cuit is applicable to both 
cases. 
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Fig. 18-1. Any nonautonomous 
first-order /inear network can 
be represented by an equiva- 
lent Thévenin or Norton net- 
work. 


1 The variable y in Eq. 18-2 
is a dummy variable and 
may be replaced by any 
other symbol. 


2 We can rewrite Eq. (18-2) 
into the form 


Vo(t) 
= : [+ et-nir| vi( y) dy 
to ¢ ; 


T 


or 


t 
v(t) = | h(t — y)vi(y) dy 


where h(t) =(1/r)e~”". The 
second integral is usually 
called the convolution 
(Fredholm, superposition) 
integral in mathematics. It 
can be shown that the 
zero-state response of any 
nonautonomous nth-order 
linear network is always a 
convolution integral with 
an appropriate h(t), called 
the impulse response. 


where t = RC is the time constant of the circuit. We shall now de- 
rive the solution in the form of a theorem. 


ZERO-STATE RESPONSE THEOREM 


The zero-state response of any nonautonomous first-order capac- 
itor-loaded linear network is given by! 


Ut) = dew: f' ev/Ty,( y) dy C2 fo 


T 


(18-2) 


To prove this theorem, it suffices to show that Eq. (18-2) has 
a zero initial state and that it satisfies Eq. (18-1). First, we observe 
that 


1 to 
Oto me ol, ev/,( y) dy = 0 


since the upper and the lower limits of integration are equal. 
Hence, the initial state is indeed zero. Next, let us differentiate Eq. 
(18-2) with respect to the variable f: 


dv,(t) 


=i] 1 
de 72 


1 l al 7 Ace e Ti 
Ruy as eh i J, a vi) oy 


+] Lenora] + [Lew feroa 


(18-3) 


Substituting Eqs. (18-2) and (18-3) into Eq. (18-1) reduces both 
sides of this equation to an identity. This proves that Eq. (18-2) is 
indeed the zero-state response.” 
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EXAMPLES 


1. Let v;(7) be the step function shown earlier in Fig. 15-5a. In this 
case v,(t) = 0 for t < 0 and v,(t) = E for t > 0. Hence, we can 
substitute 7 = 0 and v{(y) = E in Eq. (18-2) to obtain 


v(t) = Fen r[ev"(E)dy = Bl—e*]  t>0 (18-4) 
This solution, of course, agrees with that shown in Fig. 15-6, as 
it should. 

ety Let u(2)bera unit-ramp function; that is, 

0 eosten 8 


t io) 
In this case, fo = 0, and v,(y) = y. Hence, Eq. (18-2) becomes 


a) = (18-5) 


hla Hag 
vo(t) = —e ar evry dy=t—(l1—et) 1t>0 (186) 


18-2-2 COMPLETE RESPONSE 


Let us now consider how to handle the case where the initial state 
is not zero; 1.e., suppose U,(fo) = Eo and i,(fo) = Jo. Consider first 
the two black boxes shown in Fig. 18-2a. The two capacitors are 
assumed to have identical capacitance C. However, the one on the 
left has an initial voltage v¢(to) = Eo, while the one on the right 
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Fig. 18-2. Any linear capacitor 
(inductor) with an initial state 
Eo([o) can be replaced by a 
linear capacitor (inductor) with 
zero initial state in series (par- 
allel) with a voltage (current) 
source. 


a a 
se + ; 
L 
Cy + 
Uo + = % shakes in 
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1 Notice that if the time 
constant T is positive, the 
zero-input response decays 
to zero in about five time 
constants. Therefore, after 
this initial transient time 
interval, the complete re- 
sponse reduces to the zero- 
state response, and the net- 
work is usually said to be 
in steady state. In contrast 
to this, the initial transient 
portion of the complete 
response is usually called 
the transient response. 
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has zero initial state. These two black boxes are equivalent because 
the voltages v,(¢) across terminals a-b are both given by 


t 
AGS opee ra j “i(t) dt (18-7) 


Hence, if the capacitor in Fig. 18-15 has an initial state v,(to) = Eo, 
we can replace it by a zero-initial-state capacitor as shown in Fig. 
18-2b. The voltage sources u;(t) and Eo can be combined into an 
equivalent voltage source v;(t) = v{(t) — Eo. The zero-state re- 
sponse given by Eq. (18-2) can be used to calculate u,(t). The 
complete response is, therefore, obtained upon adding u;,(f) with Eo; 
namely, 


l 


Ove tea i: ‘ev/v(y) — Eoldy tt > to (18-8) 
OF 0 
This equation can be simplified into the form 
Lovee (oe 
Vo(t) = [Eoe 0/7] + te : a ev/v;,(y) dy t> to (18-9) 
T 0 
Zero-input Zero-state response 
response 


An examination of Eq. (18-9) shows that the complete response 
consists of the sum of two parts. The first part can be interpreted 
as the response when the input v;(4) = 0, and hence it is called the 
zero-input response.1 The second part is identical with Eq. (18-2) 
and is, therefore, the zero-state response. 

By a dual development it is clear that a linear inductor with 
an initial current Jo is equivalent to one with zero initial current 
connected in parallel with a current source as shown in Fig. 18-2c. 
Hence, if the inductor in Fig. 18-lc has a nonzero initial state, it 
can be reduced to the equivalent network shown in Fig. 18-2d. 


The complete response is, therefore, given by the following dual of 
Eq. (18-9): 


io(t) = [Ipe--to/7] E etn {i ‘ew'tii(y) dy | Tk 


(18-10) 


Zero-input 
response 


Zero-state response 


We shall now summarize the above results in a theorem. 
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COMPLETE-RESPONSE THEOREM 


The solution of any nonautonomous first-order linear network 
corresponding to a given initial state is always given by the sum of 
the zero-input response and the zero-state response (Eq. 18-9 for 
the capacitor-loaded case and Eq. 18-10 for the inductor-loaded 
case). The zero-input response is the solution due only to the 
initial condition (i.e., with all independent sources set equal to 
zero). The zero-state response is the solution with zero initial 
condition. 


18-2-3. VERY LARGE AND VERY SMALL TIME-CONSTANT NETWORKS 


There are many practical circuits wherein the time constant 
is either very large or very small. In such cases it is sometimes 
more instructive to obtain the solution in an alternate form. 

Consider first the capacitor network shown in Fig. 18-15. We 
shall now show that the zero-state response of this network is 
given by 


vit) = + [‘v(y) ay | vip) dy; dy2 
Tr to T2 to to 


ta ff [oon drdads +--+ (-per a ff” 


[eyy) dy; dy2--- dyy+--- Uma is LORIN) 


To prove that Eq. (18-11) is indeed the zero-state response, we first 
observe that v,(to) = 0, and hence the initial state is zero. Next, let 
us differentiate both sides of Eq. (18-11) with respect to the varia- 
ble ¢. 


5 =i le) -sff vy) Di + Al i ea) De 


aks — ])k+1 — | Slit: fois) D1 da ++ Bea + Jes 
(18-12) 


If we substitute Eqs. (18-11) and (18-12) into Eq. (18-1), we find 
that all terms in the left-hand side cancel out with the terms on the 
right-hand side. This establishes the proof. 

Since the zero-state response given by Eq. (18-11) contains an 
infinite number of terms, it is difficult to show that the series gives 
exactly the same solution as Eq. (18-2). At first sight, Eq. (18-11) 
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1 A more expensive type of 
integrator using opera- 
tional amplifiers was given 
earlier in Fig. 3-23. 
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might appear to be a circuitous if not impractical form of solution. 
This is true except when the time constant 7 is very large. Observe 
that since the coefficient in the Ath term of the series is given 
by 1/r*, it is clear thatif7 > 1, then 1/r* = 0. Hence, if we rewrite 
Eq. (18-11) into the form 


vt) = + fo) ay + (18-13) 
T Jto 
where 

=— ‘ I ais : Cm On = 
= SD <I f ff On bbe de (18-14) 


then if tr > 1, we have 


vt) = fviy) dy (18-15) 
and 
<(t) = 0 (18-16) 


Equation (18-15) shows that the output voltage is proportional to 
the time integral of the input voltage. The circuit shown in Fig. 
18-1b can, therefore, be used as a voltage integrator, provided 
the time constant is made very large.! An inspection of Eq. (18-15) 
shows that the output voltage will become very small if 7 is made 
very large. Hence, in practice a compromise must be made, and 
the first few terms in Eq. (18-14) will give a very accurate measure 
of the error or departure from an ideal integrator. Observe that if 
v(t) does not change sign as f increases, then the error (7) given by 
Eq. (18-14) also increases with time. This means that the simple 
integrator circuit shown in Fig. 18-15 will perform satisfactorily 
only during a finite interval of time. 

Consider next the circuit shown in Fig. 18-3a. It can be 
proved by the same method of substitution as before that the zero- 
state response in this case is given by 


dv; d2v; d3v; dk; 
(tf) = T re, 3 pee Se VK eee Satie 
vt) dt i Apo? dt Gee one Y 
(18-17) 
If we rewrite this in the form 
(18-18) 
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C + 
v, (t) RQv,(t) 
(a) 
where 
ef) = —72 ae 73 ee Learns (es Iyer SO ist er 


(18-19) 


then it is clear that as tT +0, «(t) > 0. Hence, for a very small 
time constant Tt we can write 


dv; 


a4 tg Reap a (18-20) 
and 
«t) = 0 (18-21) 


Equation (18-20) shows that the circuit in Fig. 18-3a can be used 
as a voltage differentiator, provided the time constant is made 
very small.! Similarly, the dual circuit shown in Fig. 18-35 can be 
used as a current differentiator. 


Exercise 1: Prove that the zero-state response of any nonautonomous first-order 
inductor-loaded linear network is given by 


t 
io(t) = + wn f ev/7i;( y) dy 
T to ie a 


where +t = L/R. 

Exercise 2: Find the zero-state response v,(f) of the network in Fig. 18-15 corre- 
sponding to 

<< —2 


De pial Gaa) plane 22 


Exercise 3: Repeat Exercise 2 for 


6) p< 


it) = 
ie) i i SO 


Exercise 4: Find the complete response of a capacitor-loaded network with 
R=C=1lu@=0,t< OO) =i = 0; and v,(0) = 10. 
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Fig. 18-3. Two simple differ- 
entiator circuits with very small 
time constants. 


1A more expensive type of 


differentiator using opera- 
tional amplifiers was given 
earlier in Fig. 3-22. 
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Exercise 5: Find the complete response of an inductor-loaded network with 
R=1kQ, L = 2 mH; i) = 0, t < 0, i,( = #2 ma, ¢t > O, and i,(0) = 5 ma. 


Exercise 6: Explain why the name ¢ransient response is misleading when the time 
constant is negative. 


Exercise 7: Show how the circuit in Fig. 18-1c can be designed to function as a 
current integrator. 


Exercise 8: Verify that Eq. (18-17) is indeed the zero-state response of the net- 
work shown in Fig. 18-3a. 


Exercise 9: Discuss the effect of the time constant on the practical design of a 
differentiator using the circuits shown in Fig. 18-3. 


Exercise 10: Replace the capacitor in Fig. 18-15 by an inductor and show that 
the zero-state response v,(f) across the inductor is given by Eq. (18-17). Discuss 
how a voltage differentiator can be designed using this circuit. 


Exercise 11: Replace the capacitor in Fig. 18-3a by an inductor and show that the 
zero-state response v,(t) across the resistor is given by Eq. (18-11). Discuss how 
a voltage integrator can be designed using this circuit. 


Exercise 12: Exhibit some illustrative examples showing that the effect of the 
integrator is to smooth out the input waveform, whereas the effect of the 
differentiator is to sharpen the input waveform. 


18-3. NONAUTONOMOUS FIRST-ORDER 
PIECEWISE-LINEAR NETWORK ANALYSIS 


The complete response derived in the preceding section (Eqs. 18-9 
and 18-10) can be combined with the iterative piecewise-linear 
method developed in Chap. 12 to analyze any nonautonomous 
first-order network, provided the resistive subnetwork is in the 
canonic form (see Sec. 12-1). The method is based on the observa- 
tion that if the ac independent sources are represented by continu- 
ous time functions, then during each appropriately chosen time 
interval (¢;,t;,1), the operating point of each nonlinear resistor will 
remain on the same segment. Hence, during each time interval 
(¢,tj,1), the network is linear and may be reduced into the equiva- 
lent form shown in Fig. 18-15 or c. It must be emphasized, how- 
ever, that the values of R and v,(t) in Fig. 18-15 and the values of 
R and i,(t) in Fig. 18-1c are generally different over different time 
intervals. Once the pertinent values of R, v,(f), and i,(f) are 
assigned, the solution corresponding to a given initial condition 
can be found simply by using Eq. 18-9 for the capacitor-loaded 
case and Eq. 18-10 for the inductor-loaded case. The fundamental 
problem that we must solve, therefore, consists of finding out how 
to subdivide the time axis into appropriate intervals (¢;,t;,1). We 
shall develop this technique for two typical cases. The extension to 
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the general case will become obvious. In order to avoid unneces- 
sary complexities which do not affect the validity of the method, 
we shall state the following standing assumption: 


UNIQUENESS HYPOTHESIS 


All networks considered in this section are assumed to possess 
unique solutions at all times. 


18-3-1 ONE NONLINEAR RESISTOR CASE 


The simplest type of a piecewise-linear network consists of a non- 
linear resistor in series or in parallel with a linear ac-resistive sub- 
network WN as shown in Fig. 18-4a and b, respectively. As usual, 
N may contain any number of linear elements, ac independent 
sources, and controlled sources. In any case we can replace 
the network N by its Thévenin equivalent circuit and the non- 
linear resistor by its iterative Thévenin equivalent as shown 
in Fig. 18-4c. The dual case corresponding to Fig. 18-4b is shown 
in Fig. 18-4d. 

It suffices to consider the capacitor-loaded case. Let us assume 
that the nonlinear resistor R; is characterized by n piecewise- 
linear segments. Moreover, in view of the uniqueness hypothesis, 
the v;-i; curve must be voltage-controlled. This means that the volt- 
age intervals of definition (,E7,,Ej) of each segment k do not 


Linear Linear 
ac - resistive ac - resistive 
subnetwork ay subnetwork 


N N 
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Fig. 18-4. Two equivalent iter- 
ative piecewise-linear networks 
containing one nonlinear resis- 
tor. 


(d) 
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1 The reader should recog- 
nize that this linear form 
is the two-dimensional ex- 
tension of Eq. (12-34). 


2Since 1£; = —oo for the 
leftmost segment and 
nlt = co for the right- 
most segment, these two 
switching lines are located 
at infinity and need not 
be drawn. 
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overlap. Since the variables for deciding which segment is operat- 
ing at a particular time fo are the input voltage vi(¢o) and the out- 
put voltage v,(fo) at ¢ = fo, let us derive a relationship for v, 
in terms of v; and vy. This is easily found to be 


(=e \ oa ) — ) E 18-22 
n= (¢")o+ QA aa Rigriiams ( 


Observe that this equation is of the general form! 
Vi = Kivi) + x12(V0) + eK (18-23) 
where 441 = —x1/(R + 1), eA12 = wi /(R + x71), and Ky = 


R/(R + x«r1)x£1. In order for the network to operate on segment 
k, which has an interval of definition 


wy <1 << KET (18-24) 


let us substitute Eq. (18-22) in place of v; in Eq. (18-24) and 
simplify to obtain 


— 1 Jo ( kI1 ) af ( R ) 
ee pcg (eres | OY JE = |= —}} pe 18-25 
Es R+ 4r1 Sulit R+ 4r1 ess ( ) 


—KI1 Jo ( Kt ) a ( R ) 
EE) er ee | eee ek | ee 18-26 
Ges R+ 4h Dore a R+ iri ar ( ) 


These two inequalities can be interpreted as the region bounded 
between two unity-slope straight lines as shown in Fig. 18-5a. The 
voltage intercepts ,E§ and ,£ 9 corresponding to segment k are 
given, respectively, by 


R + xfi)cEt — R(pE 
,Et = ( Kr’ wei (xE1) (18-27) 
Set REG RE. 
cE ( Kr aa (x1) (18-28) 


We shall call each of these two boundary lines a switching line. Cor- 
responding to each segment k of the v1-i; curve, two switching lines 
are obtained by simply using Eqs. (18-27) and (18-28).2 In all 
cases the switching lines are parallel to each other and have unity 
slopes. Hence, it is a trivial matter to subdivide the v;-v, plane into 
n parallel strips corresponding to the n segments of the v-i; curve. 
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0 
Unit slope (uv; (ty), volts) 


(a) 


We shall call the subdivided plane the switching plane. An example 
of a switching plane corresponding to a five-segment voltage- 
controlled v,-7; curve is shown in Fig. 18-5. 


Once the switching plane is obtained, it is a simple matter to 


find the complete response corresponding to any given initial state 
Uo(to) and any input voltage v;(Z). The steps are as follows: 


. 


Locate the initial point Po with coordinates (v;(fo),Uo(to)) on 
the switching plane. This immediately locates the pertinent 
initial segment. For example, corresponding to the point Po in 
Fig. 18-55, the network, we know, is operating initially on seg- 
ment 4. 


. Assign the numerical values for ,£; and ;r1 in Fig. 18-4c corre- 


sponding to the pertinent operating segment obtained from 
step I. 


Reduce the network into the equivalent form shown in Fig. 
18-1b and obtain the complete response v,(f) [with initial state 
Vo(to)] by using Eq. (18-9). 


. Draw the locus of (v;(t),v,(¢)) on the switching plane until it in- 


tersects a switching line at some point P.f 


. Identify the time parameter 4 at P; and let Py be the new 


initial point with initial state v.(41). 


(5) 


Fig. 18-5. Switching plane de- 
fining the linear regions for 
which the nonlinear resistor is 
operating at a given segment. 


+This locus can be inter- 

preted as a Lissajous figure 
and is analogous to the 
trajectory in the phase 
plane. 
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1 Jn contrast with this the re- 
sistive subnetwork shown 
in Fig. 18-4a and b may 
contain any number of ac 
independent sources but 
only one nonlinear resis- 
tor. More than one ac in- 
dependent source is al- 
lowed there because these 
sources are all contained 
within a linear resistive 
subnetwork and hence can 
be reduced to a single 
equivalent source. 
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6. Replace the parameter values for ,£; and ,r; by the pertinent 
segment for ¢ > 1 (segment 3 in the example in Fig. 18-5) and 
repeat steps 3 to 5. 


7. The above procedure is iterated as many times as necessary 
until the complete response is found for all times ¢ > %. 


The above procedure is quite easy to implement in practice. 
Moreover, observe that the switching plane is independent of the 
input voltage v;(¢) as well as of the capacitor voltage v,(t). Hence, 
once the switching plane for a given network is obtained, we can 
easily find the complete response corresponding to any input sig- 
nals v,(t) and any initial state v,(fo). 


18-3-2 M NONLINEAR RESISTOR CASE 


Consider next the case where the resistive subnetwork contains m 
nonlinear resistors but only one ac independent source as shown 
in Fig. 18-6a.1 The corresponding iterative linear network is 
shown in Fig. 18-6b. Observe that at any time f¢, the pertinent op- 
erating segment of each nonlinear resistor depends only on the in- 
put voltage v,(t) and the output voltage v,(7). Clearly, the concept 
of the switching plane is still applicable here, and the same pro- 
cedure in the preceding section can be used to find the complete 
response, provided the switching plane can be found. 

The procedure for drawing the switching plane is similar to 
the case considered above, only this time it must be applied 
to each of the m nonlinear resistors. In other words, we must de- 
rive a relationship for each voltage v; of R; in terms of v; and v,. 
Since the iterative network in Fig. 18-66 is linear, these relation- 
ships will be of the same form as Eq. (18-23); thus 


Vy = cy1(i;) + nA12(U0) + 7K 


ve = rHo1(v;) + xHoo(v.) + -Ke (18-29) 


Um = rHmii) + rm2(Vo) + xKn 


where the subscript k now stands for a particular segment com- 
bination, namely, ky for Ry, kz for Ro, ..., km for Rm. If we de- 
note the interval of definition for each segment k; of the u;-i; 
curve by 


KEG Uj; < EF (18-30) 
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Fig. 18-6. The crucial step for 
obtaining the complete re- 


then each equation in Eq. (18-29) becomes a pair of inequalities sponse of a first-order network 


similar to Eqs. (18-25) and (18-26); namely, Reno bear ee eng 
one ac independent source 


consists of finding the switch- 


rT j(Vi) + 1Hj2(Vo) << EF — KK; (18-31) _ ing plane of the network. 
rldjx(Vi) + 1j2Vo) > rEG — KK; (18-32) 
where j = 1, 2,..., m. As usual, each pair of inequalities can be 


interpreted geometrically as the area between two parallel straight 
lines as shown in Fig. 18-6c. Since there are m such strips corre- 
sponding to m nonlinear resistors that must be satisfied simultane- 
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1Tt is obvious from an in- 
spection of Fig. 18-6d that 
the cell must always as- 
sume the form of a poly- 
gon, one of whose sides 
may be at infinity (corre- 
sponding to leftmost or 
rightmost segments). 
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ously, the area common to all m strips, henceforth called a cell, 
defines the operating region corresponding to the particular seg- 
ment combination k (k1,k2, .. . km). An example of a typical cell 
representing two nonlinear resistors (segment ky of R, and seg- 
ment ky of Ry) is shown in Fig. 18-6d.1 Just as in the determina- 
tion of DP plots and TC plots in Secs. 12-3 and 12-4, it usually 
occurs that some segment combinations do not lead to a common 
area; in such cases, the corresponding cell does not exist. In gen- 
eral, it is also possible for two or more cells to overlap. However, in 
view of the uniqueness hypothesis, no overlapping may occur, and 
one can be sure that the switching plane is filled up with nonover- 
lapping cells. A typical example of a switching plane with six cells 
is shown in Fig. 18-6e. 

The above principles can be generalized to include any num- 
ber n of ac independent sources. The “cell” k (ky,k2, . . . ¥km) cor- 
responding to Eqs. (18-31) and (18-32) is now defined by 


[Ajx(01) + xHjo(ve) + +++ + rHin(n)] + rHLin+yWo) << KEF — KG 


(18-33) 
[kffjx(1) + rjo(ve) + +++ + wHin(n)] + rHin+1)o) > rEF — KG 
(18-34) 
where j = 1, 2,..., m. Each cell is now represented by a poly- 


hedron in an (n + 1)-dimensional space. Hence, instead of a 
switching plane we now have a switching space, and the simplicity 
of our earlier geometric approach is no longer applicable. It is 
clear that a computer will be needed to obtain the complete re- 
sponse in this general case. 


Exercise 1: Derive the general expression for the complete response v,(Z) of the 
iterative linear network shown in Fig. 18-4c in terms of the parameters R, ;,£4, 
x1, and the initial state v,(z;). HINT: Use Eq. (18-9). 


Exercise 2: Derive the general expression for the complete response i,(t) of the 
iterative linear network shown in Fig. 18-4d in terms of the parameters R, xJ1, 
x1, and the initial state 7,(¢). 


Exercise 3: Derive the equations for drawing the switching plane of the inductor- 
loaded network shown in Fig. 18-4d. 


Exercise 4: Derive the equations for drawing the switching plane of an inductor- 


loaded network containing m nonlinear resistors and one ac independent current 
source. 
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18-4 THE CONSTANT-SLOPE NETWORK APPROACH 


We shall now develop a very general and powerful graphical tech- 
nique for obtaining the complete response of any nonautonomous 
first-order network. The network may contain any number of non- 
linear resistors, ac independent sources, and controlled sources. 
The energy-storage element is allowed to be nonlinear. Moreover, 
the characteristic curves need not be represented in piecewise- 
linear form. The only assumption we impose is that the network 
has a unique solution for all times and for any initial states. Under 
this assumption, the normal-form equation is single-valued and is 
given by 


= fed) (18-35) 


Any solution x = X(f) of Eq. (18-35) corresponding to an 
initial state x(¢o) = Xo 1s a curve in the f-x plane which starts at 
the point (¢o,xo) and which satisfies Eq. (18-35) for all times ¢ > to. 
This means that at any time f = #;, the slope m(¢;) of this solution 
curve must be given precisely by 


= US 
mt) = a 


= f(x.) (18-36) 
t=tj 


as shown in Fig. 18-7a. Since Eq. (18-35) defines uniquely the 
slope at any point on the ¢-x plane which a solution curve passing 
through this point must possess, it is clear that if we compute the 
slope of a sufficient number of points near the solution curve and 
denote each slope by a short segment, called a director, we obtain 
the system of directors shown in Fig. 18-7b. Observe that if 
we draw a smooth curve starting at Po so that it is tangent at each 
time ¢; to the director at the corresponding point, we obtain the 


[x +* 


mt )=f(x, t;) 
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Fig. 18-7. The solution curve 
(complete response) corre- 
sponding to any initial state Po 
can be obtained by passing a 
smooth curve through Po and 
tangent to the system of direc- 
tors. 


(5) 
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1This brute force method 
can be easily implemented 
on a computer in conjunc- 
tion with a mechanical 
plotter such as the Cal- 
comp plotter. 
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original solution x = X(t) in Fig. 18-7a. In view of this observa- 
tion, it is clear that if we fill up the entire ¢-x plane with a 
sufficient number of directors, then the solution waveform corre- 
sponding to any initial state can be trivially sketched. In other 
words, instead of finding only one complete response (solution 
curve) at a time, we obtain an entire picture of all possible solu- 
tion curves in one shot. For convenience, we shall refer to the sys- 
tem of directors plotted in accordance with Eq. (18-35) as the 
vector field associated with Eq. (18-35). Since the elements in a 
vector field are vectors, each director must be interpreted as a 
vector pointing towards the direction of increasing time, namely, 
from left to right. 


18-4-1 METHODS FOR DRAWING THE VECTOR FIELD 


Conceptually, the simplest method for drawing the vector field is 
to draw a system of horizontal and vertical lines, thereby forming 
a grid. The slope at each intersection point is then calculated from 
Eq. (18-35) and the director drawn. We shall call this the brute force 
method.1 

A more efficient method for drawing the vector field consists 
of finding the locus of all points on the ¢-x plane which have 
identical slopes. This locus is easily obtained by plotting 


fp) =m (18-37) 


where m is the desired slope. Equation (18-37) represents a curve 
in the t-x plane and is called a constant-slope curve. Correspond- 
ing to each constant-slope curve ['(m) of slope m, a system of 
directors with slope m along I'(m) can immediately be drawn. 
Hence, by assigning a set of convenient values for m, we can plot 
the corresponding constant-slope curves, and the vector field can 
be more systematically obtained. Let us illustrate this procedure 
by an example. 


EXAMPLE 


Consider the R-C network shown in Fig. 18-1 with R = 1 Q and 
C = | F. Let us find the complete response due to the unit-ramp 
function defined earlier by Eq. (18-5). The normal-form equation 
is obtained by substituting r = RC = 1 and v(t) = ¢ in Eq. (18-1). 


dy _ 
Eipat me me eal) (18-38) 
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The constant-slope curve defined by Eq. (18-37) becomes 


fo) = —U% +t=m 
or 


Up =t—m 


(18-39) 


Corresponding to each value m, Eq. (18-39) represents a unit- 
slope straight line in the f-v, plane. The vector field corresponding 
to this network is, therefore, easily drawn as shown in Fig. 18-8. 
From this vector field we can sketch the complete response corre- 
sponding to any initial state v,(fo). For example, corresponding to 
the initial state P;(0,0), the solution curve | shown in Fig. 18-8 is 
obtained. Observe that if Eq. (18-38) is defined also for ¢ < 0 (cor- 
responding to a different input time function), the vector field in 
Fig. 18-8 remains unchanged. Hence, corresponding to the initial 
states Po( —0.2,0.6) and P3(—0.6,—0.2), the solution curves 2 and 3 
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Fig. 18-8. The vector field as 
obtained by the constant-slope 
curves and the associated com- 
plete responses. 
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as shown in Fig. 18-8 are obtained. It is interesting to observe that 
for this particular vector field, the slope of the directors along the 
m = 1 constant-slope curve v, = t — | is also equal to 1, and 
hence all m = 1 directors must lie along the line v, = ¢ — I. This 
means that no solution curve can cross the m = | constant-slope 
curve, for as soon as any solution curve intersects this line, it must 
follow the line from then on. If the solution curve is smooth, 
which is the case here, it will not intersect this line abruptly, and 
hence we conclude that the complete response of this network cor- 
responding to any initial state is asymptotic to the line v, = ¢ — 1. 
Such an asymptote is often called a separatrix because it separates 
the solution curves with initial states on each side of the asymptote. 

The above observation is one example of the qualitative in- 
formation which is often much more useful to engineers than the 
finding of one solution curve. In addition to the qualitative infor- 
mation that the present approach can provide, observe also that 
once the vector field is obtained as in Fig. 18-8, it is a trivial 
matter to sketch the solution curve corresponding to any initial 
state v,(fo), including the zero-state response which corresponds to 
Uo(to) = 0. The zero-state response for this network had been ob- 
tained earlier analytically as a function of the time constant 
(Eq. 18-6). Hence, as a check the zero-state response correspond- 
ing to 7 = | is given by 


PG eee (lean cot) mere 0) 


The graph of this waveform is easily seen to be identical with the 
solution curve | in Fig. 18-8, as it should. 


In order to apply the constant-slope method, it is necessary to 
derive first the normal-form equation before we can obtain Eq. 
(18-37) for plotting the constant-slope curves. No difficulty was 
encountered in the above example because the network was linear. 
Unfortunately, as we have indicated many times in the past, it is 
often difficult, if not impractical, to obtain the normal-form equa- 
tion of a nonlinear network in analytic form. Hence, in order for 
this powerful method to be of much practical value, we must find 
an easier method for drawing the constant-slope curves without 
having to derive the normal-form equation first. The key to this 
method lies in the definition of a constant-slope network. 
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ac - resistive ac - resistive 
nonlinear nonlinear 
subnetwork subnetwork 
N 
| 
(a) (b) 
i 
a ° 
ae | '¢ 
ac - resistive + ac - resistive 
nonlinear v Cc De nonlinear 
subnetwork = subnetwork 
N N 
tc = mC 
(c) (d) 


18-4-2. THE CONCEPT OF CONSTANT-SLOPE NETWORKS 


Consider the first-order capacitor-loaded network shown in Fig. 
18-9a. For simplicity let us assume that the nonlinear capacitor is 
characterized by a voltage-controlled v-q curve.1 The equation 
of motion relating the terminal variables is given by 


a ee 
ee Lipa doe at 
Or 
eee (18-40) 
dt C(vc) 
where 
— aye) 18-41 
Ce) = oe ( ) 


is the incremental capacitance, which is a single-valued function of 
ve because the capacitor is assumed to be voltage-controlled. In 
view of the uniqueness hypothesis, the normal-form equation 
of this network can be written in the form of Eq. (18-35).? 


(18-42) 
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Fig. 18-9. A nonlinear (linear) 


capacitor-loaded 


network and 


first-order 
its associated 


constant-slope network. 


1A similar procedure can 
be developed if the capac- 
itor is charge-controlled. 
See Prob. 18-3. 


2 Observe that in order for 
J (ve,t) to be a single-valued 
function, it is necessary 
that the DP plot of the re- 
sistive subnetwork N in 
Fig. 18-9a be voltage-con- 
trolled for all time t. 


798 


1 Observe that both ig and 
Uc are functions of time. 


2Since corresponding to 
each value m, a different 
UVe-ic curve must be used, 
we have chosen the sym- 
bol R(m) to denote its 
associated slope m. Simi- 
larly, we shall denote the 
corresponding voltage u¢(t) 
by v¢(t,m). 


Dynamic nonlinear networks 


Since both Eqs. (18-40) and (18-42) refer to the same network, we 
must have 


fot) = “e 5 (18-43) 
C 


The constant-slope curve defined by Eq. (18-37) is obtained by 
equating Eq. (18-43) to m and plotting the locus of all points 
on the f-vg plane which satisfy this relationship;! namely, 


oo 18-44 
C(vc) OG ( 


If we rewrite Eq. (18-44) into the form 
ig = MC(Uc) (18-45) 


we can interpret this relationship to be a vg-ic curve of a nonlinear 
resistor. Hence, the constraint that must be satisfied by the con- 
stant-slope curve can be “simulated” by connecting a nonlinear 
resistor R(m) with the vc-i¢ curve defined by Eq. (18-45) in place 
of the capacitor as shown in Fig. 18-9b.? We shall call the resulting 
resistive network in Fig. 18-9b the constant-slope network. Since any 
point on the constant-slope curve must satisfy Eq. (18-44), and 
since the constraint imposed by Eq. (18-44) is equivalent to that 
of replacing the nonlinear network by its associated constant-slope 
network, it follows that the solution waveform v¢(t,m) across R(m) 
is the constant-slope curve corresponding to slope m. 

Since the constant-slope network is a resistive network, the 
solution uc(t,m) can be obtained by the methods developed in 
Part 2 of this book or by numerical techniques. The important 
point to realize is that we have transformed a dynamic network 
problem into a resistive network problem. The ve-ic curve of the 
nonlinear resistor R(m) is obtained by simply multiplying the in- 
cremental capacitance C(uc) by the desired slope m. In the special, 
but rather common, case where the capacitor is linear as shown in 
Fig. 18-9c, the incremental capacitance C(vc) = C, its capacitance, 
and the vg-ig curve becomes the horizontal line ig = mC. In other 
words, the nonlinear resistor R(m) reduces to an independent de 
current source as shown in Fig. 18-9d. The above results are 
of fundamental importance, and we shall summarize them in the 
form of a theorem. 
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————_ : 
t t 
ts ip ae Ua 
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i 
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nonlinear v Ur nonlinear 
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N =a N 
(c) (d) 


CONSTANT-SLOPE CAPACITOR-LOADED NETWORK THEOREM! 


The constant-slope curve of any nonautonomous, voltage-con- 
trolled, capacitor-loaded, first-order network corresponding to any 
slope m can be determined by solving for the voltage vuc(t,m) 
across the nonlinear resistor R(m) of the associated constant-slope 
network. The uc-ic curve of R(m) is given by ig = mC(Uc), where 
C(vc) is the incremental capacitance of the nonlinear capacitor. If 
the capacitor is linear, with capacitance C, the nonlinear resistor 
R(m) reduces to an independent de current source with terminal 
current ic = mC. 


By the principle of duality we obtain the corresponding con- 
stant-slope network of a current-controlled, inductor-loaded, first- 
order network as shown in Fig. 18-10. The dual theorem can now 
be stated as follows: 


CONSTANT-SLOPE INDUCTOR-LOADED NETWORK THEOREM 


The constant-slope curve of any nonautonomous, current-con- 
trolled, inductor-loaded, first-order network corresponding to any 
slope m can be determined by solving for the current iz(t,m) through 
the nonlinear resistor R(m) of the associated constant-slope net- 
work. The vz-iz, curve of R(m) is given by vy, = mL(iz), where L(iz) 
is the incremental inductance of the nonlinear inductor. If the in- 
ductor is linear with inductance L, the nonlinear resistor R(m) 
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Fig. 18-10. A nonlinear (linear) 
inductor-loaded first-order net- 
work and its associated con- 
stant-slope network. 


1For a discussion of some 
related results, see L. O. 
Chua, Two New Theorems 
in Nonlinear Networks, 
Midwest Symp. Circuit 
Theory, 11th, University of 
Notre Dame, South Bend, 
Ind., pp. 340-351, May 
13-14, 1968. 
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Fig. 18-11. A linear R-C net- 
work and its associated con- 
stant-slope network. 


1This example was con- 
sidered earlier in Sec. 
18-4-1. 
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10 


4+ 


U; (t) 


(b) (c) 


reduces to an independent dc voltage source with terminal voltage 
On, = wae. 


18-4-3. SOME ILLUSTRATIVE EXAMPLES 


Let us now apply the constant-slope network approach to obtain 
the complete response of some practical networks. 


EXAMPLES 


1. Consider the linear R-C network and its unit-ramp voltage 
source shown in Fig. 18-11.1 Since the capacitor is linear with 
C = 1, the constant-slope network is simply obtained as shown 
in Fig. 18-11c. The constant-slope curve corresponding to slope 
m is identical with the voltage waveform uc(t,m), which in this 
trivial case is given by 


UVct,m) = uit) — m(1) =t—m (18-46) 


Observe that Eq. (18-46) is identical with Eq. (18-39), and 
hence the same solutions shown in Fig. 18-8 will be obtained. 


2. In order to demonstrate that the constant-slope approach is 
sometimes preferable even in the case of autonomous networks, 
let us consider the first-order, autonomous, inductor-loaded 
network shown in Fig. 18-12a. In order to compare this method 
with the piecewise-linear approach developed in Chap. 14, the 
DP plot shown in Fig. 18-125 is chosen similar to that shown in 
Fig. 14-22b (see Example 2 in Sec. 14-8-1). The constant-slope 
network for this example is shown in Fig. 18-12c. The constant- 
slope curve corresponding to each value of m is obtained by 
finding the current i,(¢) corresponding to the terminal voltage 
vp, = m(5). Since the present network is autonomous, i,(t,m) is 
simply the negative of the operating-point current i. Based 
on this observation, we can conclude that the constant-slope 
curves of any autonomous network are always horizontal lines. 


hi, ma 801 


t 
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dc- resistive dc - resistive 
nonlinear v =U, nonlinear 
network volts network 
(a) (c) 


-12.0| -7.5 | -4.0 
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Fig. 18-12. An example illustrating the analysis of an autonomous first-order network by the constant- 
slope network approach. 
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1 The actual solution i,(f) is 
not to be confused with 
the constant-slope solution 
iz(t,m). While iz(t) is a 
unique physical solution, 
the solution i;(t,m) corre- 
sponding to each value m 
is a fictitious nonphysical 
solution and is generally a 
multivalued function of 
time, possibly with sep- 
arate branches. 
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Since the DP plot is not monotonic, there will be more 
than one solution i,(t,m) corresponding to a certain range 
of values of m. For ease of reference, the solutions i,(t,m) 
corresponding to 10 typical values of m are tabulated in Fig. 
18-12d. The constant-slope curves corresponding to some values 
of m consist of three separate branches. The vector field asso- 
ciated with these constant-slope curves (horizontal lines in this 
example) is easily constructed from the data listed in Fig. 
18-12d and is shown in Fig. 18-12e. The solution waveform 
(zero-input response) iz(f) corresponding to any initial state 
iz(to) can now be trivially sketched.! For example, the solution 
iz,(t) corresponding to the initial state i,(5) = —30 ma is shown 
in Fig. 18-12e. Observe that this waveform agrees with that ob- 
tained earlier in Fig. 14-26a, as it should. 

The obvious question that one raises at this point is, why 
bother with so many methods? The answer is that each method 
has some desirable features which may not be present in the 
others. For example, the constant-slope method has the obvious 
advantage that one could obtain the solution corresponding to 
any number of initial states without much additional work. In 
contrast with this, the piecewise-linear approach developed in 
Chap. 14 would require a separate analysis for each additional 
initial state. On the other hand, the constant-slope method 
suffers from the disadvantage that once an element parameter, 
such as the time constant, is changed, a new vector field must 
be obtained. In short, the constant-slope method is preferred if 
the behavior of the solution waveforms with respect to changes 
in the initial states is desired, whereas the piecewise-linear 
method is preferred if the behavior of the solution waveform 
with respect to changes in the element parameters is desired. 
Another advantage of the constant-slope method is that the DP 
plot need not be in piecewise-linear form. Since the amount of 
work required by the piecewise-linear approach increases with 
the number of segments, it is clear that the constant-slope 
method is much easier to apply in cases where the DP plot is 
highly nonlinear. 


. Consider next the class of nonautonomous networks shown in 


Fig. 18-13a where there is only one ac voltage source, and 
where the capacitor is nonlinear. This class of nonlinear net- 
works is commonly encountered in integrated circuits where the 
nonlinear capacitor usually arises because of the nonlinear 
capacitance between semiconductor junctions. The constant- 
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ig=mC (uc) 


(a) 


slope network is shown in Fig. 18-135, and the constant-slope 
curve can be found from the solutions v¢{t,m). The most general 
method for finding vc(t,m) is to derive the TC plot between v¢ 
and v; corresponding to each value of m. If we denote this TC 
plot by! 


Vo = T(vi,m) (18-47) 


then the solution v¢(t,m) is simply obtained by a graphical 
composition between this TC plot and the input voltage wave- 
form 0;(7). 


. As a final example, consider the capacitor-loaded transistor 
amplifier circuit shown in Fig. 18-14a. The corresponding con- 
stant-slope network is shown in Fig. 18-14d. Ideally, we would 
like to obtain an amplified version of the input signal v;,(7). 
However, because of the nonlinearity of the transistor as well 
as the presence of the capacitor, the output waveform will not 
be a faithful reproduction. The amount of distortion, i.e., devia- 
tion from the ideal response, has been observed experimentally 
to increase as the amplitude of the input signal increases. 
In order to obtain a good qualitative picture of the nature of 
the distortion, let us consider the three typical input waveforms 
shown in Fig. 18-14c to e. 

Notice that the network in Fig. 18-14a is a member of the 
class of networks shown in Fig. 18-13a. Hence, the systematic 
method for obtaining the solution waveforms v¢(t,m) is to 
derive the TC plot vc = T(v;,m) of the constant-slope network 
shown in Fig. 18-145. This has been done graphically, and the 
resulting TC plots corresponding to several values of m are 
shown in Fig. 18-15. It remains to obtain a graphical com- 
position between the three given input waveforms with each of 
these TC plots to obtain the corresponding vector fields shown 
in Fig. 18-16a to c. The complete response corresponding 
to each of the three arbitrarily chosen initial states is plotted on 


ic ate ze 
ane + er: + 
de- resistive dc - resistive 
nonlinear v UG U; nonlinear U UG 
network network 


(6) 


Fig. 18-13. An important class 
of nonautonomous first-order 
networks consists of a single 
ac voltage source, a dc-resist- 
ive nonlinear network, and a 
nonlinear capacitor. 


1In general this TC plot 
will be multivalued and 
may contain separate 
branches. 
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Fig. 18-14. A capacitor-loaded 
transistor amplifier circuit. 


top of these vector fields. This example was carried out graph- 
ically for pedagogical reasons. In practice, it would be much 
easier to write a computer program, such as the Meca program 
described in Sec. 12-5-2, to construct the constant-slope curves 
directly. 


An examination of these waveforms shows that the output 
waveforms suffer from two types of distortion. First, there is the 
flattening effect due to the nonlinearities of the TC plot for large 
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positive voltages. We shall refer to this type of distortion as the 
nonlinear distortion. Second, there is a smoothing effect due to the 
presence of the linear capacitor. We shall call this the linear distor- 
tion. From our previous experience in Chaps. 14 and 15 we know 
that the linear distortion can be minimized by reducing the time 
constant of the network. The nonlinear distortion is harder to get 
rid of because it is inherent in the transistor characteristics. One of 
the most important problems in the design of a high-fidelity ampli- 
fier is to minimize both the nonlinear and the linear distortions. 


Exercise 1: Sketch the vector field associated with the normal-form equation 


a SP ae ie 70 

dt 

Exercise 2: Formulate some simple rules for choosing an appropriate time scale 
for drawing the constant-slope curves so that the slope of the directors cor- 
responding to different values of m can be conveniently found. 


Exercise 3: Obtain the vector field of the network shown in Fig. 18-12a with 


Exercise 4: Using the 2NXX17B transistor curves given in Appendix D, obtain the 
TC plots shown in Fig. 18-15. 


Exercise 5: Construct the vector field shown in Fig. 18-16. 


Exercise 6: Using the TC plots shown in Fig. 18-15, find the output waveform 
corresponding to a 1-volt peak-to-peak 500-kHz sine wave and an initial state 
vc(O) = 4 volts. 
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Fig. 18-15. The TC plots v, = 
T(v;,m) associated with the 
constant-slope network of the 
capacitor-loaded amplifier cir- 
cuit. 
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transistor amplifier circuit. (c) 
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18-5 SOME PRACTICAL APPLICATIONS OF NONAUTONOMOUS 
FIRST-ORDER NONLINEAR NETWORKS 


Now that we have learned a general method for analyzing any 
nonautonomous first-order nonlinear network, let us turn to the 
synthesis of some practical circuits. In line with our basic philosophy 
of not studying every individual circuit, as is often done in the 
traditional “cookbook” approach, we shall try merely to extract 
some basic concepts which have been found useful in the synthesis 
of this class of networks. 

Most nonautonomous, first-order, nonlinear networks are 
designed to transform or process an input signal v,(¢) into an out- 
put signal vu,(¢) with some prescribed properties. We have already 
encountered this practical problem in Chaps. 9 and 10, and indeed 
we have shown there that any transformation property which can 
be translated into the form of a TC plot can be realized by a 
resistive nonlinear network. Hence, our concern here will be 
restricted to those specifications which require a dynamic network 
realization, such as the integrator and the differentiator. 

Most applications which call for a nonautonomous, first-order, 
nonlinear network are based on three useful properties of some 
networks containing ideal diodes, namely, the monotonic charging 
property, the pulse-smoothing property, and the pulse-sharpening 


property. 


18-5-1 THE MONOTONIC CHARGING 
PROPERTY AND ITS APPLICATIONS 


Consider the network shown in Fig. 18-17a where the black box NV 
represents an arbitrary resistive or dynamic subnetwork.? Since the 
ideal diode is in series with the capacitor, ig = ig = C dvc/dt. But 
ig > 0 for an ideal diode; hence, we conclude that duc/dt > 0, 
independent of the waveform v,(f) across the black box N. This 
means that the voltage across the capacitor is a nondecreasing 
function of time. Physically, this property implies that the capacitor 
cannot discharge. In order to obtain a relationship between v;,(¢) 
and vu¢(t), let us observe that the ideal diode is an open circuit 
whenever vq = 0;(f) — v(t) < 0. It follows, therefore, that the 
capacitor voltage will remain unchanged (dvc/dt = 0) whenever 
v(t) < vo(2). If v,(t) attains its maximum value Emax at some time 
t = tmax, it follows that vo(t) = Emax for all times ¢ > tmax. Hence, 
the capacitor is equivalent to a battery with terminal voltage Fmax 
for all times ¢ > tmax, aS shown in Fig. 18-17b. If we transpose the 
diode terminals, and if v,(f) attains its minimum value — Fynin at 
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1The choice of an ideal 
diode greatly simplifies 
matters. Since ideal diodes 
can be closely approxi- 
mated by junction diodes, 
we expect that the actual 
behavior of the network 
will not differ considerably 
from the ideal case (see 
the small-variation postu- 
late in Sec. 1-6-5). This 
approach to the synthesis 
problem is extremely use- 
ful in practice and is often 
the key for arriving at an 
initial design. Any modi- 
fication and refinement 
can then be added later, 
and an exact analysis 
carried out by the general 
methods developed earlier. 


2 For simplicity, N is usually 
replaced by an equivalent 
voltage source. 


808 


Fig. 18-17. An illustration of 
the monotonic charging prop- 
erty of a capacitor-ideal diode 
network. 
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t = tmin, then a similar argument to the one above will show that 
the network is equivalent to that shown in Fig. 18-17c for all times 
t > tmin. Let us summarize the above results as follows: 


MONOTONIC CHARGING PROPERTY 


The capacitor voltage vc(t) of the network shown in Fig. 18-17a 
will follow the waveform v,(¢) in such a way that it never decreases 
with time. This implies that u¢(¢) will assume the constant value 
ve(t;) for all times ¢ > 4 such that v(t) < uo(t;). Moreover, if 
t = tmax 18 the time where u,(/) attains its maximum value Emax, 
then vo(t) = Emax for all times f > tmax, and is said to be in steady 
state. For purposes of analysis, the capacitor can be replaced by a 
battery with terminal voltage Emax during steady state, as shown 
in Fig. 18-175. 


As an application of this property, let us find the waveform 
vet) of the network in Fig. 18-17a corresponding to the input 
waveform v,(¢) shown in Fig. 18-17d. Starting at point a, v¢(t)-= 
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v;(t) for all times up to point b when v,(r) begins to decrease. Since 
Ut) cannot decrease, it must remain constant between points 
b and e. It will follow v,(¢) again between points e and f. Since v;(t) 
attains its maximum value at point f, the capacitor has reached its 
steady state, and v¢(t) = Emax from then on. The complete wave- 
form for v¢(t) is shown in Fig. 18-17e. 

If the diode terminals are transposed, then by a similar 
analysis we arrive at the waveform vu¢(t) shown in Fig. 18-17f 
Observe that in this case, the steady state occurs at ¢ = tnin, and 
the capacitor can be replaced by the battery with terminal voltage 
FEynin as Shown in Fig. 18-17c. 

The above capacitor-battery substitution property has been 
applied in the design of many practical circuits. We shall consider 
three common applications. 


Clamping circuits A very common requirement in the design of 
electronic circuits is to change the dc level of an input periodic 
waveform u;(¢) so that either the maximum or the minimum value 
of u,(t) is fixed at some prescribed value. An examination of 
the equivalent circuits shown in Fig. 18-175 and c reveals that the 
voltage vg across the ideal diode is equal to vj — Emax and 
vi + Emin, respectively, in steady state. Hence, if we redraw these 
networks as shown in Fig. 18-18a and b, we would obtain the 
sequence of waveforms shown in Fig. 18-18c and d, respectively. 
Observe that the maximum value of the output waveform v,(/) in 
Fig. 18-18c is “clamped” at ground level. In contrast with this, the 
minimum value is being clamped at ground level in Fig. 18-18d. In 
view of the above interpretations, these networks are called clamp- 
ing networks (also known as dc restorers). If it is desired to clamp 
the input waveform at other than ground level, a battery with an 
appropriate voltage and polarity can be inserted in series with the 
ideal diode. But why not just connect a battery in series with the 
voltage source, thereby removing the capacitor and diode? This is 
all right if the voltage amplitude of v;() is fixed. However, if the 
amplitude changes, as it normally does in practice, then the 
battery voltage must also change in order to maintain the same 
clamping level. The clamping circuit in Fig. 18-18 does this 
automatically and may, therefore, be interpreted as a variable- 
voltage battery. 

What happens when we replace the ideal diode in Fig. 18-18 
with a junction diode? Obviously, the monotonic charging property 
is no longer valid. An exact analysis for this case can be easily 
made by using the constant-slope approach developed in Sec. 18-4. 
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Fig. 18-18. The waveforms as- 
sociated with two typical clamp- 
ing networks. 
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=| 
(c) (d) 


Filtered rectifier An examination of the waveforms in Fig. 18-18 
shows that uc(Z) is a de voltage in steady state. Here is a simple 
means for transforming a sinusoidal voltage into a de voltage 
of the same amplitude. In other words, if we take our output volt- 
age across the capacitor, the circuit functions as a filtered rectifier. 
In practice we cannot obtain the perfect dc voltage shown in Fig. 
18-18 for two reasons. First, the ideal diode can only be approxi- 
mately realized in practice by the junction diode, and hence the 
monotonic charging property is only approximately satisfied. 
Second, the output voltage uc(Z) is invariably used to drive other 
circuits, and, hence, to be realistic, a load resistor Rz, must be 
connected across the capacitor, as shown in Fig. 18-19a. This 
loading effect will seriously alter the ideal filtered rectifier wave- 
form. An exact analysis of this circuit can be carried out easily by 
the constant-slope approach. A typical output waveform for 
this rectifier is shown in Fig. 18-196. 


Voltage doubler Even in the ideal case the magnitude of the de 
voltage of a filtered rectifier cannot exceed the amplitude of the 
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(a) (6) 


sinusoidal input voltage. In many practical applications higher dc 
voltages are often required. One simple, but rather expensive, 
method is to connect two or more filtered rectifiers in series. 
A more practical circuit can be designed by observing that the 
amplitude of v,(f) of the clamping network in Fig. 18-18d is twice 
the magnitude of the input waveform. Hence, if we connect 
the output terminals of the clamping network in Fig. 18-185 in 
place of the voltage source in the filtered-rectifier circuit in Fig. 
18-19, we would obtain the voltage-doubler circuit shown in Fig. 
18-20. If we assume the ideal case where Ry, is an open circuit, 
then we can apply the monotonic charging property and conclude 
that the voltage v,(t) across the capacitor of the filter rectifier cir- 
cuit is a nondecreasing function of time. Moreover, in steady state 
no current flows into this capacitor, and the clamping network will 
not have any loading effect. Hence, the output voltage magnitude 
across the clamping network in steady state is equal to twice the 
input magnitude as shown in Fig. 18-18d. It follows, therefore, 
that the output voltage v,(t) of the filtered rectifier in steady state 
is also equal to twice the input voltage. This accounts for the 
name voltage doubler. In practice, the load resistor Ry, is not 
infinite, and the junction diodes are not ideal. In this case, the net- 
work must be analyzed as a second-order nonautonomous network. 


18-5-2 THE PULSE-SMOOTHING PROPERTY 


The monotonic charging property is never exactly realized in prac- 
tice, not only because of the ideal diode, but also because the cur- 
rent drawn by the external load connected across the capacitor is 


Clamping network Filtered rectifier 
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Fig. 18-19. A filtered rectifier 
and its output waveform. 


Fig. 18-20. A practical voltage- 
doubler network can be inter- 
preted as the cascade connec- 
tion between a clamping net- 
work and a filtered rectifier. 
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v,(t) hu,(t) 


~—t 


(b) (c) 


Fig. 18-21. An illustration of 
the pulse-smoothing property 
due to a finite time constant 


introduced by the load resis- 
tor R. 


1One should not insist on 
using a particular method 
because it is the most gen- 
eral. In fact, the price one 
pays for generality is 
usually increased com- 
plexity. There are many 
practical circuits which 
can be analyzed by simpler 
shortcuts. The only caution 
here is that one must al- 
ways precisely understand 
the restrictions and sim- 
plifying assumptions that 
are invariably associated 
with any shortcuts. 


never exactly zero. To investigate this loading effect, let us redraw 
the network in Fig. 18-17a as shown in Fig. 18-2la. As before, the 
black box N represents an arbitrary network, usually substituted 
by an equivalent voltage source. Since the ideal diode becomes an 
open circuit whenever v;(t) < u,(t), the capacitor voltage will “dis- 
charge” through the resistor R with a time constant t = RC. This 
corresponds to the zero-input response of the parallel RC net- 
work. To investigate the effect of the time constant, consider the 
single pulse waveform v,(¢) shown in Fig. 18-21). The output 
waveforms corresponding to T = 00, 74, T2, 73(T1 > Te > 73) are 
shown in Fig. 18-21c. Observe that as the time constant decreases, 
the waveform deteriorates from the ideal clamping output (tT = 00). 
While this deterioration is undesirable for a clamping circuit, it is 
useful for other applications where it is desirable to smooth out a 
sharp pulse. Let us consider some practical applications based on 
this pulse-smoothing property. 


Pulse stretchers In the design of many instrumentation circuits, 
it is often required to transform a voltage pulse, e.g., the output 
pulse from a monostable multivibrator, by “stretching” it to ob- 
tain an expanded pulse. By an appropriate choice of the time con- 
stant 7, the circuit shown in Fig. 18-21a will function as a pulse 
stretcher. Notice that this circuit is identical with the filtered- 
rectifier circuit shown in Fig. 18-19a. The only difference here is 
that the input voltage v,(r) of the rectifier is usually a periodic sine 
wave, whereas the input waveform of a pulse stretcher is usually 
a single pulse. In the case of the rectifier, the time constant should 
be chosen as large as possible, whereas for the pulse stretcher the 
time constant depends on how much stretching is desired. 

An exact analysis of the filtered-rectifier or the pulse-stretcher 
circuit can be obtained by the constant-slope network method. 
However, by assuming the diode to be ideal, it is possible for us 
to obtain an approximate analysis which is sometimes more 
illuminating.1 For example, if we replace the junction diode in the 
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filtered-rectifier circuit of Fig. 18-19a by an ideal diode, then we 
can immediately obtain the output waveform v,(/) as shown by the 
solid curve in Fig. 18-22 (the corresponding sinusoidal input wave- 
form is shown dotted). Comparing this approximate solution with 
the exact solution shown in Fig. 18-19b shows that they differ only 
very slightly; the slope of the exact waveform is continuous, 
whereas the slope of the approximate waveform has two discon- 
tinuities per cycle. Since this waveform is periodic for all times 
t > T/4, it suffices to consider only one cycle of the periodic 
waveform (7/4, T + T/4). Observe that the waveform approaches 
a true de voltage as t — oo. The departure from this ideal case is 
measured by the amount of ripple 


AB = Bete All ee 14)" (18-48) 


To function as a filtered rectifier, the time constant t must be 
chosen as large as possible. Under this condition we can approxi- 
mate 7; — T/4 = T, and the ripple reduces to 


AE = E(1 — e-?’*) (18-49) 


The amount of ripple AE that one can tolerate depends, of course, 
on how large AE is with respect to the amplitude F. Accordingly, 
the filtered rectifier is often rated in practice by the per-unit ripple 
7) = |AB/E|. If @ is the frequency of the sinusoid, then 7/r = 
27/w RC, and the per-unit ripple will be small if wRC > 1. Under 


Uo (t) 


(7, -T/4) aa 


i 
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Fig. 18-22. The approximate 
output waveform of a filtered 
rectifier. 
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1 Recall the well-known ex- 
pansion 


eine ee 


2 a 
ely ete oo nell deo. 
4! dude 
on KK Il 
2In order to accomplish 
long-distance wireless 


transmission, it is neces- 
sary to modulate a very 
high-frequency carrier by 
the signal v,(t). The am- 
plitude modulation is one 
common form of modula- 
tion. 
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this condition, 7/r < 1, and the per-unit ripple can be approxi- 
mated by! 


i a 
Tee eee 


This relationship is valid, of course, only if the time constant 7 is 
large compared with the period 7 of the input sinusoid. 


AM envelope detector The signal transmitted by an AM radio sta- 
tion is in the form of an amplitude-modulated wave? 


u(t) = [E + mf v,(0)] sin wet (18-50) 


where v,(f) is the message- or information-bearing signal that 
is being transmitted. The term sin w,f represents a very high- 
frequency sinusoid, where w, is called the carrier frequency. The 
parameter m is a number less than unity and is called the modula- 
tion index. Since Eq. (18-50) is the signal that is being received, an 
essential task of any AM radio is to recover the information- 
bearing signal v,(¢). Any circuit for accomplishing this task is 
called an AM demodulator or detector. We shall now show that, 
through an appropriate choice of time constants, the pulse- 
stretcher circuit shown in Fig. 18-2la can be designed to function 
as a demodulator. 

To be specific, let us suppose that the information-bearing 
signal consists of a cosine waveform 


UAL) =e COS Wet (18-51) 
where ws < w:. The AM signal is, therefore, given by 
u(t) = E(1 + mos wef) sin wet (18-52) 


as shown in Fig. 18-23a. Observe that the signal v,(7) that we want 
to recover in this case forms the envelope (shown dotted) of this 
waveform. Accordingly, the detector circuit for reproducing the 
information-bearing signal is called an envelope detector. Our 
strategy will be to recover first the envelope waveform. The desired 
signal differs only by a dc level and can be easily obtained by us- 
ing the clamping network developed earlier. 

One method for recovering the envelope of the AM wave- 
form in Fig. 18-23a consists of stretching the positive peaks of this 
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signal by the pulse-stretcher circuit shown in Fig. 18-21a. How- 
ever, in order to obtain as good an approximation as possible, the 
time constant t = RC must be carefully chosen. If the time con- 
stant is too small, the output waveform will contain too much 
ripple as shown in Fig. 18-23b. On the other hand, if the time 
constant is too large, the output waveform will be too slow to pick 
up the essential features of the envelope as depicted by the wave- 
form shown in Fig. 18-23c. Obviously, a compromise must be 
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Fig. 18-23. An amplitude- 
modulated signal and the out- 
put waveforms of an envelope 
detector due to too small or 
too large a time constant. 
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Fig. 18-24. A blown-up  sec- 
tion of the amplitude modu- 
lated waveform showing por- 
tions of the desired envelope 
and the exponential discharge 
curve of the pulse stretcher 
output waveform. 
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Tangent to envelope curve at tj 


Envelope waveform 


Veny (t) = E(1+m cos w,t) 


Exponential discharge curve 


Tangent to Vexp (t) = Veny (t;) e te lr 
exponential = 

discharge 

curve at us 


chosen in order to avoid the ripple distortion and the envelope dis- 
tortion due to too small and too large a time constant. In order to 
obtain some design criteria, let us consider a blown-up section of 
this AM waveform as shown in Fig. 18-24. Clearly, to prevent 
envelope distortion, the tangent to the exponential discharge 
curve at the peak point of each pulse of the AM waveform must 
be steeper than the tangent line through the same point of the 
envelope. If we let ¢; be the time of occurrence of each peak, then 
the slope of the envelope at /; is given by 


Wenv(1) 


d . 
dt ae = au + ™ COS wst)| — —Emw, sin Wel; 


t=t; 


(18-53) 


Similarly, the slope of the exponential discharge curve is given by 


Wexp(t) _@ \o-(t-tj)/r 

Chg on |e. a ie Rend tt; 

—Venv( Lj F(l sj 
is i) _ _ ECL + mcs wef;) (18-54) 
a la 

To avoid envelope distortion, we require 
Wexp(t) Weny() 

qi nee = dt \=1, Cee) 
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Substituting Eqs. (18-53) and (18-54) into Eq. (18-55), and simplify- 
ing, we obtain 


1 + m[cos wet; — (WsT) Sin wst;] > 0 (18-56) 


This equation can be written in the form 


1 + mv l + (wsT)? eee 
\V/ WsT )“ 
WsT 


~ ou | = Ommclss57) 


If we define tan 6 = w,1/1, then Eq. (18-57) can be written as 
1+ my/1 + (57)? [COS (wst; + 8)] > 0 (18-58) 


Equation (18-58) can be satisfied for all 7; if, and only if, 


mv/1 + (wt? <1 (18-59) 


Solving for 7 from Eq. (18-59), we obtain the desired upper bound 


= 2 
Nat (18-60) 


Ms 


This relationship can be used as a design criterion for choosing 
the appropriate value of the time constant r = RC. Among other 
things, Eq. (18-60) shows that it is impossible to avoid envelope 
distortion if the index of modulation m is greater than unity. 


18-5-3. THE PULSE-SHARPENING PROPERTY 


Instead of smoothing a pulse, there are many applications which 
call for the opposite operation, namely, sharpening a pulse. We 
have already indicated in Sec. 18-2 that, whereas an integrator cir- 
cuit has the pulse-smoothing property, a differentiator circuit has 
the pulse-sharpening property. In order to obtain better insight into 
the sharpening mechanism, consider the voltage pulse shown in 
Fig. 18-25a and its time derivative in Fig. 18-25b. Observe that the 
heights of the positive and negative pulses in Fig. 18-25 are given 
by E/AT and —£/AT, respectively. Hence, as AT — 0, the pulse 
height tends to +00 as depicted by the symbols shown in Fig. 
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(a) (d) 
hu, (t) =dv, /dt 


> AT 


Av, (t) | 


(f) 


co 


Beate go eon on enone hg Sain practice, AT is never zero, and hence the height of the 
the sharpening property of a 


pulse-sharpening circuit. differentiated pulse can be made very large but never infinite. 

The above pulse-sharpening property is often used in practice 
for obtaining very sharp and narrow pulses. This is achieved by 
clipping off the negative pulse shown in Fig. 18-255. A simple cir- 
cuit for accomplishing this task consists of connecting a junction 
diode across an RC differentiator as shown in Fig. 18-25d.2 The 
input signal v;(¢) is usually chosen to be a short, smooth pulse as 
shown in Fig. 18-25e. The approximate output voltage v,(¢) corre- 
sponding to an ideal diode can be easily obtained by differentiat- 

. ing v,(t) and is shown in Fig. 18-25f: The actual waveform will dif- 
: ae oes eae fer slightly because the differentiator is not exact (r = 0), and the 
See eh nae false diode is not ideal. If necessary, the exact waveform can always be 


is equal to E, independent obtained by the constant-slope network approach. 
of AT. Such a pulse is 


called an impulse. ; 
Exercise 1: State the monotonic charging property for the case where the diode 


*In this case the time con- terminals are transposed 


stant RC should be made 
as small as possible. Exercise 2: Add an appropriate battery to the clamping circuits shown in 
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Fig. 18-18a and b so that the output waveforms will be clamped at v, = 2 volts 
and v, = —6 volts, respectively. Draw all pertinent waveforms corresponding to 
the 10-volt sinusoid shown in Fig. 18-18. 

Exercise 3: Repeat Exercise 2 but with the clamping level set at v, = —2 volts 
and uv, = 4 volts, respectively. 


Exercise 4: With C = 10 wF and with the ideal diode replaced by a type 1NXX2 
junction diode, find the exact output voltage v(t) for the clamping networks 
shown in Fig. 18-18. Compare the discrepancy with the ideal case. 


Exercise 5: The ripple of a filtered rectifier can be reduced by applying the pulse- 
stretching property to the full-wave rectifier circuit shown in Fig. 7-8a. Sketch 
the output waveform of a filtered full-wave rectifier and show that the ripple fre- 
quency is equal to twice the frequency of the input sinusoid. 


Exercise 6: Show that the upper bound for the time constant of an AM envelope 
detector corresponding to the information-bearing signal v,(t) = E sin wet is also 
given by Eq. 18-60. 


18-6 SUMMARY 


The complete response (solution waveform) of any linear non- 
autonomous network is always equal to the sum of a zero-input 
response and a zero-state response. The zero-input response is the 
solution due only to the initial condition on the energy-storage 
element (with all sources set equal to zero). The zero-state re- 
sponse is the solution due only to the independent sources (with 
zero initial condition). This additivity property is called the prin- 
ciple of superposition, and is valid only if the network is linear. 

A piecewise-linear network can be analyzed by deriving first 
the switching plane or the switching space by the iterative piece- 
wise-linear method. Once the switching plane or the switching 
space is found, the network can be analyzed as a linear non- 
autonomous network. 


Constant-slope network approach _ ‘This is the most general method 
available for finding the complete response of any nonautonomous, 
first-order, nonlinear network. The method consists of obtaining 
the constant-slope curves by solving for a series of voltage or cur- 
rent waveforms of a resistive constant-slope network. 

Practical nonautonomous, first-order networks are designed 
primarily to transform an input waveform into an output wave- 
form with some desirable properties. They are based mostly on 
three properties: 


1. The monotonic charging property (examples: clamping network, 
filtered rectifier, voltage doubler) 
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Fig. P18-1. 


Fig. P18-2. 
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2. The pulse-smoothing property (examples: pulse stretcher, AM 
envelope detector) 


3. The pulse-sharpening property (example: sharp, narrow-pulse 
generator) 


PROBLEMS 


18-1 The constant-slope network approach can be generalized to obtain 
the solution of autonomous, first-order networks having a mullti- 
valued normal-form equation 


dx _ 
4 =f@) 


where f(x) is a multivalued function of x. In this case, certain 

points on the f-x plane will have more than one director. The 

pertinent director that applies at a particular point can be decided 

easily by the inertia postulate. 

(a) Sketch the vector field associated with the network shown in 
Fig. P18-1. 

(b) Sketch the solution waveform u¢(t) corresponding to the initial 
state vc(0) = 0 volt. 


v, volts 
+ { 
40 60 80 100 120 140 


—100 


18-2 Repeat Prob. 18-1 for the network shown in Fig. P18-2. 


Ai, wa 
80+ 


i ie 
100 120 140 volts 
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18-3 Consider the nonautonomous, first-order, nonlinear network shown 
in Fig. P18-3a. If the capacitor is charge-controlled, then the nor- 
mal-form equation is given by 


Ugo 2e 
a ay 


where the state variable g denotes the capacitor charge. Show that 

the constant-slope curve in this case can be found in two steps: 

(a) Solve for the v¢e(t,m) of the normalized constant-slope network 
shown in Fig. P18-30. 

(b) Perform a graphical composition between v¢(t,m) and the 
ve-q curve of the nonlinear capacitor. 


ac - resistive ac - resistive 
nonlinear nonlinear 
network network 
N N 
(a) (b) Fig. P18-3. 


18-4 Consider the nonautonomous, first-order, nonlinear network shown 
in Fig. P18-4a. If the inductor is flux-controlled, then the normal- 
form equation is given by 


dpr _ 
are = f (P11) 


where the state variable yz, denotes the inductor flux linkage. Show 

that the constant-slope curve in this case can be found in two steps: 

(a) Solve for the current i,(t,m) of the normalized constant-slope 
network shown in Fig. P18-45. 

(b) Perform a graphical composition between iz(t,m) and the 
iz-py curve of the nonlinear inductor. 


ac - resistive ac - resistive 
nonlinear nonlinear 
network network 
N N 


(b) Fig. P18-4. 
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18-5 Consider the clamping circuit shown in Fig. P18-Sa. If the junction 
diode is characterized by the v-i curve shown in Fig. P18-5b, find 
the output voltage v,(¢) corresponding to a 1-kHz, 150-volt peak-to- 
peak sinusoid. 


0.1 uF id 


1 kQ 


u; (t) 10 kQ 


= 10 kQ 
Fig. P18-5. (a) (6) 


18-6 The capacitor-diode circuit shown in Fig. P18-6 is often used in 
practice to convert a low ac input voltage u;(7) into a high de out- 
put voltage v,(t). Assuming that v(t) is a symmetrical square wave 
with amplitude equal to E volts, find the steady-state value of the 


voltages v3, Ve, ..., Vio and the output voltage vp. 
VU VU Vv VU U 
24 mare 64 ee ort 104 
Cc Cc C C Cc 
0) 
Cc Cc (6; Cc Cc 
ores es =e: So Ses 


Fig. P18-6. -~< Ug Sak 


an 


19-1 THE PHASE-PLANE TECHNIQUE 


The normal-form equations of any autonomous second-order non- 
linear network are always given by! 


dx, 


Paha =F ESD, (19-1) 
2 = f2(X1,X2) (19-2) 


where the state variables x; and x2 may represent either voltage or 
charge for a capacitor, and current or flux linkage for an inductor. 
It was shown in Sec. 13-5 that any solution of the above equations 
can be represented by a frajectory in the phase plane. Moreover, if 
the time scale along a trajectory can be found, then the corre- 
sponding solution x;(f) and x2(¢) can be easily plotted as a func- 
tion of time. Our objectives in this section are, therefore, to 
develop a systematic technique for finding the trajectory corre- 
sponding to any initial state, and then to find the associated time 
scale. 


19-1-1 ISOCLINES AND PHASE PORTRAITS 
Suppose we divide Eq. (19-2) by Eq. (19-1) to obtain 


axe _ fo(1,X2) (19-3) 
dx Ffil%1,X2) 


This equation defines a unique slope at each point P(x1,x2) in the 
phase plane which a trajectory passing through P must assume. 
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1Review the normal-form 
equations in Sec. 13-4-2. 
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{Strictly speaking, the ele- 
ments of this vector field 
are vectors, and hence each 
director must be assigned 
an appropriate direction. 
The direction of a director 
at a given point P(x1,X2) is 
determined by the sign of 
dx1/dt and dx2/dt at the 
point P(x1,x2). This is 
found by substituting the 
value of x; and x2 at Pinto 
Eqs. (19-1) and (19-2). For 
example, if dx;/dt > 0 and 
dx»/dt > Omeat P(X1,X2), 
then the director at P must 
be pointing toward the in- 
creasing direction of x4 
and x»; that is, the hori- 
zontal and vertical com- 
ponents of this vector must 
point toward the positive 
direction of the x; axis 
and the x2 axis, respec- 
tively. 

It is important to rec- 
ognize that Eq. (19-3) de- 
termines only the slope of 
the directors in a vector 
field. Hence, the system of 
directors constructed from 
Eq. (19-3) forms a /inear 
field, not a vector field. Ob- 
serve that if we multiply 
fi(%1,%2) and f2o(x1,X2) by 
any function g(x1,x2) which 
does not change its sign, 
then upon dividing Eq. 
(19-2) by Eq. (19-1), we 
obtain the same Eq. (19-3). 
In other words, two dis- 
tinct autonomous systems 
of equations may lead to 
the same linear field, even 
though each system has a 
unique vector field. 

In spite of the subtle 
difference between a linear 
field and a vector field, the 
term vector field is usually 
used loosely to represent 
both cases. Since the con- 
text will usually suggest 
which term is meant, this 
somewhat ambiguous ter- 
minology will be adopted 
throughout this chapter. 


Dynamic nonlinear networks 


Hence, if we calculate the slope at each and every point on the 
phase plane and draw a short director with the calculated slope at 
the corresponding point, we would obtain the vector field asso- 
ciated with Eq. (19-3). The concept here is exactly analogous to 
that developed earlier in Sec. 18-4. The only difference is that the 
time variable ¢ is replaced by the state variable x; in Eq. (19-3). 
Hence, once the vector field is obtained, the trajectory corre- 
sponding to any initial state x1(to), X2(¢o) can be easily sketched. 

Just as in Sec. 18-4 there are two general methods for deriv- 
ing the vector field associated with Eq. (19-3). The first method is 
the brute-force method wherein one systematically substitutes the 
coordinates of each uniformly spaced point on the phase plane 
into Eq. (19-3) and calculates the corresponding slope. This method 
can be implemented automatically with a computer. 

A more efficient method consists of finding the constant-slope 
curves defined by 


FACED (19-4) 
FilX1,%2) 

where m is a number representing the slope dx2/dx}. In order to 
differentiate between the constant-slope curves of a first-order net- 
work and those of a second-order network, the constant-slope 
curve representing Eq. (19-4) will henceforth be called an isocline. 


EXAMPLE 


Consider the normal-form equations 


‘bis 5 

Op (19-5) 
d. 

— = e(1 — x1?)x2 — X41 (19-6) 


Depending on the value of the parameter ¢, these equations con- 
stitute a good mathematical model for many electronic oscillators 
and multivibrators, and are generally known as the Van der Pol 
equation. The isocline equation is obtained by dividing Eq. (19-6) 
by Eq. (19-5) and equating the quotient to m; that is, 

e(1 = Me ee ——) Gil 


dxe 
—_—_ = eo" = mM 


dx X2 Ca) 


Equation (19-7) can be rearranged into the following more explicit 
form: 
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x 
Nes : 


eS es (19-8) 


Let us now construct the vector fields corresponding to several 
typical values of «. 


Case 1:« = 0 In this case the network is linear and the isocline 
equation is given by 
l 

x2 = es (19-9) 
Hence, the isoclines in this case consist of straight lines through 
the origin. By drawing a sufficient number of directors with slope 
m along the corresponding straight-line isocline, we obtain the 
vector field shown in Fig. 19-la. Observe that for this particular 
case, all directors are perpendicular to the associated isocline. This 
means that regardless of where the initial state [1(¢o),2(¢o)] is, the 
corresponding trajectory will always be a circle. Hence, the solu- 
tion waveforms x;(¢) and x2(t) corresponding to any initial state are 
always periodic; i.e., there will be no transients. 

A typical trajectory corresponding to the initial state 
X4(to) = \/2 and x2(to) = \/2 is shown in Fig. 19-1a. In order to 
determine which direction the trajectory moves as time increases, 
we must refer back to Eqs. (19-5) and (19-6). At the initial point 
Po(\/2,\/2) (any other point will do) we found dx;/dt > 0 and 
dx2/dt < 0. This means that the value of x; must increase while 
that of x2 must decrease, and hence the trajectory must be in the 
clockwise direction as shown in Fig. 19-1a. It is a simple matter, 
therefore, to determine the direction of a trajectory. We only have 
to find the “sign” of dx1/dt and dx2/dt at any convenient point P 
on the trajectory by substituting the coordinates of P into the 
normal-form equation. 


Case 2:< = 0.2 In this case the isocline equation is obtained by 
substituting « = 0.2 in Eq. (19-8). 


XA 
ae Ole 2) an oe 
Corresponding to each value m, Eq. (19-10) represents a curve in 
the phase plane.1 By plotting a few isoclines and their associated 
directors, we obtain the vector field shown in Fig. 19-1. A typical 
trajectory corresponding to the initial state (1,1) is shown on this 
figure. Observe that this trajectory eventually approaches a closed 
curve. This means that the solution waveforms x(t) and x2(¢) tend 
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1 The curve representing an 
isocline may consist of 
several separate branches. 
For the case « = 0.2, each 
isocline corresponding to 
m < 0.2 will contain three 
branches. 


826 


(a) €=0 


m= —A0 
m=-—20 


(c) €=1.0 


‘| 
Fig. 19-1. The vector fields associated with the Van der Pol (@) a= 50 
equation corresponding to several typical values of e. 


x1 
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to a periodic waveform in the steady state. A careful inspection of 
this vector field shows that regardless of where the initial state is, 
all trajectories must eventually converge to the same closed curve. 
Such a limiting curve is called a /imir cycle.1 It can be shown that 
only nonlinear systems can have limit cycles. 


Case 3:«= 1.0 In this case the isocline equation is given by 
Ny 
x2 = = 
i (1 — x12) — m cra 


The vector field associated with this equation is shown in Fig. 
19-Ic, together with a typical trajectory. Observe that this tra- 
Jectory, as well as any other, eventually converges toward a limit 
cycle. 


Case 4:« = 5.0 In this case the isocline equation is given by 


X1 
5(1 — x12) —m 


The vector field associated with this equation is shown in Fig. 
19-1d, together with a typical trajectory. Once again it is easy to 
see that all trajectories converge to a limit cycle. 

A comparison of the vector fields corresponding to different 
values of ¢ shows that the limit cycle is almost circular when e is 
small; however, as € increases, parts of the limit cycle become 
steeper, it will eventually approach a vertical line when € = o0.} 

Although the isoclines are different for different networks, 
there are some general properties which are common to all of 
them. For example, an examination of Eq. (19-3) shows that if both 
fi®1,X2) and fo(x1,x2) are single- -valug functions, then each point 
P(x1,X2) for which f1(x1,x2) #0 fo%1.X2) #0 is associated 
with a unique slope. Such points will, henceforth, be called regular 
points. What about points P(X1,%2) for which both fi(%1,X2) = 
fo(%1.X2) = 0? An examination of Eqs. (19-1) and (19-2) shows 
that these points must correspond to the equilibrium states, also 
known as singular points, defined in Sec. 13-6. Observe that 
dx2/dx; = 0/0 at an equilibrium state, and is therefore indetermi- 
nate. This means that unlike the regular points, an equilibrium 
state may possess any slope. Summarizing the above observations, 
we conclude that the isoclines of any autonomous nonlinear net- 
work cannot intersect each other except at an equilibrium state. 
This conclusion provides us with a simple means for locating all 
equilibrium states of a nonlinear network. For example, an inspec- 
tion of the vector fields corresponding to the Van der Pol equation 


io) == 


(19-12) 
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1 Not all closed trajectories 
are limit cycles. To qualify 
as a limit cycle, all trajec- 
tories in the vicinity of the 
closed trajectory must not 
be closed. Hence, the cir- 
cular trajectories in Fig. 
19-1a are not limit cycles. 


+ In certain classes of sec- 


ond-order electronic oscil- 
lators which are described 
by the Van der Pol equa- 
tion, the case « = oo cor- 
responds to the limiting 
case in which the oscillator 
degenerates into a first- 
order network upon ne- 
glecting a parasitic induc- 
tor or a parasitic capaci- 
tor. The vertical trajectory 
in this case corresponds to 
the jump phenomenon 
described in Sec. 14-6. 
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+ If we choose the spacings 
in such a way that the tra- 
jectory between #;_; and ¢ 
approximates a_ straight 
line, then xo = kyx4 + Ko, 
where k; and ke are the 
slope and intercept. 
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immediately shows that the origin is the only equilibrium state. 
Moreover, observe that this equilibrium state is unstable for all 


ea) 


19-1-2 TIME SCALING THE TRAJECTORIES 


In order to recover the waveforms x;(¢) and x2(t) associated with a 
trajectory, we must first provide the time scale along the trajectory. 
Consider the typical trajectory shown in Fig. 19-2a. Given the 
initial time fo, our objective will be to calculate 4, f2,..., tj-1, 
tj, ...etc., along a set of conveniently spaced points on I’. 

Consider first how to calculate 4. Let that portion of the tra- 
jectory between fo and 7; be denoted by x2 = I'(x1).f Then Eq. 
(19-1) can be written as 


dx, 


ae ane 


(19-13) 


Integrating both sides of this equation (from fp to 4 on the left, 
and from x(t) to x1(¢1) on the right), we obtain 


X1(t1) dx 


tae Pilon, ion 
1 Oar X1(to) Ai%1,0(1)) 


(19-14) 


The integrand on the right of Eq. (19-14) can be represented as a 
curve 


1 
ee 19-15 
” = Felon) veh 
in the x,-y plane from x (fo) to x4(t;) as shown in Fig. 19-2b. 
Hence, the area under this curve is equal numerically to the time it 
takes the trajectory [ to move from fo to 4. Notice that if this 
curve is almost linear, then Eq. (19-14) can be approximated by 


Na 
hy = lo + ——— bs 
1 = lo AGS) (19-16) 


where (X1,X2) is some point on [ between fp and ¢;. An examina- 
tion of Fig. 19-2b shows that in order for t, to approach the exact 
value, x; must be chosen such that the two shaded areas can- 
cel each other. If Ax; is small, a good approximation is given by 
| = Y[x1(to) + x1(44)] and Xo Y[xXo(to) + X2(11)]. Hence, f; can 
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Le 1 
Ser eS) 


Ax 
4 


A*> 


x, (to) 


7 x4(t,) 


(6) 


Fig. 19-2. A typical trajectory 
whose time scale is to be 
found. 


be calculated either exactly by Eq. (19-14) or approximately by 
Eg. (19-16). Knowing 4, we can calculate fs, fs, ... etc., by simply 
changing the subscripts of ¢ in Eqs. (19-14) or (19-16). 

An inspection of Eqs. (19-14) and (19-16) shows that since 
fi(%1,x2) = 0 at an equilibrium state Q, it will take an infinite time 
interval for the trajectory to arrive at Q. Hence, we conclude that 
no trajectory may arrive at an equilibrium state in finite time. 

It is possible to obtain more qualitative information if the 
normal-form equations assume the special form 


d. 

Lies (19-17) 
dxo 

a = fo(x1,%2) (19-18) 


and if the time spacings on the trajectory have been chosen close 
enough so that the trajectory between adjacent points can be ap- 
proximated by a straight-line segment as shown in Fig. 19-3a; 
namely, 


XQ = Xo(tj) + m[x1 — x1(4)| (19-19) 
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x,(t;) 


r 
ig x(t; 41) 


fo art 
x(t.) x(t.) 
(a) 


Fig. 19-3. Two simple trajec- 

tory segments consist of either 

a straight-line segment or a : : P : 

circular arc. where m is the slope of the straight-line segment. Using Eqs. 


(19-14), (19-17), and (19-19), we obtain 


1 (t}41) dx 
baa = tj Of 19-20 
a as x1 (G5) X2(t;) + mix, — x1(4)] ( ) 
Integrating Eq. (19-20) and simplifying, we obtain 
eee et) 19-21 
fa = + — In FG) ( ) 


Equation (19-21) is very useful because with it we can calculate 
the time parameter at any point on a straight-line trajectory 
of any network described by Eqs. (19-17) and (19-18). An exam- 
ination of Eq. (19-21) reveals that the time interval At = 441 — t 
decreases as m increases and approaches zero as m — oo (assuming 
that the trajectory traverses the same vertical distance). In other 
words, the steeper the trajectory, the less time it takes to move 
from one point on the trajectory to another. Hence, it takes zero 
time to move along a vertical trajectory. 

What happens if m = 0? In this case Eq. (19-21) becomes in- 
determinate because when m = 0, the trajectory is horizontal, and 
hence X2(tj41) = X2(4)), and In [xX2(t41)/x2(t;)] = 0. However, it is 
easy to obtain the correct expression directly from Eq. (19-20) 
with m = 0; namely, 


X1(tj41) — X1(4) 


Gai = G + 
ait X2()) 


(19-22) 
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This equation is, of course, valid only for a horizontal trajectory of 
Eqs. (19-17) and (19-18). Observe that Eq. (19-22) shows that 
it takes less time to traverse a horizontal trajectory farther from 
the x; axis than a horizontal trajectory of equal length but located 
nearer the x; axis. 

If the curvature of a portion of a trajectory is large, it will be 
more accurate to approximate it by a circular arc as shown in Fig. 
19-35. If the center of the arc is located at Q and if the radius is 
o, then under the assumption that the network’s normal-form 
equations are given by Eqs. (19-17) and (19-18), we can re- 
write Eq. (19-14) as follows: 


: dx 
eae met X1(G41) 1 19-23 
I+ 8 Wes (t;) % 0 = (x4 = By ( ) 
Integrating and simplifying this equation, we obtain 
G41 = 4; + cos} [= Ae eet | =tcos7t [eae =e | 
p p 
ye — iA 
or 
t41 — G = Ap (19-24) 


This equation reveals a most surprising fact that the time it takes 
to traverse a circular arc trajectory (with center on the x; axis) of 
Eqs. (19-17) and (19-18) does not depend on the length of the arc, 
but rather on the angle Ag (in radians) subtended by the arc. 

As an application of these properties, let us consider the Van 
der Pol equation again (Eqs. 19-5 and 19-6). Notice that this equa- 
tion has the same form as Eqs. (19-17) and (19-18). Corresponding 
to the circular trajectory in Fig. 19-la, the solution waveform, we 
immediately conclude, is a sinusoid with period T = 27 (since 
Ag = 27 for a complete circle) as shown in Fig. 19-4a. With the 
help of Eq. (19-16) we obtain the approximate solution waveforms 
x(t) shown in Fig. 19-4b to d corresponding to the trajectories 
shown in Fig. 19-1b to d. As expected, we find that the steeper the 
trajectory, the faster is the waveform for x2(¢). In the limit where 
€ — oo, the waveform x2(f) approaches a square wave. 

It is clear that even with the help of Eqs. (19-21) and (19-24), 
the time-scaling procedure is at best an approximate and tedious 
thing to do. Actually, we seldom do this in practice, for if we were 
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332 


Fig. 19-4. The solution wave- 
forms corresponding to the tra- 
jectories in Fig. 19-1. 
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interested only in the solution waveform x2(f), there are other 
more efficient methods, such as numerical techniques. The main 
value of the above results is the qualitative properties which we 
learned concerning the behavior of trajectories. For example, we 
learned that it takes an infinite time to arrive at an equilib- 
rium state. We observe that for networks described by Eqs. (19-17) 
and (19-18), it takes less time to traverse a steep trajectory, and in 
the limit, it takes zero time to traverse a vertical trajectory. 
We also saw that it takes the same time for two trajectories 
of Eqs. (19-17) and (19-18) to traverse two concentric circular arcs 
(with center on the x axis) which are subtended by the same 
angle, and if an arc consists of a complete circle, the corresponding 
solution is a sinusoidal waveform with period T = 2z. 


Exercise 1: Construct the vector field for the Van der Pol equation corresponding 
1 @ = OD, ; 
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Exercise 2: Show that the isoclines of the Van der Pol equation corresponding to 
m < econsist of three separate branches. 


to « = —1.0. Locate the equilibrium state and determine whether it is stable or 
unstable. 


Exercise 3: Construct the vector field for the Van der Pol equation corresponding 


Exercise 4: Show that if the trajectory [ is expressed by x; = I(x), then 
the time scale 7; can be exactly calculated from 


dx» 
Or approximately from 
Axe 
S2(%1,X2) 


where (X1,X2) is some point on T between ¢; and f;41. 


Xo(b41) 
G41 =U + 
X2( bj) 


fyi SG + 


Exercise 5: Derive Eqs. (19-21) and (19-24). 


Exercise 6: Show that any second-order differential equation of the form 
d?x/dt? = f(x,dx/dt) can be transformed into the form of Eqs. (19-17) and 
(19-18) by defining x1 = x and x2 = dx,/dt. 


19-2 THE ISOCLINE NETWORK METHOD 


The phase-plane technique developed in the preceding section is a 
powerful and very useful method for obtaining the qualitative be- 
havior of the solutions associated with Eqs. (19-1) and (19-2). Un- 
fortunately, it is usually difficult, if not impractical, to obtain the 
normal-form equations of practical networks in analytic form. The 
basic difficulty is that most practical nonlinear elements are 
characterized graphically. Our objective in this section is to develop 
a method for drawing the isoclines without deriving the isocline 
equation [Eq. (19-3)]. The key to this problem lies in the definition 
of an isocline network. 


19-2-1 THE ISOCLINE NETWORK 


Consider first the second-order capacitor network shown in Fig. 
19-5a.+ The equations of motion are given by 


doo, (19-25) 
dt Cy 
doo _ iz (19-26) 
at Co 
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1We assume that all net- 
works considered in this 
chapter possess a_ well- 
defined normal-form equa- 
tion, even though it may 
not be possible to write 
the equations in explicit 
analytic form. 


+ For convenience we shall 
consider only the case 
where both capacitors are 
linear. The extension to 
include nonlinear capaci- 
tors will be given as 
problems. 
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* nonlinear 
1 Cy 1 network 2 C2 C, C, network 
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(5) 


dc-resistive 
Cy nonlinear a 
UD network C2 
mC, N 


(c) 
Fig. 19-5. A second-order ca- 
Pacitor netwonkcand (ts asso” Dividine Eq. (19-26) by Eq. (19-25), we obtam 


ciated isocline networks. 


do, _ Crile 
duc, Colt 


(19-27) 


An isocline corresponding to slope m is, by definition, the locus 
of all points in the v¢,-vc, plane for which 


do, 
dve, 


=n (19-28) 


Equating Eqs. (19-27) and (19-28) and solving either for 72 or for 
ii1, we obtain 


ent (yin (19-29) 
Or 

ewe: )i 

fe (“ ae (19-30) 


Equations (19-29) and (19-30) can be interpreted as the constraints 
that must be satisfied by the currents 7; and ig in order for the volt- 
ages Ug, and ve, to fall on the isocline of slope m. The constraint 
imposed by Eq. (19-29) can be “simulated” by connecting a voltage 
source across port | and a current-controlled current source across 
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port 2 of the resistive subnetwork as shown in Fig. 19-5b. Similarly, 
the constraint imposed by Eq. (19-30) can be “simulated” by the 
resistive network shown in Fig. 19-5c. Observe that the network 
in Fig. 19-55 is being driven at port 1 by an independent voltage 
source. The solution ve, corresponding to each value of Vo, Must, 
therefore, be a point on the isocline. But by definition this is 
simply the v¢,-vs.-ve, TC plot. Similarly, since we are driving port 
2 of the network in Fig. 19-5c by a voltage source, the v¢,-Vvs.-v¢, 
TC plot must coincide with the isocline of slope m. In view of the 
above interpretations, we shall call the resistive networks in Fig. 
19-56 and c the isocline network I and the isocline network 2, re- 
spectively. Let us summarize the above results in the form of a 
theorem. 


CAPACITOR-LOADED ISOCLINE NETWORK THEOREM2 


The isocline corresponding to slope m of the capacitor-loaded net- 
work shown in Fig. 19-5a is identical with the v¢,-vs.-vc, TC plot 
of the isocline network | shown in Fig. 19-55 or the uc,-vs.-vc, TC 
plot of the isocline network 2 shown in Fig. 19-5c. 


The above theorem provides us with a practical method for 
constructing the vector field associated with the network shown in 
Fig. 19-5a. Observe that since the isocline network is resistive, we 
can apply the techniques developed in Part 2 of this book for de- 
termining the TC plots. Hence, once again we have transformed 
a difficult dynamic-network problem into a simpler resistive-net- 
work problem. Since the TC plots of the isocline network are used 
only for obtaining the isoclines, they do not represent physically 
measurable quantities. In fact, these TC plots are generally multi- 
valued and may contain several separate branches. If the dynamic 
network has a unique solution, i.e., if its normal-form equations 
are single-valued, then the intersections of the TC plots of the 
isocline network are the equilibrium states. Another useful prop- 
erty can be found by an inspection of the isocline networks in Fig. 
19-5b and c. Observe that the controlled current source of the 
isocline network 1 becomes an open circuit when m = 0, and that 
of the isocline network 2 becomes an open circuit when m = oo. 
Hence, the m = 0 and the m = oo isoclines of the capacitor- 
loaded network are identical with the v¢,-vs.-vo, and the uc¢,-vs.-ve, 
TC plot of the resistive subnetwork N (without the controlled 
source), respectively. 
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1The indexes | and 2 refer 
to the port number which 
is being driven by the 
independent source. 


2For a more detailed dis- 
cussion of related results, 
see L. O. Chua, Two New 
Theorems in Nonlinear 
Networks, Midwest Symp. 
Circuit Theory, 11th, Uni- 
versity of Notre Dame, 
South Bend, Ind., pp. 340- 
351, May 13-14, 1968. 


ated isocline networks. 
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dc - resistive 
Ly r nonlinear iF 
mL, ? network 2 
N 
(c) 
Fig. 19-6. A second-order in- Tas. ; 
ductor network and its associ- By a similar procedure, we can state the following analogous 


theorems: 


INDUCTOR-LOADED ISOCLINE NETWORK THEOREM 


The isocline corresponding to slope m of the inductor-loaded net- 
work shown in Fig. 19-6a is identical with the i;,-vs.-i,, TC plot 
of the isocline network | shown in Fig. 19-65 or the iz,-vs.-i,, TC 
plot of the isocline network 2 shown in Fig. 19-6c. 


CAPACITOR-INDUCTOR-LOADED ISOCLINE NETWORK THEOREM 


The isocline corresponding to slope m of the capacitor-inductor- 
loaded network shown in Fig. 19-7a is identical with the vg,-vs.-iz, 
TC plot of the isocline network 1 shown in Fig. 19-7b or the 
iz,-VS8.-Uc, TC plot of the isocline network 2 shown in Fig. 19-7c. 


19-2-2 SOME PRACTICAL NETWORKS 


Let us now apply the above theorems to analyze some practical 
networks. 


EXAMPLES 


1. Consider the tunnel-diode circuit shown earlier in Fig. 13-18c. 
The normal-form equations of this network were derived in 
Sec. 13-6-1 and are given by Eggs. (13-86) and (13-87). Dividing 
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Eq. (13-87) by Eq. (13-86) and simplifying, we obtain the 
isocline equation 


dv, —tr, — g¥o,)(10%) 


dir, 0G, = L5(10*)ir., = Ilr 


where g(vc,) is defined by Eq. (13-88). Since Eq. (19-31) is 
already in analytic form, we could construct the vector field 
associated with this network directly using this equation. Before 
we do this, however, let us verify that the isocline network 
approach would lead to the same answer. 

Let us first redraw the network in Fig. 13-18c into the form 
shown in Fig. 19-8a. The associated isocline network I is shown 
in Fig. 19-85. According to the capacitor-inductor-loaded 
isocline network theorem, the isoclines of this network are 
identical with the vc,-vs.-i,, TC plots. Hence, if g(vc,) had not 
been given analytically, we could obtain these isoclines by 
simply solving for the TC plots corresponding to different 


Ose 109 (19-31) 


dc - resistive 
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Fig. 19-7. A second-order in- 
ductor-capacitor network and 
its associated isocline net- 
works. 


Fig. 19-8. A tunnel-diode 
switching circuit and its asso- 
ciated isocline network 1. 
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values of m by the methods developed in Part 2 of this book or 
by the automatic computer program Meca described in Sec. 
12-5-2. Since g(ve,) is given analytically, let us derive the TC 
plots analytically. By writing KVL and KCL equations, we 
obtain 


U1 = Van — 1.5(108)iz, — 12 


in, = g(ve,)(10-8) = (“EJ 04 

Ly 
Substituting Eq. (19-32) for v; in Eq. (19-33) and simplifying, 
we obtain the equation of the TC plot. 


Ly —Ir, — g(¥c, (10-3) | 
Co ve = 1.5(108)iz, = Ik 


where L;/C2 = (5 x 10-9)/(2 x 10712) = 2.5 & 103. Observe 
that Eqs. (19-34) and (19-31) are identical, as they should. 

By assigning different values to m in Eq. (19-31), we ob- 
tain the vector field shown in Fig. 19-9. The “sense” of the 
arrowheads associated with the directors at each point vc, = E, 
iz, = I is determined by the “sign” of duc,/dt and di,,/dt. This 
in turn is determined by the sign of the current iz and the voltage 
v; Of the resistive network obtained by replacing the capac- 
itor with a voltage source v2 = E and the inductor with a cur- 
rent source 7; = —J. The systematic method, of course, con- 
sists of finding the sense of all directors lying on each isocline. 
This consists of obtaining either the i2-vs.-i;, TC plot or the v,-vs.- 
ir, DP plot of the isocline network shown in Fig. 19-85 and then 
determining the intervals of i,, for which this plot lies above 
the iz, axis.1 Observe that all isoclines intersect at the three 
equilibrium states Q;, Q2, and Q3 obtained earlier in Fig. 13-19. 
An examination of the vector field shown in Fig. 19-9 shows 
that QO; and Q3 are stable, but Q2 is unstable. The two trajec- 
tories shown earlier in Fig. 13-19 can now be trivially obtained 
as shown in Fig. 19-9. For the sake of illustration, these 
two trajectories have been time-scaled by the methods described 
earlier. The complete waveforms of i,,(¢) and v¢,(t) correspond- 
ing to these two trajectories are shown in Fig. 19-10. 


(19-32) 


(19-33) 


at (19-34) 


. Consider next the twin tunnel-diode switching circuit shown in 
Fig. 19-1la. The two tunnel diodes are assumed to be charac- 
terized by the same piecewise-linear vg-iq curve shown in Fig. 
19-11b. The associated isocline network | is shown in Fig. 
19-1lc. Since Cy = Co = 10 pyF, the coefficient of the current- 
controlled current source is equal to m. The TC plots of this 
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1Since the slope of the di- 
rectors associated with 
each isocline is known a 
priori, the time rate of 
change of only one of the 
two state variables is suffi- 
cient to determine the 
“sense” of the directors. 
Hence, either the i-vs.-ip, 
TC plot or the v;-vs.-iz, 
DP plot is sufficient to de- 
termine the sense of the 
directors. 
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Uc, (t) of trajectory 1 


ee 10 sec 


Fig. 19-10. The waveforms of 
iz,(t) and v¢e.(t) corresponding 
to the two trajectories shown 
in Fig. 19-9. 


Fig. 19-11. A twin tunnel-diode 
switching circuit and its asso- 
ciated isocline network 1. 


ty, (t) of trajectory 1 


1 a) of. trajectory 2 


network corresponding to different values of m, as obtained by 
the Meca program, are shown in Fig. 19-12. Observe that the TC 
plots are highly multivalued and contain separate branches. The 
sense of the directors on each isocline is determined by using 
Meca to find either the ip-vs.-v; TC plot or the 7;-vs.-v; DP plot 
of the isocline network shown in Fig. 19-11c. Observe also that 
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1The time-scaling proce- 
dure is seldom used for 
this purpose because sim- 
pler and more exact quan- 
titative methods are avail- 
able. 
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the TC plots intersect at the five equilibrium states Q1, Q2, Qs, 
Oy, and Qs. An examination of the vector field near each 
equilibrium state shows that Q1, Qs, and Qs are stable, whereas 
QO» and Q, are unstable. 


Exercise 1: Prove the inductor-loaded isocline network theorem and state the 


analogous properties corresponding to the m = O and m = ~ isoclines of the 
capacitor-loaded network. 


Exercise 2: Prove the capacitor-inductor-loaded isocline network theorem and 
state the analogous properties corresponding to the m = O and m = o isoclines 
of the capacitor-loaded network. 


Exercise 3: Derive the isocline equation for the tunnel-diode switching network 
shown in Fig. 19-8a by using the associated isocline network 2. 


Exercise 4: Draw the isocline network 2 associated with the twin tunnel-diode 
switching circuit shown in Fig. 19-11a. 


Exercise 5: Show that the direction of the trajectories shown in Fig. 19-9 can also 
be found from the sign of the voltage across the inductor and the sign of 
the current in the capacitor at ¢ = fo. 


Exercise 6: Explain how to find the direction of the trajectories of a second-order 
capacitor (inductor)-loaded network as obtained by the isocline network approach. 


19-3) FROM QUALITATIVE TO QUANTITATIVE ANALYSIS 


The phase-plane technique is useful for obtaining the qualitative 
properties of the solution waveforms. It tells us the number and 
location of the equilibrium states of the network and whether they 
are stable or unstable. It also tells us the number and location of 
limit cycles of the network. Moreover, it shows how the location 
of initial states affects the trajectories of the network. In other 
words, the phase-plane technique may be called a global analysis 
method because it gives a complete picture of a network’s behavior. 

Once these qualitative properties are found, we may then 
want to perform a quantitative analysis by finding the exact solu- 
tion waveform corresponding to some meaningful choice of initial 
states.1 For example, one of the most often sought solutions is the 
waveform corresponding to a limit cycle because it represents the 
steady-state behavior. In this case the initial state may be chosen 
to be any point which lies (approximately) on the limit cycle. 
Another commonly sought solution is the transient waveform 
during the triggering operation of switching circuits. In this case 
the important information that is usually desired is the switching 
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speed of the network. This can be found by choosing the initial 
State to coincide with the point on the phase plane for which the 
triggering signal is first applied. The time it takes the resulting 
trajectory to “approach” the equilibrium state gives a measure of 
the switching speed.1 

Several quantitative methods of analysis are available. If the 
normal-form equation can be easily found in analytic form, then 
the numerical techniques presented in Sec. 4-7 are probably the 
most straightforward methods to use, with the help of a computer, 
of course. On the other hand, if the nonlinear devices do not have 
simple analytical representations, then the piecewise-linear ap- 
proach to be developed in Sec. 19-5 is usually more practical. As 
usual, the computer is invariably needed. 


19-4 ANALYTICAL SOLUTIONS OF AUTONOMOUS 
SECOND-ORDER LINEAR NETWORKS 


Since the piecewise-linear approach to be developed in the next 
section is based on the solution of autonomous second-order 
linear networks, let us derive first the analytical solution of this 
class of networks. The normal-form equations of any autonomous 
second-order linear network are always of the form 


SE all cay A opr Tun (19-35) 


= = A2X1 + boxe + Ce (19-36) 


X41 
dt 
dx2 
dt 
where the parameters a;, b;, and c; are constants. The equilibrium 


state of this network is obtained by equating Eqs. (19-35) and 
(19-36) to zero and solving for x; and x2; namely, 


be (2:2 — "oh ) =e, (19-37) 
arb — a2b, 

one =r (19-38) 
abe = azb, 


The parameters c; and cz in Eqs. (19-35) and (19-36) are due to 
the dc independent sources in the network. If the network does not 
contain any independent source, then cy = cz = 0, y1 = Y2 = 0, 
and the origin is the only equilibrium state. 
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1 Although in theory it takes 
an infinite time for any 
trajectory to “arrive”at an 
equilibrium state, it usually 
takes very little time to 
“approach” it, i.e., to come 
within an e-neighborhood 
of the equilibrium state. 
This is analogous to the 
first-order case where an 
exponential solution is 
practically in steady state 
after five time constants. 
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1A review of the time- 
scaling procedure in Sec. 
19-2-2 will reveal that if 
the same initial state is 
given at a different initial 
time fo, then the corre- 
sponding solution wave- 
forms will differ from those 
obtained with fo = 0 only 
by a translation along the 
time axis (by fo units). 
Hence, there is no loss of 
generality for choosing 
to = 0 in our discussions. 
This time-translation prop- 
erty is not valid for non- 
autonomous networks. 


2As we shall see shortly, 
the natural modes com- 
pletely characterize the 
behavior of the network. 
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Since no background in differential equations is assumed in 
this book, we shall merely state that the solutions (complete 
response) of Eqs. (19-35) and (19-36) corresponding to any initial 
state x1(0) and x2(0) are given by! 


x1(0) = ayemt + Bert + ¥1 i 2 0 (19-39) 
X2(t) = age! + Boer2" + 72 a 0 (19-40) 


where y; and yz are given by Eqs. (19-37) and (19-38), and where 
a1, B1, G2, Bz are given by 


ol — lx Z — [as — be) + x2(0)by + (c1 + y1A2)] (19-41) 


ox) 
S 
| 


ie =| + ae [aoe — be) + xo(0)b1 + (c1 + rAd) 


(19-42) 


ae [. ve [s@ce a OVO aay of (coer yaNey| MM Leas) 
iam ON, 


Br = — |; |r@ae + 22000 — a1) + (2 + 2D] 
eS 
(19-44) 
The constants A; and Az in these equations are called natural 


modes (also known as normal modes) of the network and are 
given, respectively, by 


M1 Yay + be) fo War + be)? — 4(ayb2 _ a2b) (19-45) 
2 = Yay + be) = |p Var + be)? — A(ayb2 _— azb4) (19-46) 


Observe that whereas the constants a1, 61, a2, and B2 depend on 
both the initial states (x1(0),x2(0)) and the network parameters qj, 
b;, and c;, the natural modes A; and Az are independent of the 
initial states.? 

To prove that Eqs. (19-39) and (19-40) are indeed the solu- 
tions, we must do two things. First, we must verify that when 
t = 0, the expressions on the right side of Eqs. (19-39) and (19-40) 
are equal, respectively, to the given initial state x1(0) and x2(0). 
Second, we must substitute Eqs. (19-39) and (19-40) into Eqs. 
(19-35) and (19-36) and show that the two sides are identical. 
Since the above procedures are straightforward, although quite in- 
volved algebraically, we shall leave the proof as an exercise. 
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An examination of Eqs. (19-41) through (19-44) shows that 
@1, £1, @2, and 2 are infinite whenever Ay = Ao. Similarly, an ex- 
amination of Eqs. (19-45) and (19-46) shows that ajb) — aob, = 0 
whenever A; = 0 or Ay = 0. This in turn implies that y; and y2 as 
defined by Eqs. (19-37) and (19-38) are infinite. The solutions 
given by Eqs. (19-39) and (19-40) are, therefore, undefined under 
these conditions. Since the correct solution for these special cases 
must be found by a limiting process, we shall henceforth consider 
the more general case where the two natural modes are neither 
identical nor equal to zero. 

An examination of Eqs. (19-45) and (19-46) shows that the 
natural modes are complex numbers whenever 


(ay + be)? < 4(ayb2 — aeb.) (19-47) 


In this case it is more convenient to rewrite Eqs. (19-45) and 
(19-46) into the form! 


Ay = T+ jw (19-48) 
Ag = T — jw (19-49) 
where 

T= (a, + bo) (19-50) 
w@ = %/4(ayb2 — ashi) — (a1 + be)? (19-51) 


If we substitute A; and Az from Eqs. (19-48) and (19-49) into Eq. 
(19-39), we obtain 


x1(t) = ayertiot + Byer-it + yy 
= e7"(ayzelet ae Bye %*) a V1 (19-52) 


Since A; and Az are complex numbers, the constants a,, fy, 
Q2, and Bz will also be complex numbers. If we substitute Eqs. 
(19-48) and (19-49) into Eqs. (19-41) to (19-44) and simplify, we 
find that a; and £1 are complex conjugates of each other; namely, 


a, = Rea; + / Im ay (19-53) 
By = Ike ay —j Im Q1 (19-54) 
where 


Re a; =real part of a, = 4[x1(0) — y;] (19-55) 
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1The letter 7 is used to de- 
note \/—1. It is chosen in 
favor of the more conven- 
tional notation 7 in order 
to avoid any possible con- 


fusion with 7 
current. 


meaning 
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Im a; = imaginary part of a4 


ney [Oe — be) + x2(O)b1 + (C1 + un (19-56) 
a 2w 


Similarly, we find that a2 and £2 are complex conjugates; namely, 


a2 = Re ag +] Im ae (19-57) 

Bo = Ike a2 —j Im a2 (19-58) 

where 

Re ay = wixs0) — yal (19-59) 

iriver = [aes + ee ay) + (C2 + 2 (19-60) 
(69) 


Since a; and 6; are complex conjugates, they can be written as 


ay = |aylei™ (19-61) 
Bil= |aule (19-62) 
where 
jai] = \/(Re ax)? + (Im aj)? (19-63) 
By at Im “1) 
= tan-1(—_—* E 
1 an (= . (19-64) 


Substituting Eqs. (19-61) and (19-62) into Eq. (19-52), we obtain 


x1(0) — lay |e7"(eleteins + e jete—iv1) a V1 
eilwttor) 4 e-iottor) 
eau 


= 2Ja\ert cos (wt + g1) + 1 (19-65) 


= Dlarler( 


By a similar procedure Eq. (19-40) can be written into the form 


X(t) = 2\agle™ cos (wt + gz) + Ye (19-66) 
where 
|| = \/(Re a2)? + (Im a2)? (19-67) 
and 

— # Im a2 
> = tan-1 (= =2) (19-68) 


Analysis of autonomous second-order nonlinear networks 


Summarizing, we find that if the natural modes are complex num- 
bers, the solutions can be recast into the following more convenient 
forms: 


x1(t) = pie™ cos (wt + gi) + ¥1 0 (19-69) 
X2(f) = p9e™ COS (wt + 2) + Ye2 C0 (19-70) 


where i 2\a4| and p> = 2|ao\. 

The above results are summarized in Table 19-1 in two 
columns corresponding to the aperiodic and the spiral cases. Given 
the normal-form equations of any network and the prescribed 
initial states x,(0) and x2(0), we can immediately obtain the solu- 
tion by direct substitution in the appropriate equations in this 
table. The natures of the solution waveforms corresponding to 
three typical cases are shown in each column of Table 19-1, 
together with the associated trajectories. Observe that in the 
aperiodic case, the trajectory enters the stable equilibrium state 
(case 1) at a unique slope. On the other hand, the trajectory in the 
spiral case approaches the stable equilibrium state (case 1) with an 
undefined slope because the trajectory is a spiral. 


Exercise 1: Prove that the natural modes A; and 2 satisfy the following 
properties: 


(a) Xy + Ao = (G4 + bz) 

(b) AqA2 = aib2 — azby 

Exercise 2: Prove that Eqs. (19-39) and (19-40) are indeed the solutions of Eqs. 
(19-35) and (19-36). 

Exercise 3: Show that if the natural modes are complex numbers, the solutions 
can be recast into the following equivalent form: 

x(t) = $e sin (wt + 41) + 1 ip > © 

x(t) = Sse sin (wt + O2) + y2 ji =O 

Specify {; and {» in terms of the parameters aj, b;, c; and the initial states (0) 
and X2(0). 


Exercise 4: Specify a set of parameters for the normal-form equations in order 
to obtain the solution waveforms corresponding to the six cases listed in Table 
19-1. Sketch the associated solution waveforms and trajectories. 


19-5 PIECEWISE-LINEAR ANALYSIS OF AUTONOMOUS 
SECOND-ORDER NONLINEAR NETWORKS 


If all nonlinear elements of an autonomous second-order non- 
linear network are characterized by piecewise-linear curves, then 
over some appropriately chosen time interval the network is 
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Fig. 19-13. Three autonomous second-order nonlinear networks and their associated iterative piecewise-linear re- 


dc-resistive linear network 


(a) 


dc-resistive linear network 


dc-resistive linear network 


dc-resistive linear network 


(d) 


sistive network for determining the switching planes. 
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ly 


i, 1 dc-resistive linear network 


dc-resistive linear network 


(f) 


equivalent to a linear network, and its normal-form equations are 
given by Eqs. (19-35) and (19-36). The analytic solutions tabulated 
in Table 19-1 can, therefore, be used for obtaining the solutions. 
But how do we know which parameters aj, b;, and c; to use at any 
particular time? The key to this problem consists of deriving the 
switching plane associated with the network. The procedure is 
similar to that developed earlier in Sec. 18-3 for the first-order 
nonautonomous Case. 

Any autonomous second-order nonlinear network can be 
represented by one of the three black-box forms shown in Fig. 
19-13a to c. The corresponding iterative piecewise-linear resistive 
networks used for determining the switching planes are shown in 
Fig. 19-13d to f, Observe that each capacitor is replaced by an inde- 
pendent voltage source, and each inductor by an independent cur- 
rent source. Our objective is to solve for the voltage v; or the current 
i;, whichever is more convenient, of each nonlinear resistor as a func- 
tion of the port voltage vc, or the port current i,,, depending on 
whether a capacitor or an inductor is connected across the port. 


Fig. 19-13. (Continued) 
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Once these relationships are obtained, the subsequent procedure is 
exactly the same as that developed in Sec. 18-3. As usual, we shall 
assume that the normal form is single-valued so that the switching 
plane will be subdivided into nonoverlapping “cells.” Each cell 
(k1,k2,... km) specifies the region in the phase plane for which 
resistor R; will be operating in segment kj, resistor Re in segment 
ky, ..., and resistor R,, in segment k,,. Hence, the parameters qj, 
b;, and c; of the normal-form equations are uniquely defined for 
each cell in the switching plane. Let us render these ideas concrete 
by a numerical example. 


EXAMPLE 


Consider the network shown in Fig. 19-14a, where the v-i curves 
of the nonlinear resistors Ry; and R2 are shown in Fig. 19-145 and 
c, respectively. The iterative piecewise-linear resistive network 
associated with this network is shown in Fig. 19-14d. The pertinent 
parameters defining the nonlinear resistors are tabulated in Fig. 
19-14e. The analysis procedure always consists of two parts. The 
first part consists of the derivation of the switching plane by solv- 
Fig. 19-14. An autonomous 2 4 resistive nonlinear network. The second part consists of ob- 


second-order nonlinear net- taining the dynamic solutions corresponding to the pertinent cells. 
work and its associated piece- 
wise-linear resistive network. 
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Part 1: Switching-plane derivation Let us solve for the voltages vy 
and ve of the network in Fig. 19-14d as a function of vg, and v¢,.+ 
By straightforward manipulation of the equations of motion, the 
following transfer-voltage relationships are obtained: 


ye 1+-xzfe Te Teo — Io )p 

oy 0, — (8) ven + ue + EO ore} 

(19-71) 
ST. To(1 ST 1o|,41— ; P 

Vo = — (#2) UC, + E a kl 2 veat{ xEa+ Kalk 1 + tel 
(19-72) 

where 

A=(1 + wr1)(1 + xr2) — 1 (19-73) 


Since each of the v-i curves contains two segments, we must iterate 
four times. The pertinent equations corresponding to each of the 
four segment combinations are tabulated in Table 19-2. The equa- 
tions in the last column of this table specify the switching lines 
separating each cell. They are obtained by replacing the inequality 
signs in column 4 of this table by equalities and then solving for 
Uc, as a function of U¢,. For this example each cell is characterized 
by only two switching lines because one of the two inequality 
limits in column 4 is oo. In the more general case, each cell is 
defined by at most 2m switching lines, where m is the total num- 
ber of nonlinear resistors. Also in the general case, each pair of 
inequalities in column 4 defines a parallel strip of points so that 
the common region defining each cell is a convex polygon. For the 
present example one side of the convex polygon of each cell 
is located at infinity. The switching plane can now be easily con- 
structed from Table 19-2 and is shown in Fig. 19-15. 

An examination of the above derivation procedures shows 
that the transfer-voltage relationships for deriving the switching 
plane depend only on the network topology and not on the 
v-i curves of the nonlinear resistors. Hence, once the transfer volt- 
age (or current) relationships of a particular network are derived, 
it is a simple matter to obtain the switching plane corresponding 
to a different set of nonlinear resistors. A general computer 
program can be easily written for this purpose. The user will 
simply supply the computer with the transfer relationships and the 
v-i curves of the nonlinear resistors. The computer will automat- 
ically calculate the switching lines. In fact, the Meca program de- 
scribed in Sec. 12-5-2 can be used to derive the switching plane 
automatically; ie., the user need not even derive the transfer 
relationships. 
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Fig. 19-15. The switching 
plane for the network shown in 
Fig. 19-14a and a typical tra- 


Part 2: Deriving the dynamic solutions The normal-form equations alee 


are derived from the iterative piecewise-linear network in Fig. 
19-14d upon replacing the two voltage sources by the original 
capacitors.! The results are easily found to be given by 


Zo; a AS ea 22) Vv, — (—) Voy + je So ( let eke 


dt Gr A A A 

(19-74) 
eo all-ayas ke 
dt — G A Uc, ar A VO2 


1Tf the capacitor is non- 


Jin = (1 45 pe) linear, it can be approxi- 
“ts | || (19-75) mated by a piecewise- 


linear v-g curve, and the 


3 LTE. : ions with same method is applicable 
where A is defined by Eq. (19-73). Comparing these equations Stared Seca vo Nae 


Eqs. (19-35) and (19-36), we identify x1 = vc, and x2 = Uc,. The 4 dual remark applies for 
corresponding expressions for the parameters ai, b;, and c; are nonlinear inductors. 
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tabulated in column 1 of Table 19-3. Substituting the pertinent 
values of xr; and ,£; from Fig. 19-14e, we obtain the numer- 
ical values of a;, b;, and c; for each of the four cells as tabulated 
in columns 2 to 5 of Table 19-3. 

It is now a simple matter to find the solution waveforms 
vo,(t) and v¢,(t) corresponding to any initial state [v¢,(0),vc,(0)]. 
For example, suppose the desired initial state is given by v¢e,(0) = 
—4 volts and ve,(0) = 2 volts. This corresponds to point Po 
in Fig. 19-15. The solutions v¢,(¢) and u¢,(t) can be easily obtained 
with the help of Table 19-1. The numerical values of the pertinent 
parameters for the general solutions in this table are tabulated 
in Table 19-4 for each of the four cells. Observe that since 
(a, + be)? > 4(a,bz — aby) in all cases, the parameters must be 
evaluated for the aperiodic case. 

Since the initial state Po falls on cell (1,1), we must substitute 
the parameters in column 2 of Table 19-3 with the initial state 


x3(0) = —4 and x.2(0) = 2 into the pertinent equations in Table 
19-1. The results are given by 
Vo, (2) = 0.525e 9-228t — 4.525e 9.628% One (19-76) 


Von(t) = 1.143e-0-228 4 1.857e-0-628@ 1 O<¢<H (19-77) 


The trajectory corresponding to Eqs. (19-76) and (19-77) is plotted 
in Fig. 19-15, where the portion outside cell (1,1) is shown by 
dotted lines for comparison purposes. Observe that had the param- 


TABLE 19-3 The pertinent parameters defining 
the normal-form equations for each cell (k;,k2). 


Parameters for normal- Cell Cell Cell Cell 
form equations Ga) C2) (2,2) (2,1) 
a = — (+42) 2A ore wipes ft aed 
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(Ee, WAN 
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a=- |= vee | tT aot Ys He 
Ee 4(1) \, Ys Vs Ve 
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TABLE 19-4 The pertinent parameters defining the solutions for each cell (k,,k»). 


Cell Cell Cell Cell 
Pertinent parameters GED) ez) (2:2) (25) 
(a, + be)? 0.73 1.78 1.0 0.405 
4(a,b2 — asb,) 0.57 eas 0.80 0.364 
Equilibrium state (71,72) (Ove) (0,1) (1,1) d,=1) 
Natural mode A, =—(.228 —(0.333 —0.277 —0.218 
Natural mode A» — 0.628 —1.0 — 0.723 —0.418 


eters remained unchanged, this trajectory would arrive at the 
“virtual” equilibrium state Q;(0,—1).+ Of course, this trajectory is 
valid only up to the point P;(—2.56,1.22) where it intersects a 
switching line. The coordinates at P, can be obtained either 
graphically as shown in Fig. 19-15 or by substituting Eqs. (19-76) 
and (19-77) for ve, and ve, into the switching-line equation ug, = 
0.5ve, + 2.5; namely, 


1.143e,©-228t + 1.857e 9-628t — ] 
Ss) 2 epee) 2620650028" 2D 


Upon simplification, we obtain 
ese oe mes) Lo ene e-— 3.) (19-78) 


Equation (19-78) is a nonlinear transcendental equation in t and can 
be solved by either numerical or graphical techniques. The solution 
is found to be given approximately by ¢ = 0.65=4. The co- 
ordinates are found by substituting ¢ = 0.65 into Eqs. (19-76) and 
(19-77); namely, ve,(¢ = 0.65) = —2.56 and v¢,(t = 0.65) = 1.22. 

At t = 0.65 the trajectory enters cell (1,2), and hence we must 
now substitute the parameters in column 3 of Table 19-3 with the 
new initial state x1(0) = —2.56 and x2(0) = 1.22 into the pertinent 
equations in Table 19-1 to obtain 


bo,(2) = —1.17e-0:3830-4) — 139A) St < ty (19-79) 
ve,(t) = —1.17e70-333¢-4) 4 1.39e7-H) 4 1 2 ot St <h 
(19-80) 


Observe that since the initial time for this case is 4; and not zero, 
the solution must consist of a translation of the corresponding 
solution in Table 19-1 by ¢; units along the time axis. This accounts 
for the term (¢ — 71) in the exponent of the exponentials. Another 
reason for inserting tf; in the exponents is so that when ¢ = h, 
Vo, and vg, will satisfy the new initial state at 4 and not at ¢ = 0. 
The trajectory corresponding to Eqs. (19-79) and (19-80) is plotted 
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+ Any equilibrium © state 
(y1,Y2) which falls outside 
the cell it pertains to is 
said to be a virtual equilib- 
rium state. 
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in Fig. 19-15. Again, observe that it is valid only up to the point 
P» where it intersects with the switching line ve, = 2v¢, + 4. Had 
the parameters for cell (1,2) remained unchanged, this trajectory 
(shown dotted) would have continued until it arrived at the virtual 
equilibrium state Q2(0,1). The time it takes this trajectory to arrive 
at Pe is found to be equal to ¢ = 135 =f. Hence, it takes 
At = 0.7 units of time for the trajectory to move from P to Po. 
The coordinates at P» are Ug,(t2) = —1.62 and v¢,(t2) = 0.77. 

At t = fg the trajectory enters cell (2,2), and hence we must 
substitute the parameters in column 4 of Table 19-3 with the new 
initial state x (0) = —1.62 and x2(0) = 0.77 into the pertinent 
equations in Table 19-1 to obtain 


Vo, (t) = —2.0e~ 9.2772) — 0.62e- 0.723t—ta) 4. aan se 6) 
(19-81) 


vo,(t) = 2.19e70-277-te) — 2.42¢-0-723¢-t) 4 1 tp << tw 
(19-82) 


The trajectory corresponding to Eqs. (19-81) and (19-82) is shown 
in Fig. 19-15. Observe that this time, the trajectory is valid for all 
times ¢ > f2 and will eventually arrive at the equilibrium state 
Uo Wandiige si 

To summarize, we found that the piecewise-linear method 
consists of two parts. Part 1 consists of dividing the phase plane 
into nonoverlapping cells. Part 2 consists of finding the solu- 
tions with the help of the general expressions derived in Table 19-1 
and the switching plane. The most time-consuming task in this 
part consists of finding the exact time and coordinates for which a 
trajectory crosses a switching line. Analytically, this involves solvy- 
ing a nonlinear transcendental equation of the general form 


Ae | Bent — 3 Kk 


To simplify the task, this equation can be easily solved by a com- 
puter or by the construction of tables and normalized graphs. 

It should now be clear that the algorithmic nature of this ap- 
proach is ideally suited for a completely automatic computer 
solution. This approach is especially useful if the same network is 
to be analyzed many times with different initial states or different 
capacitance or inductance values. Then, the switching plane 
remains unchanged, and only part 2 need be carried out. 


Exercise 1: Derive the switching plane of the network shown in Fig. 19-14d from 
the relationships 7, and ig as a function of ve, and ve¢,. 


Exercise 2: Derive the switching plane of the network shown in Fig. 19-14d from 
the relationships v; and ip as a function of Ue, and ve,. 
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Exercise 3: Derive the switching plane for the network shown in Fig. 19-14a by 
choosing the iterative Norton equivalent circuit for Ry and Ro. 


Exercise 4: Derive the switching plane for the network shown in Fig. 19-144 but 
with the capacitors replaced by two 1-H inductors. 


Exercise 5: Derive the switching plane for the network shown in Fig. 19-14¢ but 
with the capacitor Cy replaced by a 1-H inductor. 


Exercise 6: Find the solution ve,(t) and v¢,(¢) of the network shown in Fig. 19-14a 


with Cy = 1 Fand Cp = —1F. Assume that v¢,(0) = —4 volts and v¢,(0) = 2 volts. 
Exercise 7: Repeat Exercise 6 with C} = Cp = —1F. 
Exercise 8: Repeat Exercise 6 with the initial state ve,(0) = —1.0 volt and 


ve.(0) = 3.0 volts. 


19-6 BEHAVIOR OF TRAJECTORIES NEAR AN EQUILIBRIUM STATE 


It was mentioned in Sec. 13-6 that the behavior of autonomous 
nonlinear networks can often be determined by studying the 
behavior of trajectories in the vicinity of each equilibrium state of 
the network. This is especially true for second-order networks 
because of the many geometrical interpretations that we are about 
to derive. Not only can we determine the stability of an equilibrium 
state for this class of networks, but we can also sketch the trajec- 
tories around each singular point without actually obtaining the 
solution. 

For simplicity, we shall assume that the network is piecewise- 
linear and that the singular points do not lie on a switching line. 
Hence, the normal-form equations that describe the behavior of 
the trajectories near each singular point (y1,y2) are given by Eqs. 
(19-35) and (19-36), which we reproduce here for convenience. 


Laila iy Sepa (19-83) 
dt 
oe = 2X1 + b2x2 + Ce (19-84) 


Since our objective is to study the properties of the trajectories 
near a singular point Q(71,72), such as the shaded region shown 
in Fig. 19-16a, it is convenient for us to translate the origin of our 
coordinate system to point Q itself. This is easily done by defining 


1 =V+v1 (19-85) 
X2 = Vet ve (19-86) 


Observe that the singular point x1 = y1, X2 = Y2 becomes Vi 0, 
y2 = 0 in the new coordinate system as shown in Fig. 19-165. 
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1In more mathematically 
oriented books, the term 
singular point is usually 
used in place of equilibrium 
state. Since they are syno- 
nyms, we shall use them 
interchangeably in order 
that the reader will not 
develop any prejudice 
over either term. 
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Fig. 19-16. In order to investi- 
gate the behavior of the trajec- 
tories near a singular point, it 
is convenient to translate the 
singular point to the origin. 
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In terms of the new coordinates y; and 2, Eqs. (19-83) and (19-84) 
reduce to 


4 = ayy1 + diye (19-87) 
oe = aeyi + beyr (19-88) 


As we expected, the origin yi; = 0, y2 = 0 is the singular point of 
Eqs. (19-87) and (19-88). The trajectories of this system are the 
solution of the phase-plane equation 


yo _ ays + bryan (19-89) 


dy; ayyi + byy2 


Since y; and y2 differ only from x; and x2 by a constant [Eqs. 
(19-85) and (19-86)], any property concerning the trajectories of 
Eq. (19-89) near the origin remains valid in the vicinity of the 
singular point Q(y1,y2) of Eqs. (19-83) and (19-84). 

A singular point is stable if all trajectories nearby tend to it as 
t > oo. It is unstable if at least one trajectory nearby moves away 
from it as ¢ > oo. The two trajectories shown in Fig. 19-17a and b 
represent two typical examples corresponding to the aperiodic case 
in Table 19-1. Similarly, the two trajectories shown in Fig. 19-17c 
and d are typical of the spiral case. In all cases the origin is 
assumed to be the singular point, and the arrow points in the 
direction of increasing time. Hence if Po is chosen to be the initial 
state, then the trajectories in Fig. 19-17a and c will tend to the 
origin as t > oo. The opposite behavior occurs in Fig. 19-175 and 
d where the trajectories move away from the origin as tf — oo. Ob- 


fn Ze : 


(a) (b) 


Analysis of autonomous second-order nonlinear networks 


ov 


(a) (b) 


ou 


— > y. 


(c) (d) 


serve, however, that this implies that the trajectories in Figs. 
19-175 and d will tend toward the singular point at t > —oo.+ 
Hence, we may conclude that a trajectory will tend to the origin 
either as f > oo or as t > — oo. With this property in mind, let us 
now turn to a detailed investigation of the properties of trajectories 
corresponding to the aperiodic case and the spiral case. 


19-6-1 LOCAL BEHAVIOR OF TRAJECTORIES 
IN THE APERIODIC CASE 


An examination of the form of solutions of x3(f) and x2(¢) in the 
left column of Table 19-1, as well as of the typical trajectories 
shown in Fig. 19-17a and b, shows that any trajectory in the 
aperiodic case will approach the singular point with a unique slope 
either as tf > oo or as f > — oo. Our immediate objective is to de- 
rive an expression giving the slope of approach S in terms of 
the parameters a1, bi, dz, and bz, where S is defined to be 


.  -ya(t) 
] (hkl La 
ee asi) 


S= (19-90) 
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Fig. 19-17. Four representa- 
tive types of trajectories corre- 
sponding to the aperiodic case 
and the spiral case. 


7 There is nothing myster- 
ious about “negative 
time.” If we arbitrarily 
assume the time parameter 
at Po to be ¢ = 0, repre- 
senting the time now, then 
the location of the point 
on the trajectory 5 sec ago 
must correspond to f= 
—5. Observe that we can 
arbitrarily pick the initial 
point and the initial time 
because the system is 
autonomous. Essentially, 
this means that what 
happened yesterday can 
be repeated today using 
the same system with the 
same initial condition. 
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1These must also be the 
only straight-line trajec- 
tories because any other 
straight-line —_ trajectory 
would have a slope differ- 
ent from Eqs. (19-94) and 
19-95). But this contra- 
dicts the property that all 
trajectories must approach 
the origin with slope S; or 
Se ast —> +o. 
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By the Lhopital rule, Eq. (19-90) can be written as 


BO | (22 ot 2 
= Se — | ——— ee 
ie ee Exar sae ayyi + byy2 


Sin [eee dz + be lim [y2()/y1(0) | 
= Es+o00l1Q1 + byy2(t)/yi(0) (ky se by lim [rd/vi)] 


totoa 


Or 


az + b2S 
eS neat Ss 2 at 19-9] 
a a, + byS ) 


Simplifying and solving for S, we find that S may assume two dis- 
tinct values, S; and Se, where 


ee —(a, — be) + \/(aa — 62)? + 4bia2 


19-92 

a ( ) 

de —(ay — be) = aCe = be)? + 4bya2 (19-93) 
il 


It can be easily verified that the following simple relationships 
exist between S;, So, and the natural modes A, Az defined in 
Table 19-1: 


Sh oe (19-94) 
by 

eee oar (19-95) 
by 

We shall now show that the two straight lines 

yo = Sys (19-96) 

ye = Sxy1 (19-97) 


are actually trajectories of the network.! To prove this, it suffices 
to show that Eqs. (19-96) and (19-97) are solutions of Eq. (19-89). 
Hence, substituting Eq. (19-96) into Eq. (19-89), we obtain 


_ (a2 + b2S}) 
(a, + 6S) Cae 


1 
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which coincides with Eq. (19-91). This means that we have an 
identity, and the result is proved. A similar proof applies to 
Eq. (19-97). 

The solution (7) and y2(r) corresponding to any trajectory of 
Eq. (19-89) can be found by substituting x(A) and x(t) from 
Table 19-1 into Eqs. (19-85) and (19-86); namely, 


yi(t) = aye! + Byer! (19-99) 
yo(t) = aged! + Boerzt (19-100) 


where A; and A» are the natural modes defined in Table 19-1. Ob- 
serve that by definition, \1 is associated with the “positive” radical 
sign. Therefore, for the aperiodic case we have Ay > Ao. 

We shall now show that the relative signs of the natural 
modes determine whether a singular point is stable or unstable. 
If both Ay < 0 and A» < 0, then )1(1) > 0 and y2(t) > 0, as t > o0. 
For the opposite case where both A; > 0 and Az > 0, we find that 
yi(t) > co and y2(t) > o, as too. Finally, if Ai > 0, A2 <0, 
a, 40, and a, #0, then yi(t) > 00 and y2(t) > 0, as t > 00.7 
The above results can be summarized by the following: 


STABILITY CRITERIA FOR APERIODIC CASE 


If both natural modes are negative real numbers, then the origin 
is a stable singular point. If at least one natural mode is a positive 
real number, then the origin is an unstable singular point. 


We can immediately draw four straight-line trajectories of Eq. 
(19-89), two of which tend to the origin with slope S; and two 
with slope Sz. The four trajectories corresponding to each of the 
three sign combinations of A; and A» are shown in Fig. 19-18. 
Each of these trajectories is called an eigenvector. 

We found earlier that the eigenvectors are the only straight- 
line trajectories. All other trajectories must, therefore, be curves. 
We shall now develop a simple technique for sketching the re- 
maining trajectories. Suppose we divide Eq. (19-100) by Eq. (19-99). 


eat) Mile dialer 820i mo cta His B2e Tt noun 
yilt) i ayemt + Byer! 7" ay + ByeQ2-™t 
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+The combination A; <0 
and A» > O does not exist 
because by our definition 
M1 > Ao. 
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Slope = S, 


(a) d,<0,,<0 


Fig. 19-18. There are always 
four straight-line trajectories 
passing through each singular 
point in the aperiodic case. The 
direction of motion along each 
trajectory is determined by the 
relative signs of the natural 
modes. 
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ha AY, 


Slope = S, 


ead Ay 


Slope = S, Slope = S, 


(b) ,>0,A,>0 (@) Weak st 


Since Az > Az or (Ag — A1) < 0, the coefficient of ¢ is a negative 
number. It follows, therefore, from Eq. (19-101) that 


respla aikls (19-102) 
too Vi(t) ay 
and 

5 PU (19-103) 


1 — 
t>—~% vil) fe 


Observe that the left side of Eqs. (19-102) and (19-103) have been 
defined earlier by Eq. (19-90) to be the slope of approach S. Since 
we have already proved that S can assume only one of two values 
as given by Eqs. (19-92) and (19-93), it follows that a2/a, and 
{2/P1 must be equal, respectively, to either S; or Sp. Substituting 
the expressions for a1, a2, B1, and By from Table 19-1 into 
Eqs. (19-102) and (19-103), we obtain 


a2 _ X1O)az + x2(0)(A1 — a1) + (Co + Y2Az) 
a1  X4(O)(Ay — be) + X2(0)b1 + (cr + yidz) 
Be 3 X1(O)a2 + x2(0)(Az — a1) + (C2 + eds) 
Br — X1(0)(Az — be) + x2(0)b1 + (c1 + yiA1) 


(19-104) 
(19-105) 


Since Eqs. (19-104) and (19-105) are functions of the initial state 
[x1(0),x2(0)], which can be arbitrarily chosen, it is a most surpris- 
ing property that both a2/a; and B2/B; are equal to constants in- 
dependent of x(0) and x2(0)! In view of this property, we may cal- 


Analysis of autonomous second-order nonlinear networks 


culate a2/a, and Bo/B, by choosing some convenient parameters 
and initial conditions. One simple choice is x4(0) = 0, x2(0) = 1, 
cy = 0, and cp = 0.} In this case, Eqs. (19-104) and (19-105) 
reduce to 


San (19-106) 
Bo A.» — ay 
aes (19-107) 


Comparing Eqs. (19-106) and (19-107) with Eqs. (19-94) and 
(19-95), we find 


- o(T ‘ 
Geen ae (19-108) 


pen Ba Ag a : 
Jee Baia Bis b, So (19-109) 


The interpretation of Eqs. (19-108) and (19-109) are important 
enough to be stated in the form of a theorem. 


TRAJECTORY SLOPE THEOREM 


The slope of any trajectory of Eq. (19-89) must assume the slope 
S = Si as t— o and the slope S = S2: as t— — oo. 


Since the slope of the eigenvectors is equal to either S; or So, 
it follows from the above theorem that the trajectories must 
be either parallel or tangent to the eigenvector with slope equal to 
S; as t > oo. Similarly, the trajectories must be either parallel or 
tangent to the eigenvector with slope equal to Sy as t— —oo. 
This observation can now be used to sketch the trajectories near 
each singular point. Let us consider some typical cases. 


Case 1: Stable node (A; < 0,2 <0) Let us arbitrarily assume that 
the eigenvectors have been drawn (by the simple technique de- 
veloped above) as in Fig. 19-18a. Since the origin is a stable 
singular point, all trajectories must approach this point as ft — co. 
Moreover, each trajectory must be tangent to the eigenvector with 
slope S; as shown in Fig. 19-19a. An examination of that portion 
of each trajectory corresponding to large negative time (t > — 00) 
shows that they are all drawn approximately parallel to the eigen- 
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+ From Table 19-1 we find 
that cy = cp = 0 implies 
Yi = vo = 0: 
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(a) A, <9, r, <0 
(stable node) 


Fig. 19-19. The trajectories 
around each type of singular 
point can be easily sketched 
with the help of the trajectory 
slope theorem. 


Slope = S, 


(b) Tey 2) os (c) A, >0,A,<0 
(unstable node) (saddle point) 


vector with slope Sz. Since all trajectories in this case are seen to 
be converging toward a common node, the origin in this case is 
called a stable node. It is important to realize that although 
the exact shape of the trajectories around a stable node will de- 
pend on the parameters of the network, the general behavior, that 
of converging toward the node, will remain unchanged so long as 
Ay <0 and A, < 0. If we imagine that the trajectories in Fig. 
19-19a were drawn on top of a transparent rubber sheet, then the 
new trajectories arising from changing the network parameters 
can be simulated by stretching the rubber sheet, thereby distorting 
the trajectories, in such a way that the sheet is not punctured by 
the stretching process. 


Case 2: Unstable node (A; > 0, 42 > 0) Using the same eigenvectors 
in Fig. 19-185, we now observe that the trajectories must be drawn 
tangent to the eigenvector with slope Sz because these correspond 
to the case where ¢ + — 00, as shown in Fig. 19-195. Observe that 
in this case, the portions of the trajectories that tend to infinity are 
drawn parallel to the eigenvector with slope S; (as t — co). Since 
this behavior is simply the opposite of case 1, the origin in 
this case is called an unstable node. 


Case 3: Saddle point (A; > 0,2 <0) For comparison purposes, let 
us choose the same eigenvectors shown in Fig. 19-18c. In this case, 
all trajectories must follow the direction indicated by the eigen- 
vectors as shown in Fig. 19-19c. Since the trajectories have the ap- 
pearance of a saddle, the origin in this case is called a saddle point. 
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19-6-2 LOCAL BEHAVIOR OF TRAJECTORIES IN THE SPIRAL CASE 


An examination of the form of solutions of x4() and x(t) in the 
right column of Table 19-1, as well as of the typical trajec- 
tories shown in Fig. 19-17c and d, shows that the trajectories in this 
case will never approach the singular point with a unique slope. If 
we substitute the expressions for x4(¢) and x2(¢) into Eqs. (19-85) 
and (19-86), we obtain the translated equations 


yi(t) = pie7t cos (wt + 1) (19-110) 
yo(t) = p2e7 cos (wt + qe) (19-111) 


where 7 and w are equal, respectively, to the real and imaginary 
parts of the natural modes A; and Az. Again, we shall show that 
these natural modes completely characterize the stability of the 
singular point, and hence the behavior of the trajectories. We shall 
consider three exhaustive cases. 


Case 1: Stable focus (7 < 0) Since the cosine function is at most 
equal to unity, Eqs. (19-110) and (19-111) can be written as 


DS VER OES Fa Oe) (oe I ai (19-112) 


where p can be interpreted as the distance from each point 
[1(2),v2(0)] to the origin. Since both p; and pz are independent of 
time, it follows that if tT < 0, then p — 0 as t—> oo. Hence, the tra- 
jectory can be interpreted as a shrinking spiral as shown in Table 
19-1 and Fig. 19-17c. The corresponding time waveforms shown in 
Table 19-1 consist of a damped sinusoid of frequency w. The effect 
of r is to decrease the amplitude of the sinusoid and is, therefore, 
called the damping constant. The imaginary part w of the natural 
mode is usually called the natural frequency in this case. The sin- 
gular point in this case is called a stable focus or a stable spiral. A 
network corresponding to this case is pele’ an overdamped 
network. ‘ EA ined 


Case 2: Vortex (7 = 0) In this case the solutions y3(¢) and y2(Z) re- 
duce to a pure sinusoidal waveform with natural frequency w. The 
trajectories around the origin in this case consist of a family 
of concentric circles or ellipses. In view of this interpretation, the 
singular point corresponding to f = 0 is called a vortex. 

Since there is no damping in this case, the network is usually 
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said to be lossless. Obviously, this is only of theoretical interest be- 
cause no physical network is truly lossless. 


Case 3: Unstable focus (r > 0) In this case both y,(t) and y2(7) tend 
to infinity as ¢ > oo, and the trajectory consists of an expanding 
spiral as shown in Table 19-1 and Fig. 19-17d. This type of sin- 
gular point is called an unstable focus. A network corresponding to 


this case is usualy called an underdamped network. 
some Tine $ 


19-6-3 SUMMARY OF SINGULAR-POINT CLASSIFICATIONS 


We have shown that a singular point of any piecewise-linear net- 
work can be classified according to whether it is a node (stable or 
unstable), a focus (stable or unstable), a saddle (always unstable), 
or a vortex (always stable). The criterion for this classification de- 
pends only on the value of the natural modes A; and 2 of 
the network. Because of their frequent appearance, it is convenient 
for us to define 


T= (a; +b) (19-113) 
A= (aybz — azby) (19-1 14) 


TABLE 19-5 Summary of singular-point classifications. 


Network equations: Singular points: 
d. —= 0 9 
a = 4X1 + DixX2 + C1 a ag ne 
oo bic2 — boc a a2C1 — ayCo 
dx Miceaieh Wil Win 0 Mado Alanis. 
20 b A 
Fey as 2X1 + 02X22 + C2 
where A = (ayb2 — azb,) 
T= (q + bo) 
Type of sin- Classi- Aperiodic case Spiral case 
gular point fication T2 AA >0 fe TN (0) 
ASS (0) 
Stable —e() 
Node 
iN > (0) 
Unstable i=) 
Stable 
Focus ey 
Unstable i) 
Saddle Unstable NA) 


Vortex Stable T=0 
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A A (determinant) 
Unstable 
focus 
Line 
A=4 7 
Unstable 
Stable node 
node. 
© es T (trace) 
Saddle} points’ 


where the symbol T is sometimes called the trace,! and the symbol 
A is the determinant of Eqs. (19-87) and (19-88). In terms of these 
symbols, the complete criteria used for classifying the different 
types of singular points are tabulated in Table 19-5. A simple 
method for remembering the criteria listed in this table is to plot 
the parabola 


Aur? (19-115) 


in the T7-A plane as shown in Fig. 19-20. It is a simple matter to 
verify that each region shown in this figure corresponds to one and 
only one type of singular point. Observe that the parabola separates 
the nodes from the focus, the A axis separates the stable focus 
from the unstable focus, and the T axis separates the saddle points 
from the rest of the singular points. The points on the A axis in 
the upper half-plane correspond to vortex points. The points on 
the parabola as well as the points on the T axis (including 
the origin) correspond to A; = Az, Az = 0, or Ay = Az = 0; all 
these cases have been previously excluded from consideration in 
Table 19-1. They represent degenerate cases and therefore require 
special methods to determine the nature of the singular points. 
Fortunately, these points are only of theoretical interest because 


Fig. 19-20. Complete singular- 
point classification diagram in 
the 7T-A plane. 


1If we write Eqs. (19-87) 
and (19-88) in matrix form, 
then the sum of the diag- 
onal elements is usually 
called the “trace” in 
mathematics. 
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they will never occur in any practical network, for one needs exact 
component values to realize degenerate singular points. 

The above singular-point classification criteria have been de- 
rived for the case of a piecewise-linear network described by the 
normal-form equations (19-83) and (19-84). We shall now show 
that the same criteria are applicable to any normal-form equation 
which can be written into the form 


on = ay) + byy2 + 21(1,)2) (19-116) 
oe = azyy + beye + g2(1,)2) (19-117) 


where g1(1,V2) and go( 1,2) represent higher-degree polynomials 
in y; and yo. It is assumed that g1(0,0) = g2(0,0) = 0 so that the 
origin is the singular point in question. In this case, we shall 
classify the type of the singular point on a strictly local basis; that 
is, we shall investigate the behavior of trajectories within a very 
small, possibly infinitesimal, neighborhood of the origin. Under 
this assumption, 21(1,’2) = O and go(1,v2) = 0 because yy and 
yz are assumed to be very small.! In other words, the behavior of 
the trajectories of Eqs. (19-116) and (19-117) in a small neighbor- 
hood of the origin is identical with the behavior of the linearized 
system 


d 
a = ar + bys (19-118) 
d 
a2 = a2y1 + boye (19-119) 


Hence, the classification criteria given by Table 19-5 are also ap- 
plicable here. We must emphasize, however, that the trajectories 
will behave according to the prediction only within a small neigh- 
borhood of the origin. 

Consider now the general system of normal-form equations 


d 
<= file) (19-120) 
d 
“= = f2X1,X2) (19-121) 
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The singular points are the solutions of fil%1,xX2) = 0 and 
fo(%1,X2) = 0. It suffices to consider one singular point (y1,y2) at a 
time. Suppose we apply the Taylor series expansion for a function 
of two variables about the singular point x; = y; and x2 = yp. 


Si%1,X2) = fily1,¥2) + ay(X1 — 1) + bi(X2 — Y2) 
+ higher-degree terms in (xy — yi) and (x2 — yz) (19-122) 


fo(%1,X2) = fo(y1,Y2) + a(X1 — y1) + bo(x2 — y2) 
+ higher-degree terms in (x; — yi) and (x2 — y2) (19-123) 


where 
ee Ofs(X1,X2) et Of1(X1,X2) 
0X1 M1=71 0X2 a ar 
a 4 Sane (19-124) 
ane Of2(X1,X2) ae Of2(X1.X2) 
0X4 M=YV1 uy 0X2 M=y1 
f2=/2 2=y% 


Observe that since (71,72) is a singular point, (71,72) =/2(71.72)=9. 
Hence, if we translate the origin to (y1,y2) as before by defining 
(x1 — yi) = yi and (x2 — yz) = ye, then Eqs. (19-120) and (19-121) 
become 


= = ayy; + byy2 + higher-degree terms in y; and y2 — (19-125) 
= = agy1 + boy2 + higher-degree terms in y; and y2 (19-126) 


Observe that Eqs. (19-125) and (19-126) are exactly of the same 
form as Eqs. (19-116) and (19-117). Hence, the singular-point 
classification criteria given in Table 19-5 are also applicable to this 
general case. The pertinent coefficients a1, by, a2, and be are simply 
obtained by finding the appropriate partial derivatives at the 
singular point in question. The same procedure can obviously be 
applied to all singular points of Eqs. (19-120) and (19-121). 


19-6-4 THE PHASE PORTRAIT 


If the origin is the only singular point, as is true in the case of 
a second-order linear network without independent sources, then 
the system of trajectories corresponding to each type of singular 
points as shown in Fig. 19-19 will provide a complete “picture” of 
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TA user-oriented computer 
program for carrying out 
a phase-plane analysis has 
been developed for this 
purpose. For details of this 
program, see L. O. Chua 
and F. B. Moyer, Com- 
puter-Aided Phase Plane 
Analysis, 2th Midwest 
Symp. Circuit Theory, Uni- 
versity of Texas, Austin, 
MBE, {i MUA MD), 
April 21-22, 1969. 
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the network’s behavior. If the linear network contains independent 
sources, there will still be only one singular point located at x1 = y1 
and x2 = yp. In this case, the system of trajectories in Fig. 19-19 
can be simply translated from the origin to the singular point 
(y1,Y2). We shall refer to the system of trajectories which depict the 
network’s behavior in the entire phase plane as the phase portrait. 

If the network is piecewise-linear or nonlinear, there will 
generally be more than one singular point. In this case the phase 
portrait becomes more complicated, and more interesting, too; but 
in any case it can be obtained by applying the properties developed 
in the previous sections. The systematic procedures for obtaining 
the phase portrait associated with a nonlinear network can be out- 
lined as follows:1 


Step 1. Find the location of all singular points. 


Step 2. Classify the type of each singular point by the criteria 
given in Table 19-5. 


Step 3. If a singular point (71,72) is either a node or a saddle, 
determine the limiting slopes S; and S» and plot the 
corresponding eigenvectors with the proper direction of 
motion indicated by an arrow. 


Step 4. Apply the trajectory slope theorem of Sec. 19-6-1 to sketch 
the system of trajectories around a small neighborhood of 
each node and each saddle. 


Step 5. Sketch the system of spiral trajectories around a small 
neighborhood of each focus. 


Step 6. Based on the systems of trajectories drawn around the 
neighborhood of all singular points, it is usually possible 
to draw a system of “connecting” trajectories that will go 
from one singular point to another. The resulting phase 
portrait, of course, gives only an approximate picture, but 
this is often satisfactory for most practical purposes. After 
all, the main value of the phase portrait is to provide 
qualitative, not quantitative, information concerning the 
network’s behavior over the entire phase plane. 


Exercise 1: Derive Eqs. (19-87) and (19-88) by substituting Eqs. (19-85) and 
(19-86) into Eqs. (19-83) and (19-84). 


Exercise 2: Derive Eqs. (19-94) and (19-95) and verify that the slopes of approach 
are equal numerically to the natural modes for any network described by 
dx1/dt = ID, dx2/dt = ji Ca2%)) 
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Exercise 3: By an appropriate choice of parameter values in Eqs. (19-104) and 
(19-105), derive the following useful relationships: 
yet) ay a2 


(a) lim _ = f= 18 
t-+0co y(t) Qy Ay = by : 


b hi yal?) = Bo = & = 2 
©) nee yi) = Bx Ao — be : 


Exercise 4: Prove that only four trajectories can pass through a saddle point, 
namely, the eigenvectors. 


Exercise 5: Sketch the general form of the trajectories around the three types of 
singular points of the equations dx,/dt = x» and dx2/dt = J (x1,X2). Verify that 
the eigenvectors corresponding to a stable node must always lie in the second 
and the fourth quadrants. 


Exercise 6: Verify the relationships given in Eq. (19-106) and (19-107) by using 
the data obtained in the example given in Sec. 19-5. 


Exercise 7: Verify the entries in Table 19-5 and the geometrical interpretation 
given in the T-A plane shown in Fig. 19-20. 


Exercise 8: Sketch the phase portrait for the network shown in Fig. 19-14a. 


19-7. SUMMARY 


Basic philosophy An autonomous second-order nonlinear network 
is best analyzed in two phases. The first phase consists of a quali- 
tative analysis wherein the general behavior of the network over all 
possible initial states is determined. In this phase of analysis a cer- 
tain amount of inaccuracies can be tolerated because we are 
looking at the network from a global or macroscopic point of view. 
Once the general properties of the trajectories are known, we can 
then proceed to the second phase. In this phase of analysis we 
seek to find the exact solution waveforms corresponding to some 
meaningful choice of initial states. The initial state to be chosen 
depends on what we are looking for. If, from the qualitative 
analysis, we found the network had a stable limit cycle, then we 
might be interested in finding the steady-state solution by choosing 
an initial state which falls on the limit cycle. On the other hand, if 
we are interested primarily in the transient behavior of a network 
during a switching operation, then the initial state ought to be 
chosen accordingly. 


Qualitative analysis This is obtained by constructing the vector field 
associated with the normal-form equations of the network. The 
vector field can be obtained by either a brute-force method requir- 
ing the use of a computer with plotting capability or by the 
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isocline method. In order to be practical, the isoclines of a non- 
linear network can be obtained by applying the isocline network 
theorem. This theorem establishes the important relationship be- 
tween the isocline of a dynamic network and the TC plots of the 
associated resistive isocline network. 

Another, less accurate but simpler, approach for obtaining the 
qualitative properties of the solution is to construct the phase por- 
trait associated with the network. The phase portrait is simply 
a collection of trajectories corresponding to different initial states, 
and can therefore be constructed from the vector field. However, a 
simpler approximate procedure would be to find the location and 
type of all singular points. The system of trajectories can be 
sketched by applying the trajectory slope theorem and the other 
properties developed in this chapter. 


Quantitative analysis If the normal-form equations can be obtained 
without much difficulty, then the numerical techniques can be 
used for obtaining the solution waveforms corresponding to any 
initial state. A more practical approach would be to apply the 
piecewise-linear method developed in Sec. 1. The key to this 
method is the construction of the switching plane associated with 
the network. One advantage of this method over numerical tech- 
niques is that the solutions can be obtained in a semianalytical 
form, thereby providing much more insight into the effect of some 
circuit parameters on the networks’ behavior. 


PROBLEMS 


19-1 A simple “compass and ruler” technique called Lienard’s method 
can be used to construct the trajectories, and hence the phase 
portrait, associated with any network which is described by the 


normal-form equation dx1/dt = x2 and dx2/dt = —f (x2) — x1. 
The method is based on the observation that the slope 
Cie Win Silt inte) (a) 
= =i) 
dx X2 


at each point P(x1,x2) in the phase plane can be obtained by 


plotting first the curve x; = —f(x2) and then drawing a director 
perpendicular to the line connecting points P and Q, as shown in 
Fig. P19-1. 


(a) Based on the graphical construction shown in Fig. P19-1, 
describe the procedure for drawing the trajectory starting at 
any initial state Po by using only a compass and a ruler. 

(b) Construct the phase portrait by the above procedure for the 
linear system dx1/dt = x2 and dx2/dt = —x. 


19-2 


19-3 


19-4 


19-5 
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(c) Use Lienard’s method to obtain the limit cycle of Rayleigh’s 
equation dx;/dt = x2 and dx2/dt = «(x2 — %4x_3) — x1 with 


ey = WORSE 
oe 
Slope ne ae 
x, +f (x5) Uh 
PAC, Xo) 
or) 
O > Xy 


Show that Lienard’s method described in Prob. 19-1 can be 
generalized so that it can be applied to the normal-form equations 
dx;/dt = X2 and dx2/dt = —f(x2) — g(x1) by plotting the two 
curves x; = —f(xX2) and x2 = — g(x) in the phase plane. 


Repeat Prob. 19-2 for the normal-form equations dx;/dt = 
X2 + 9(X1) and dxe/dt = —x1 — f(x2). 


Repeat Prob. 19-2 for the normal-form equations dx,/dt = 
X2 + 9(x1) and dx2/dt = —x1 — f (x1). 


A limit cycle I is said to be stable (unstable) if all trajectories 
starting inside and outside of I converge to (diverge from) I as 
t + o. It is said to be semistable if all trajectories starting inside 
of converge (diverge) and those starting outside of I’ diverge 
(converge) from I’, as tf > oo. 

(a) Sketch a typical phase portrait associated with each of these 
three types of limit cycles. 

(b) It often turns out that a nonlinear system possesses several 
concentric or “nested” limit cycles. Sketch a typical phase 
portrait with this property and verify that the limit cycles in 
this case must alternate from stability to instability. 

(c) As the system parameters are varied continuously, the limit 
cycles will move from their original positions. Use this ob- 
servation to demonstrate how a semistable limit cycle may 
occur at some critical parameter values. 


If the normal-form equations dx;/dt = fi(x1,%2) and dx2/dt = 
fo(x1,X2) possess the property that the expression 


ofr, Ofe(x4, 
F@1,X2) = Hrs) a Bees! 


never changes sign in a region (without holes) D of the phase 
plane, then no limit cycle can exist in D. This is known as 
Bendixon’s theorem. 


Fig. P19-1. 
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Fig. P19-8. 
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(a) Prove Bendixon’s theorem by applying Green’s theorem 
given in most advanced calculus or electromagnetic field 
theory books. 

(b) Apply Bendixon’s theorem to prove that the Van der Pol 
equation cannot have a limit cycle within the region D de- 
fined by —1 << x1 < 1, —~ < X2 << ©. 

(c) Use Bendixon’s theorem to prove that a capacitor-loaded 
second-order network cannot possess a limit cycle if the 
incremental conductances di,/dv,; and diz2/dv2 of the dc- 
resistive nonlinear network N in Fig. 19-Sa (with port 2 and 
port | terminated, respectively, by a battery of voltage EF) 
are positive for all values of E. 

(d) Give the results corresponding to (c) for the inductor-loaded 
case. 

(e) Repeat (c) for the inductor-capacitor-loaded case. 


Prove that Bendixon’s theorem remains valid if F(x;,x2) in Prob. 
19-6 is replaced by 


Oe ie Ae eer) b. Ag esoeay fal) 


where g9(xX1,X2) is any continuously differentiable functions of x1 
and x2 in the region D. 


Prove that if the two capacitors of an autonomous second-order 
network are characterized by charge-controlled v-q curves, then 
the isoclines in the q1-q2 phase plane can be determined in three 
steps. (a) Solve for the vp-vs.-v; TC plots of the normalized 
isocline network | shown in Fig. P19-8a or the vj-vs.-v2 TC plot of 
the normalized isocline network 2 shown in Fig. P19-8d. (b) Per- 
form a graphical composition between the v2-q2 curve of capacitor 
C2 with each v2-vs.-v; TC plot or a graphical elimination between 
the v2-gz curve with each v4-vs.-v2 TC plot. The result is a curve 
in the q2-vs.-v; plane. (c) Perform a graphical elimination between 
each q2-Vvs.-v1 Curve obtained from step 2 with the vj-g1 curve of 
capacitor Cy. The result is the desired isocline in the q1-q2 plane. 


(a) (d) 


By a procedure similar to that given in Prob. 19-8, derive a 
method for constructing the isoclines associated with a flux-con- 


19-10 


19-11 
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trolled inductor-loaded network from the normalized isocline net- 


work | shown in Fig. P19-9a or the normalized isocline network 
2 shown in Fig. P19-9b. 


to 


(a) (b) 


By a procedure similar to that given in Prob. 19-8, derive a 
method for constructing the isoclines associated with a charge- 
controlled capacitor and flux-controlled inductor-loaded net- 
work from the normalized isocline network | shown in Fig. 
P19-10a or the normalized isocline network 2 shown in Fig. 
P19-10b. 


(a) (6) 


Prove that if the capacitor-loaded network shown in Fig. P19-11 
possesses a flip-over symmetry with respect to a vertical axis 
through the center of N, then all isoclines in the vj-v2 plane are 
symmetrical with respect to the 45° straight line through the 
origin. Moreover, the slopes m and m’ of each symmetric pair of 
isoclines are related by m’ = 1/m. This result is referred to as 
the vertically symmetric isocline network theorem. HINT: Consider 
both isocline networks (but label the variables of one of them by 
primes) and then flip over the unprimed isocline network about 
the axis of symmetry. 


14 Axis of symmetry 


Fig. P19-9. 


Fig. P19-10. 


Fig. P19-11. 
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Fig. P19-17. 
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Prove that if the capacitor-loaded network shown in Fig. P19-11 
possesses rotational symmetry with respect to an axis perpendicu- 
lar to the center of N, then all isoclines in the vj-v2 plane are 
symmetrical with respect to the 135° straight line through the 
origin. Moreover, the slopes m and m’ of each symmetric pair of 
isoclines are related by m’ = —1/m. This result is referred to as 
the rotationally symmetric isocline network theorem. 


Derive the vertically symmetric isocline network theorem (see 
Prob. 19-11) and the rotationally symmetric isocline network theorem 
(see Prob. 19-12) for the following: 

(a) The inductor-loaded network. 

(b) The inductor-capacitor-loaded network. 


Classify the singular points of the tunnel-diode network shown in 
Fig. 13-18c of Chap. 13. Sketch the phase portrait of this network 
by the technique described in Sec. 19-6-4. 


Classify the singular points of the twin tunnel-diode switching 
network shown in Fig. 19-1la. Sketch the phase portrait of this 
network by the technique described in Sec. 19-6-4. 


Derive the switching plane associated with the twin tunnel-diode 
switching network shown in Fig. 19-11la. Find the solution wave- 
forms corresponding to the initial state P. shown in Fig. 19-12. 


The vacuum-tube circuit shown in Fig. P19-17 is called the 

Eccles-Jordan or cross-coupled multivibrator and is the workhorse 

of many instrumentation circuits. 

(a) Find the singular points of this circuit. 

(b) Calculate the coefficients ay, by, a2, and by for Eq. (19-89) 
corresponding to each singular point of this circuit. 

(c) Classify each singular point with the help of Table 19-5. 


9 +250 volts 


19-18 The circuit shown in Fig. P19-18 is the transistorized version of 


the Eccles-Jordan multivibrator circuit. (See Prob. 19-17.) 


(a) 
(b) 


(c) 
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Find the singular points of this circuit. 

Calculate the coefficients a,, by, a2, and by for Eq. (19-89) 
corresponding to each singular point of this circuit. 
Classify each singular point with the help of Table 19-5. 


o+6 volts 


19-19 (a) Show that a nonautonomous first-order system described by 


19-20 


(b) 


dx/dt = f (x,t) can be analyzed by an equivalent autonomous 
second-order system described by 


axe _ dy _ 
male) d. = || 


Find the singular points of the equivalent second-order 
system. 


A computer program for constructing phase portraits can be used 
to analyze a nonautonomous first-order network N by transform- 
ing it into an equivalent autonomous second-order network N*. 


(a) 


(b) 


Show that V* can be constructed from N by adding only one 
energy-storage element and one independent current source. 
HINT: Use the result of Prob. 19-19 to transform each ac- 
independent source in N into an appropriate nonlinear con- 
trolled source. 

In order to apply the iterative piecewise-linear method of 
analysis, show that each nonlinear controlled source can be 
modeled by an appropriate nonlinear resistor and two linear 
controlled sources. 


Fig. P19-18. 
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20-1 BEYOND THE SECOND-ORDER AUTONOMOUS NETWORK BARRIER 


So far we have been able to develop several methods for analyzing 
first-order autonomous and nonautonomous networks, as well as 
second-order autonomous networks. Most of the qualitative prop- 
erties of these networks have been derived from simple geometrical 
interpretations. Unfortunately, beyond this class of dynamic net- 
works lies the huge class of higher-order networks for which 
geometrical methods and interpretations are less useful, if not 
completely useless. This is due to the necessity to consider higher- 
dimensional spaces, thereby losing the simplicity inherent in the 
two-dimensional plane. For example, the concept of drawing the 
phase portrait associated with each type of singular point is 
no longer applicable in higher-dimensional networks. Neither does 
the exhaustive classification of singular points into a node, focus, 
saddle, or vortex admit to an n-dimensional generalization. In 
view of these difficulties, the analysis of any higher-order dynamic 
nonlinear network invariably requires the use of a digital computer. 

It is clearly unrealistic to attempt to cover the complex sub- 
ject of higher-order network analysis in one chapter. Our object 
in this final chapter will, therefore, be a modest one. In contrast 
with the detailed exposition given in the preceding chapters, we 
shall merely present a survey of various techniques for analyzing 
practical nth-order nonlinear networks. These techniques can be 
categorized into five different approaches: (1) the numerical ap- 
proach, (2) the piecewise-linear approach, (3) the heuristic ap- 
proach, (4) the qualitative approach, and (5) the approximate 
analytical approach. 
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20-2. THE NUMERICAL-INTEGRATION APPROACH 
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Any nth-order nonlinear network can be represented as shown in 
Fig. 20-la, where the n energy-storage elements have been brought 
out explicitly across an n-port ac-resistive nonlinear network N. 


The normal-form equations describing this network, if they exist, 
are given by 


dx i 


ao 


filX1,X2, ne ¢ pL) l 
to, 
ri 
Cy UGy 
tc, 
+ 
C2 Ue, 
tc, 
+ 
C, NG 
Bae 
+ 
List UL 
hase 
+ 
Ly 42 Olete 


(a) 


ac - resistive 
nonlinear 
N- port 
network 
N 
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Fig. 20-1. An nth-order non- 
linear network and its equiva- 
lent representation as a resis- 
tive n-port network terminated 
by appropriate independent 


(20-1) voltage sources and current 
sources. 
ic (t;) 


Vo, (t;) 


Vo, {t;) 


Vo, (t)) 


arate) 


gp A) 


oe) 


ac - resistive 
nonlinear 
N- port 
network 
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(b) 
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where the state variables x; may denote capacitor voltages or 
charges for i < k and inductor currents or flux linkages for 
| ile eh Mee 

In theory the solution of Eq. (20-1) corresponding to any 
initial state can be found by the numerical techniques described 
in Sec. 4-7. In practice, however, there are two serious problems 
that must be overcome. The first problem is the derivation of the 
normal-form equation in analytic form. This is often a difficult, if 
not impractical, task because it entails not only the fitting of each 
nonlinear characteristic curve by an equation, but also the solu- 
tion of a system of nonlinear transcendental equations. The second 
problem is even more fundamental in nature; namely, the normal- 
form equation may not exist as a result of the choice of incomplete 
network models (see Sec. 14-5). A discussion of the conditions for 
guaranteeing the existence of normal-form equations is beyond the 
scope of this book.! However, as a practical guide it is safe to say 
that if well-established network models, which usually contain at 
least one parasitic inductance and one parasitic capacitance, are 
chosen, then most likely the normal-form equation will exist. This 
leaves us with only the first problem to worry about. 

Our experience with the constant-slope network theorem and 
the isocline network theorem suggests that we may be able to 
overcome this problem by avoiding it. Suppose we write the equa- 
tions of motion of the network shown in Fig. 20-1a in terms of the 
state variables vc, and i,,,; namely, 


duc, > 1 
a Gea 
dv¢, ] 


(20-2) 
Gin — l v 
fe iG yee 


where C(uc,) = dq(ve;)/dvc,; and IEG.) = dpi ;)/dir, are the incre- 
mental capacitance and the incremental inductance, respectively. 
Suppose we are given the initial states u¢,(to), Ve,(to), - - . » Ve, (to)s 
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I1x.1(t0)s tn4,(to), - . -  in,(to) and are required to find the solutions 


during some prescribed time interval fo < t < t;. Observe that if 


we replace each capacitor by a voltage source v¢, (fo), / = 1,2,...,k 
and each inductor by a current source iz, (to), J=A+1,4+2,...,n, 
we would obtain the resistive network shown in Fig. 20-15 (with 
t; = fo). We can, therefore, develop an automatic computer pro- 
gram to solve for the capacitor currents i¢,(¢o) and the inductor 
voltages vz,(to) at fo. If we divide the time interval (¢o,t/) into dis- 
crete increments of time with a step size Ar = h, then the solution 
of Eq. (20-2) at 4; = to + h can be approximately determined by 
applying the Euler algorithm! described in Eq. (4-61) or Sec. 4-7-1; 
namely, 


Ue, (t1) = ve,(to) + A eon ict) | 

Uoo(t1) = Uc.(To) > h Foose, ate ) ict) 

Vo,(t1) = Vo,(to) + A becetesy icxto) (20-3) 
De wree(to) ct aay Prat) | 

ir,(t1) = in,(to) + h beara bro) 


The above procedure can, of course, be iterated to find the values 


Of Ucp and!iz;, at f = f2,\t3, ~. - , t7- Hence, to find*the values 
Of Ue (tae) ec.) 4.91), - 5 In.(f41), we simply solve 
for the capacitor currents ic¢,(¢;), . . . , 4¢,(¢;) and the inductor volt- 


AgeS Uz,,,(tj), ---, Ut, (tj) Of the resistive network shown in Fig. 20-1b 
at ¢ = #;. If we assume a uniform step size h, then a total of 


_ (tf — to) 
ar h 


iterations will be required to obtain the solutions over the pre- 
scribed time interval. Obviously, in order to be practical, the 
above procedures must be implemented automatically on a com- 
puter. Several such user-oriented programs are currently available, 
and no doubt many faster and more general programs will become 
widely available in the near future.” 


883 


1In view of its simplicity, 


the Euler 


algorithm is 


chosen here mainly for 
pedagogical reasons. In 
practice, more accurate al- 
gorithms are usually used 
in automatic network anal- 
ysis computer programs. 


2 These user-oriented pro- 
grams are all written 
under the assumptions 


that the 


normal-form 


equation exists and that 
the network possesses a 
unique solution. This is, of 
course, not true in general. 
For a more detailed dis- 
cussion of the subtle 
points involved in the 
development of any gen- 
eral user-oriented com- 
puter programs, see 


Franklin 


Ome ana 


Waldo G. Magnuson, Jr., 
“Computer Oriented Cir- 
cuit Design,” Prentice- 


Valle lines 
hittswNel 


Englewood 
1969. 
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20-3. THE PIECEWISE-LINEAR APPROACH 


The numerical-integration approach suffers from at least two very 
serious problems. The first problem concerns the accuracy of the 
solution. Since the integration formula is never exact, the solution 
obtained by any numerical technique is always subject to numer- 
ical inaccuracy, and the basic problem is to keep the errors from 
building up. One obvious method is to keep the step size down to 
as small a value as possible. But this also increases the time 
it takes to complete the iterations. This leads to the second prob- 
lem, namely, to find more efficient methods for solving the resis- 
tive network in Fig. 20-1b. Remember, this network must be solved 
during each iteration and is therefore the main time killer in the 
entire algorithm. 

An alternate method which is sometimes more practical is the 
piecewise-linear approach. Suppose we extract all nonlinear resis- 
tors from the network N of Fig. 20-la as shown in Fig. 20-2a. From 
this we obtain the iterative piecewise-linear network shown in Fig. 
20-2b. Notice that the (m + n)-port network N is a linear resistive 
network, and hence it is a simple matter to derive the transfer 
voltage or current relationships from the nonlinear resistors in 
terms of the capacitor voltages ve, and the inductor currents iz,. If 
the network is autonomous, then these relationships assume the 
general form 


01 = Ayyve, + Mrev0. + +++ + Aixve, + Aces vite ++ °* + Anita t+ Kt 
v2 = Ho10¢e, + Ho2v0, + ++» + Aexve, + HoKe+pitg.s +++ + Henit, + Ke (20-4) 


Om = Hm1ve, ar Hn2ve> qe 000 Se A nx, ae Via bee es ANY Tb Pe 57 OR Sate dlp =F Kn 
where H;; and K; are constants. By imposing the constraint 
KE; <G Vj <i wet (20-5) 


corresponding to each pertinent segment k of resistor R;, we ob- 
tain a set of inequalities defining a ce// in the n-dimensional space 
in exact analogy with the two-dimensional case. Since the network 
is linear while operating in a cell, the solution can be obtained by 
a number of more accurate and less time-consuming numerical 
methods. The concept of a switching space is clearly applicable 
here, only this time we must use a computer to check when 
the boundary of a particular cell is intersected by the trajectory. 
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k ace 
= resistive 
i linear 
Lea (M+N)-port 


(a) 


The complete procedure for obtaining the solution is similar 
to the two-dimensional case described in Sec. 19-3. 

If the network is nonautonomous, the procedure remains 
valid, only this time the coefficients Aas K; will be functions 
of time. But since a computer is being used anyway, these time- 
varying coefficients do not create any new problem. 


20-4 THE HEURISTIC APPROACH 


In many practical networks it is possible to arrive at a satisfactory 
analysis by making use of some simplifying assumptions or ideal- 
izations. If a network is not too complex, it is sometimes possible 


ac - 
resistive 
linear 
(M+N)-port 


ard network . network 
N . 
VU : 
Ae L, +1 i ine ; 
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Fig. 20-2. An nth-order non- 
linear network and its associ- 
ated iterative piecewise-linear 
network. 


1 An alternate procedure in 

the nonautonomous case 
consists of extracting all 
ac sources in a manner 
similar to that described 
in Sec. 18-3-2. If there are 
a ac sources, then Eq. 
(20-4) will be a function 
of a additional variables. 
However, the coefficients 
H;; and K; will now be 
constants. 
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to predict its behavior by appealing to the physics of the devices. 
On other occasions a network may possess certain special features, 
such as symmetry, which will lead to a drastic simplification in the 
analysis. The ability to uncover these special features and to take 
advantage of them depends a great deal on the engineer’s experi- 
ence and intuition. Since most of these techniques are of a very 
specialized, if not approximate, nature, it is not possible at present 
to unify them into a well-organized theory. In the absence of a 
better name, these techniques will be referred to as the heuristic 
approach. 

It must be emphasized that in many practical networks the 
heuristic approach is not only easier but also more illuminating. 
We should, therefore, never refuse to learn a particular method only 
because it is not of sufficient generality. On the contrary, these 
methods are usually extremely valuable, provided the user knows 
exactly the simplifying assumptions and limitations that invariably 
characterize them. 

In order to illustrate the value of the heuristic approach, let 
us consider an example. 


EXAMPLE 


Consider the tunnel-diode multivibrator circuit shown in Fig. 
16-10a, which we reproduce as Fig. 20-3a for convenience. The 
dynamic route of this network exhibits horizontal jumps as shown 
in Fig. 16-105. This corresponds to instantaneous jumps in the in- 
ductor voltage waveform v;(f) as shown in Fig. 16-115. Earlier, in 
Sec. 14-6, we postulated the jump phenomenon in order to bypass 
the multivalued character of the normal-form equation. We have 
also shown that a more satisfactory, though more complicated, ap- 
proach is to introduce one or more parasitic elements so that the 
normal-form equation becomes single-valued. For example, if we 
introduce a parasitic capacitor across the tunnel diode as shown in 
oo 20-3b, the normal-form equation is easily found to be given 
Mh 


dir, = Ug — Riz — [E + U,(2)] 


dt Ta (20-6) 
d , 
ue es eho + ir] (20-7) 


where g(vc) denotes the tunnel diode vg-ig curve. Equations (20-6) 
and (20-7) represent a system of nonautonomous normal-form 
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E Us (t) 


(b) 


(d) 


ig. 20-3. The step-by-step procedure for analyzing a second-order nonautonomous nonlinear network as two first-order autonomous 
jetworks. 
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1QObserve that this is a 
fictitious current source 
which we introduced in 
order to avoid violating 
KCL. After all, even an 
approximate method must 
be consistent with both 
KCL and KVL at all 
times. 


2Observe that the time 
scale in the waveform 
shown in Fig. 16-11 must 
be greatly expanded in the 
vicinity of ¢, in order to be 
able to mark off the corre- 
sponding transition time 
ie 
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equations, and can be solved by either the numerical-integration 
approach or the piecewise-linear approach. The resulting solution 
will be very nearly that obtained in Fig. 16-11. The only significant 
difference lies in the fact that instead of a vertical jump, the solu- 
tion waveform changes extremely fast. 

Heuristically, it seems that the parasitic capacitor plays a 
significant role only during the fast-changing phase of the solution 
waveform. This is a reasonable assumption because the value of C 
being very small (a few picofarads), the current ig = C dv¢/dt will 
also be negligibly small, unless du¢/dt is very large. Hence, we 
conclude that we may replace the capacitor by an open cir- 
cuit most of the time, and the dynamic route shown in Fig. 16-105 
is, therefore, also applicable most of the time except during jumps. 
Observe that if we assume that the dynamic route jumps instan- 
taneously at f = ft, then du;,(t)/dt = oo, and since vg = Ri, + E + 
us(t) + vz, it follows that dvc/dt = oo at t = ty. This means that 
even though C is very small, ic = C duc/dt is not negligible at 
t = ty. Hence, to calculate the waveform during the transition from 
point b to point c as shown in Fig. 16-105, we must put the capac- 
itor back. Observe, however, that since the solution waveforms in 
Fig. 16-11 are obtained with the assumption that ic = 0, if we con- 
nect the capacitor suddenly across the tunnel diode at ¢ = & as 
shown in Fig. 20-34, the currents at node a will not satisfy KCL 
because 


dug 
di |=, 


In order to remove this inconsistency, we may connect a compen- 
sating current source! with a terminal current equal to ic(t,) as 
shown in Fig. 20-3c. We can, therefore, consider this as an “ap- 
proximate” equivalent circuit that applies during the very short 
transition time 7; it takes the dynamic route in Fig. 16-105 to 
move from point b to point c. From experience, as well as from 
intuition, we know 


ict) = C 


+0 (20-8) 


Tr <1 (20-9) 


where 7; is the time constant of the inductor.2 This means that for 
most practical purposes, the inductor current will change very 
slightly during the transition time interval T,, and hence for 
purposes of analysis we may replace the inductor by a current 
source with a terminal current equal to i(f) during the entire 
interval 7, as shown in Fig. 20-3d. Observe that the resistor- 
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battery-triggering-source combination in the original circuit is 
redundant during this time and has been replaced by a short 
circuit.1 

The circuit shown in Fig. 20-3d is an approximate equivalent 
circuit that applies only during the transition time T,. Observe that 
it is a first-order autonomous network. Hence, we can apply the 
techniques developed in Chap. 14 to obtain the capacitor voltage 
and current waveforms. First, we must obtain the DP plot across 
the black box N in Fig. 20-3d. This is shown in Fig. 20-3e. The 
dynamic route starting at the initial state b is readily sketched as 
shown in this figure. Recall that the circuit shown in Fig. 20-3d is 
valid only up to the time when the dynamic route arrives at point c. 
After this time the transition is completed, and du¢/dt is no longer 
significant. This means that the capacitor can be removed again 
after the dynamic route arrives at point c. At the same time, she 
change in the inductor current is no longer negligible, and hence 
we must put the inductor back. In other words, after the dynamic 
route arrives at point c, we must go back to the original circuit in 
Fig. 20-3a. 

The waveforms of v¢(t) and iy(t) = —i¢(t) corresponding to 
the dynamic route in Fig. 20-3e are easily sketched as shown 
in Fig. 20-3f and g. The transition time 7; is easily seen to be 
given by 7, = T; + T2, where 


= Jiz 


E 

T= —72C In (20-10) 
ae 

= = 20-11 

T> r3C In E = Es ( ) 


The typical value of 7; is in the order of a few nanoseconds. 

From Eqs. (20-10) and (20-11) we can draw the conclusion 
that the larger the value of the parasitic capacitance C, the larger 
the value of the transition time. Hence, it is impossible to accom- 
plish an instantaneous jump (7; = 0) unless C = 0. 


The above example illustrates how a higher-order network 
may be reduced to a lower-order network during appropriate time 
intervals. In general, this technique can be applied to circuits 
having two or more time constants which differ greatly in their 
orders of magnitude. For example, the “coupling capacitor” used 
to couple the output signal from one black box into the input ter- 
minals of another black box can usually be replaced by a short cir- 
cuit for purposes of analysis. Even if we are using a completely 
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1 Recall the redundant series 
element property in Sec. 
UB 
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} For purposes of analysis, 
it is convenient to assume 
that the two frequencies 
@, and we are incommen- 
surable, i.e., their ratio is 
an irrational number. 


1For our purpose here, a 
filter can be defined as a 
signal-processing black 
box whereby only a cer- 
tain prescribed range of 
frequency components is 
allowed to reach the out- 
put terminals. 


Dynamic nonlinear networks 


automatic computer program to analyze this class of networks, it 
is still important that we try to eliminate as many insignificant 
elements as possible. This will usually result in a great saving 
in computer time needed to analyze the network. In other words, 
it is important that we do not use the computer blindly; in certain 
problems, such as the example above, a heuristic analysis may be 
more satisfactory. For one thing, unless we are extremely careful, 
most computer programs would not anticipate the fast-changing 
waveform during the transition time 7, and would, therefore, give 
erroneous answers, unless the step size is programmed to vary in 
accordance with the rate of change of the waveforms. 


20-5 THE QUALITATIVE APPROACH 


We have already demonstrated in the preceding chapters the power 
of the qualitative approach. In general, as the exact solution 
becomes more difficult to obtain, the qualitative approach becomes 
more valuable. If the network is autonomous, the most common 
qualitative information that we seek is the location and stability of 
the equilibrium states associated with the network. The location of 
the equilibrium states can be easily found with the help of the ex- 
plicit equilibrium state theorem discussed in Sec. 13-6. The stability 
of the equilibrium states can be determined by techniques beyond 
the scope of this book. 

If the network is nonautonomous, then the qualitative infor- 
mation that we seek is usually the frequency-converting properties 
of the network. We have shown in Chap. | that one characteristic 
feature common to all nonlinear networks is the generation of new 
beat frequencies 


(m,n) = Mw, + Nwe (20-12) 


by mixing two sinusoidal waveforms of frequencies , and w2.} In 
general, the higher the degree of nonlinearity, the more beat-fre- 
quency components are generated. Many applications in signal 
processing are based on this property alone. In all cases, we would 
select a number of frequency components from the many present 
by means of filters.1 The important qualitative information that we 
seek in this case is the amount of power at a particular frequency 
that can be extracted. 

To be more specific, consider the network shown in Fig. 20-4a. 
This is an nth-order nonautonomous network being driven by two 
sinusoidal sources of frequencies w; and w»2. Let us assume that 


Analysis of nth-order nonlinear networks 891 
i 
v, (t)=E, sin wt 
Linear Nonlinear capacitor 
dynamic or 
network nonlinear inductor 
Vy (t)=E, sin wot = 
(a) 
eer Me 
ty tp eo 
ey ees MW, +N, MW 1 —N, 
filter filter filter filter 
(1, -1) (m,n) Kom, —n) 


Nonlinear capacitor or 


nonlinear inductor (b) 
Nonlinear capacitor 
or 
Wy Wo nonlinear inductor 
filter filter 
sy @rcez Sin Wot 


(c) 


the only nonlinear element in this network is either an inductor or 
a capacitor. The average power entering this nonlinear element is 
given by Eq. (1-45); namely, 


Poy = lim - (20-13) 


Oi at 
tooo ly 0 
For the sake of generality, let us suppose that both v(7) and i(1) 
contain all frequency components including a de term correspond- 
ing to zero frequency. The instantaneous power p(1) = v(A)i(t) will, 


Fig. 20-4. An nth-order non- 
autonomous nonlinear network 
for illustrating the application 
of the Manley-Rowe equations. 
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1For simplicity we have 
chosen to represent each 
component by a cosine 
terM Pm n COS (M1 4+Nwe2)t. 


2 A rigorous proof of these 
classic relationships is 
given in J. M. Manley and 
H. E. Rowe, Some Gen- 
eral Properties of Non- 
linear Elements—Part 1, 
General Energy Relations, 
Proc. IRE, vol. 44, pp. 904— 
913, July, 1956. 
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upon expansion with the help of trigonometric identities, contain 
also all frequency components; namely,' 


P(t) = P0,0 ae P1,0 COS wl + P01 COs Wel + Pas cos (@ ob we)t 
+ Piz COS (1 + 2we2)t + p2,1 COS (21 + we)t + --- 
+ Pmn COS (Mw, + Nwe)t + +--+ (20-14) 


Substituting Eq. (20-14) into Eq. (20-13), we obtain 


ded ss = s i eee (20-15) 
p=) pi — tee 

where 

Jers cos Ii 8) = {| “ Pm COS (Mwy, + Nw2YOdO (20-16) 
toa lg 0 


Hence, the total average power entering the nonlinear inductor or 
the nonlinear capacitor is the sum of the component average 
powers Pn corresponding to the frequency (mw, + nw2). We have 
proved earlier that the average power entering any charge-con- 
trolled capacitor or any flux-controlled inductor is zero [see Eqs. 
(1-57) and (1-64)]. Hence, Eq. (20-15) becomes 


Ya Da Pai (20-17) 


m=() n=—oco 


= 


This relationship tells us only that the rofal average power is zero. 
The component powers P,,, are generally not zero. In order to 
investigate how the magnitudes of P,,» are distributed so that they 
cancel out each other in the end, let us multiply and divide each 
term Pn» by (mw, + nwe) and rewrite the equation as follows: 


=| SS > id Bers | as o| < Se ee De | = 0 
m=0 n==00 (mo =f Nw2) Peeein nae (mw ne Ns) 


(20-18) 


This equation must be true for any value of w; and we and is inde- 
pendent of the shape of the nonlinearity of the energy-storage ele- 
ment. Since w; and wz are incommensurable, the terms inside the 
two brackets must independently be equal to zero; namely,? 


Mas 


a MPmn 
— 


m=0 n= —co (mo ar Nw2) i. 


(20-19) 
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Se nP 

NS NX mn = (20-20) 
m=a0 Rate (Mwy + Nws) 

These two relationships are known as the Manley-Rowe equations. 
They are very useful because they give valuable qualitative infor- 
mation concerning the network’s capability. The usefulness of the 
Manley-Rowe equations is best exploited by considering the net- 
work shown in Fig. 20-4b, where a nonlinear energy-storage ele- 
ment is shown connected in parallel with the two black boxes 
labeled Ny and No. Each rectangle inside Ny and Nz» represents a 
filter, which is usually an nth-order dynamic linear network. Each 
filter is assumed to allow only currents with the designated fre- 
quency to flow through the corresponding resistor. All other 
frequency component currents are rejected.! If we apply KCL at 
node a, we find that as a consequence of the string of filters, the 
current i(¢t), which would normally contain all frequency com- 
ponents, will now contain only those frequency components for 
which there is a filter. 

As an application of the above observations, consider the 
special case shown in Fig. 20-4c where only three frequencies are 
allowed, namely, w1, w2, and w, = Mw, + Nw». The frequencies 
and w2 correspond to the frequency of the two excitation sources, 
whereas the frequency w;, corresponds to the frequency at the load 
resistor R;. Hence, among the infinitely many possible frequency 
components, only the three components corresponding to 4, ws, 
and w, are not zero for this network; namely, Pio0(m = 1,n = 0), 
Poa(m = 0,n = 1), and Pym = M,n = N). Hence, the Manley- 
Rowe equations reduce to the following: 


(1)P1,0 as (0)Po,1 (M) Pun _ 
(1)(@1) + (CO)(w2) — (O)(@1) + C)(@2) — M)(@1) + (N)(2) 
(20-21) 
(O)P1,0 a ()Po31 a (N) Pun nhs 
(1)(@1) + CO)(w2) — (O)(@1) + G)(@2) — AA)(@1) + N(@2) 
(20-22) 
Solving for Py,v from Eqs. (20-21) and (20-22), we obtain 
Mo, + Nwe 2 
Puy = —( oe ) Pro (20-23) 
| Mo, + Nwe yy 
Pyy = —(MELE NY) py, (20-24) 
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1 This requirement defines 
an ideal filter. A practical 
filter can only attenuate 
but not completely elimi- 
nate the unwanted fre- 
quencies. 
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1 Alternately, Pm» > 0 im- 
plies that power is being 
supplied by the sources to 
the energy-storage  ele- 
MeN whereas Prin — 0 
implies that the energy- 
storage element is actually 
supplying the power to its 
external circuit. 

2Since the load frequency 
®r = 1 + we 1S greater 
than both w; and ws, this 
type of network is also 
called an up-converter. 
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Bearing in mind that Pm» > 0 implies power entering the energy- 
storage element, whereas Pm» <0 implies power leaving the 
energy-storage element,! we can now obtain the following in- 
terpretations. 


Casel M = 1, N = 1. In this case the filter wy is tuned to a fre- 
quency wz, = w; + we, and Egs. (20-23) and (20-24) become 


Pepe -(44% + 2) Pio (20-25) 
7 

jae (= a. 22) Po. (20-26) 
We 


Observe that these equations imply that P;; <0 whenever 
P19 >0 and Po1 > 0. This means that while the energy-storage 
element is accepting power from the two sources at frequencies w 4 
and we, it is delivering power simultaneously at frequency (@; + w2) 
to the load resistor. In practice, the energy-storage element is 
usually a varactor diode, and the excitation at frequency w, is 
usually a very weak signal, whereas the excitation at frequency we 
is usually chosen so that we > wy. In this case, Eq. (20-25) can be 
written into the more convenient form 


Pas 


fs ata sr a We 
Pi 0 


4+ 4 (20-27) 


Wy 1 


G=| 


where G is called the power gain of the circuit. Observe that since 
we > 1, G > 1, and hence the output load power at frequency 
wy, = (1 + we) is much higher than the excitation power at fre- 
quency ,. We have shown, therefore, that it is possible to design 
a power amplifier using a nonlinear energy-storage element such as 
a varactor diode. These networks are usually called parametric 
amplifiers.” 

The above observation seems to suggest that we have violated 
the principle of conservation of energy, for how could we amplify 
power? The answer is that the source of the power comes from the 
second excitation source at frequency w2. Hence, the effect of the 
nonlinear energy-storage element is to convert the energy at fre- 
quency w: into energy at frequency (w; + we). Because of this 
interpretation, the excitation at frequency we is usually called the 
pump, whereas the excitation at frequency w, is called the signal. 
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Case2 M=1, N = —1. In this case, the filter w, is tuned to a 
frequency wy, = ©, — w2, and Eqs. (20-23) and (20-24) become 


Qi — @2 
oy 


Rb = oh 
( ) Po. 
We 


If we assume that w; > w2, then Eq. (20-28) predicts that since 
Pio >0 implies that P;_1 <0, power at the load frequency 
®p = W1 — W2 Is being supplied by the energy-storage element. 
However, since (@; — w2)/w; < 1, the frequency w is being con- 
verted at a Joss, and no power amplification is possible. 

There are many other interesting observations that can be 
drawn from the Manley-Rowe equations. Observe that the main 
value of these equations lies in their complete independence of the 
network topology as well as of the shape of the nonlinear charac- 
teristic curve of the energy-storage element. In short, this qualita- 
tive result is truly remarkable for it tells so much for so little. 


Pyav= (20-28) 


it 


(20-29) 


20-6 THE APPROXIMATE ANALYTICAL APPROACH 


Beyond the methods and techniques described in the preceding 
sections, there exist a number of more mathematical and esoteric 
methods which we shall refer to as the approximate analytical 
approach. Here it is imperative that the equations be obtained first 
in analytic form. Once this preliminary procedure is undertaken, 
a formidable task in itself, we may apply a number of nonlinear 
mathematical techniques which are beyond the scope of this book. 
The advanced readers who desire more information can find a list 
of references in Appendix E. 


20-7 SUMMARY 


There are generally five distinct approaches for analyzing higher- 
order nonlinear networks, which are the following: 


1. Numerical-integration approach. Most amenable to the develop- 
ment of completely automatic user-oriented computer pro- 
grams. The most serious problems at present are the numerical 
inaccuracies that tend to build up and the excessive amount of 
computer time needed to analyze relatively simple networks. 
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1Although these methods 
are analytical in nature, 
the solutions are invari- 
ably in the form of a series 
containing an _ infinite 
number of terms. In prac- 
tice, only a few terms are 
kept, and even these re- 
quire considerable effort; 
hence, the methods are 
really approximate rather 
than exact. 
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These difficulties are not fundamental, however, and hence this 
approach is certain to gain wide usage as more accurate and 
efficient computer programs become available. 


2. Piecewise-linear approach. This method is based on the concept 
of the switching space and has certain advantages over the 
numerical-integration approach with respect to numerical 
accuracy and efficiency. 


3. Heuristic approach. This approach is usually tailored for specific 
networks. It is based on intuition, experience, and a number of 
simplifying assumptions. Whenever applicable, the heuristic 
approach is generally superior to the other approaches. 


4. Qualitative approach. Instead of seeking specific solutions 
corresponding to each initial state, this approach is concerned 
only with finding the general properties of the network. Some 
common properties of interest are the location and stability of 
equilibrium states in the case of autonomous networks. For 
nonautonomous networks the frequency-conversion properties 
of nonlinear elements are of much practical significance. The 
Manley-Rowe equations are invaluable for obtaining these 
properties. 


5. Approximate analytical approach. This approach requires the 
normal-form equations to be derived in analytic form. Advanced 
mathematical backgrounds are generally required. 


PROBLEMS 


20-1 Describe a computer numerical-analysis algorithm for obtaining 
the solution of the network shown in Fig. 20-la in terms of the 
following choice of state variables: 

(a) Capacitor charges and inductor flux linkages 
(b) Capacitor charges and inductor currents 
(c) Capacitor voltages and inductor flux linkages 


20-2 Describe a computer piecewise-linear algorithm for obtaining the 
solution of the iterative piecewise-linear network shown in Fig. 
20-2a for the following cases: 

(a) All energy-storage elements are linear. 

(b) All energy-storage elements are nonlinear but monotonic. 

(c) All capacitors are voltage-controlled, and all inductors are 
current-controlled. 


20-3 Assuming that the parasitic capacitor in the tunnel-diode multivi- 
brator circuit shown in Fig. 20-3b has a capacitance of C = 10 pF, 


20-4 


20-5 


20-6 


Analysis of nth-order nonlinear networks 


find the exact waveforms of v,(f) and i,(?) during the transition 
time interval and calculate the transition time 7,. 


Specialize the Manley-Rowe equations to the case where only the 
following frequency components are allowed: 

(a) 4, 2, @1 + @2, W1 — we 

(b) 1, w2, Mw, + Nwe, Ma, — Nwe 

(C) 4, We, Wy + We, 201 + We, W1 + 2we, 201 + 2we 


From the simplified Manley-Rowe equations obtained in Prob. 20-4, 
derive as many properties about the network as possible. Can you 
offer some practical applications using some of these properties? 


Epic (equilibrium point identification and classification) is a recently 
developed computer program for finding the location and stability 
of the equilibrium states of an autonomous nth-order network. The 
algorithm is based on a theorem which states that a singular point 
P(X1.X2,....Xn) of the nth-order system 

dx; n 

SS EA RRO OS Be 8 ee eee 7 

dt Sik 1,+2 mn) J 
is asymptotically stable if the real parts of all eigenvalues of the 
Jacobian matrix 


ofi/Ox1 ofi/0X2 Ofi/0Xn 

Of2/ 0X4 Of2/0Xe2 Of2/0Xn 
J(X1,X2, .. 4 .Xn) = 

CE Ae oe) 


evaluated at x1 = Xi, *2 = X2,--.,%n = Xm are negative and is 

unstable if the real part of at least one eigenvalue is positive. 

(a) Show that each element of the Jacobian matrix corresponding 
to the network shown in Fig. 20-la can be found by analyz- 
ing the resistive n-port subnetwork N under appropriate 
terminations. 

(b) Using Meca as a subprogram, construct a detailed flow chart 
for implementing Epic. 
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A-1 RELATIONS AND THEIR INVERSES 


We shall be mainly concerned with definitions in this section. Just 

as in any dictionary, where a certain number of undefined words 

must be used in order to define other words, in mathematics we 

also have to use a number of undefined terms to define other 

terms. We shall only need one undefined term for our purpose here; 

namely, the word sef. Intuitively, any collection of objects is called 

a set. Hence, we may talk about a set of letters (a, b, c, d, e), a set 

of animals (dogs, cats, goats), a set of v-i curves (Ty, T2, 3, 14), a 

set of voltage waveforms [v;(), v2(Z), v3(O], a set consisting of all 

integers (1) 2)... ,n,.5.), ete. Let us’next introduce the notion/of 

a set-processing machine having an inlet and an outlet as shown in 

Fig. A-la. This machine has the property that whenever we dump 

an object x into its inlet, out comes one or more objects y, z,..., 

w through its outlet. For example, a slot machine might deliver one 

or more coins at its outlet corresponding to each coin (of a certain 

Fig. Al. Symbolic representa denomination) that enters its inlet. Depending on its internal 
tion of a set-processing ma- 


chine and a typical table de. Structure, a set-processing machine can be identified by listing in a 
scribing it. 


1 


Input Output | 


Set- processing 
machine 


(a) 
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Domain Range ta 
x y 3} 
9°! 

—3.0 —0,3 i | | 

2.0 0.75 age 
=tO 1.6 ae 
ye Paw 2.0 ei ee 
—1.6 0 25 aes | vie 
a7s 0.4 25 ie = ont ie ie 
—1.05 0.8 2.75 ei Pigs 
-0.8 15 | . 29 ae 
—0.5 ao 


(a) (b) 


Fig. A-2. A relation between 


P pi ; two sets of real numbers can 
table the outputs corresponding to each input as shown in Fig. be represented by a graph. 


A-1b. It is important to observe that the machine may produce 
more than one output object for each input object that enters it. 
If we denote the set of all inputs by D = {x,x2, .. .} and the set 
of all outputs by R= {y1,yo, . .. ,21,Z2,..- ,W1,We, ...}, then the 
machine is said to operate on a member of set D to produce one 
or more members of set R. In mathematics a set-processing machine 
is called a relation, and the sets D and R are called the domain and 
the range of the relation, respectively. A relation is, therefore, no 
more than a table that lists, corresponding to each member of its 
domain D, one or more members of its range R. 

The simplest type of relation of interest to us corresponds to 
the case where both the domain and the range consist of real 
numbers. For example, the numbers listed in the table shown in 
Fig. A-2a are a relation. Observe that for certain values of x, the 
relation may have one, two, or three possible values for y. In the 
case of real numbers, it is more convenient to represent a relation 
in the form of a graph as shown in Fig. A-2b. Observe that 
the points in the graph represent exactly the same information as 
the numbers in the table. Aside from providing a simple geomet- 
rical representation, this graph has the advantage that it can list 
infinitely many points in the form of a curve, such as the relation 
shown in Fig. A-2c. Although equivalent conceptually, a table 
representing this relation is clearly impractical because it would 
require an infinite number of entries. In view of this graphical rep- 
resentation, any curve, or combination of curves or points, in the 
x-y plane is a relation. In fact, we may consider the terms “curve” 
and “relation” as being synonymous. 

Let us return to our set-processing machine M once again 
and define an associated machine M~! called the inverse machine. 
The purpose of this machine is to take each output member y of 
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Set- processing 
machine 
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we 
Ly Va 
=3 // 
oie, a ae 
14 
/ 


(a) 


Fig. A-3. A symbolic represen- 
tation of the relationship be- 
tween a relation and its inverse. 


1 
M 
Inverse curve 


M as its input, and to produce one or more outputs representing 
the set of inputs x1, x2, ... of M which produced the original out- 
put y. The relationship between these two machines is best illus- 
trated symbolically as shown in Fig. A-3a. Here the machine M 
takes an input object x from the domain of M and produces an 
output object y belonging to the range of M. We have assumed for 
simplicity that y is the only output in this case. If we dump y into 
the inverse machine M~!, we shall get back the output x. In gen- 
eral, there may be other outputs in addition to x. However, for 
illustrative purposes, only the output x is shown. For obvious 
reasons, the relationship defining an inverse machine is called an 
inverse relation. Observe that an inverse relation M~! is always de- 
fined with respect to an original relation M. The domain of M~} 
is identical with the range of M. Conversely, the range of M7! is 
the domain of M. 

In the special case where both the domain and the range of 
M consist of the set of real numbers, the domain and range 
of M~! will also be real numbers. Since the domain and range of 
M' correspond, respectively, to the range and domain of M, the 
graph representing M~! can be simply obtained by interchanging 
the coordinates of each point on the original graph representing 
M. This is accomplished by reflecting the original graph with re- 
spect to the line y = x. For example, corresponding to the relation 
shown in Fig. A-2c, we obtain the inverse relation M~! by reflect- 
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ing the graph above the dotted line shown in Fig. A-3b. Observe 
that as mentioned previously, certain values of the input variable 
y may correspond to more than one value of the output variable 
x. A moment’s inspection of Fig. A-3d reveals that if we make two 
reflections with respect to the same line, we shall obtain the orig- 
inal unreflected graph. This shows that the inverse of an inverse 
relation is the original relation. 


A-2. FUNCTIONS AND THEIR INVERSES 


In the definition of a set-processing machine and its inverse 
machine, we have seen that, corresponding to each input, one 
may get more than one output. This accounts for the fact that 
there is generally more than one column under the heading “out- 
put” (Figs. A-1b and A-2a). There is a special but extremely im- 
portant class of relations wherein there is only one output corre- 
sponding to each input. In terms of the table defining the relation, 
this means that only one column appears under the output head- 
ing. A relation which satisfies this property is called a function. We 
shall denote a function by the letter f Since for each member x 
belonging to the domain D of f there corresponds only one mem- 
ber y belonging to the range R of f, it is standard practice to rep- 
resent this correspondence by the notation 


y=f) (A-1) 


A simple example of a function might be that of a cigarette vend- 
ing machine. In this case, the domain of the function fcorresponds 
to the set of buttons for selecting the desired cigarettes, and the 
range of the function f corresponds to the set of different brands 
of cigarettes inside the machine. For each button x that we press, 
the function releases a particular brand of cigarettes y = f(x). It 
is important to distinguish the difference between a function f and 
the output of the function f(x) corresponding to an input x. The 
symbol f denotes the machine as a whole, but the symbol f(x) de- 
notes only one particular output of the machine. 

If a relation M qualifies as a function, its inverse relation M~ 
need not be a function because it is possible to have more than 
one input giving the same output. However, if the inverse relation 
M-~+ is also a function, then M~! is called an inverse function. If f 
is a function, we shall denote its inverse function, if it exists, by 


=f) (A2) 
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Fig. A-4. Examples illustrating 
the concept of a function and 
its inverse function. 
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A function f which has an inverse function f"! is said to be a one- 
to-one function. 

Specializing now to the x-y plane, it is clear that a graph rep- 
resenting a relation is a function if, and only if, every vertical line 
(representing a value of the domain) intersects the graph at one, 
and only one, point. The graph shown in Fig. A-2c does not satisfy 
this property and is, therefore, not a function. Instead of calling 
this a relation, we sometimes prefer to call it a multivalued function. 

As an illustration of graphs which are functions, consider the 
curves shown in Fig. A-4, where the solid curves correspond to the 
given relations and the dotted curves correspond to the inverse 
relations. Observe that all solid curves except those shown in Fig. 
A-4b and d are functions. The v-i curve of Fig. A-46 is not a func- 
tion because there are vertical lines which intersect this curve at 
more than one point. The i-p curve of Fig. A-4d is also not a 
function because there are infinitely many values of p correspond- 
ing toi = 0. However, the inverse relations of these two graphs are 
functions. On the other hand, the inverse relations of the two 
functions of Fig. A-4a and c are not functions. Finally, observe that 
only the last two graphs can be considered as one-to-one functions. 
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A common property is shared by both of these graphs; namely, 
J (6) > f(a) whenever b > a. Such a curve is said to be strictly 
monotonically increasing. The solid curve shown in Fig. A-4c is 
monotonically increasing but nor strictly because f(b) = f(a) for 
some b > a. It is easy to see that a function is one-to-one if, and 
only if, it is characterized either by a strictly monotonically in- 
creasing curve, or a strictly monotonically decreasing curve. One- 
to-one functions are significant because they allow one to represent 
a curve mathematically as a function of either variable. This 
property is crucial in solving many nonlinear equations. 

A function need not be restricted to the one-dimensional 
case. For example, we can consider the set of all m-tuples 
(X1,X2, .. . Xm) as the domain of the function and the set of all 
n-tuples (1,2, - . - Vn) as the range of the function. In this case, 
it is not possible to represent the function geometrically. However, 
it will still be convenient to represent this function symbolically as 
shown in Fig. A-5. Each point p in the domain D is assumed to 
have m coordinates (X1,X2, . . . .Xm) and each point g in the range 
R is assumed to have n coordinates (1,2, . . . Yn). It is sometimes 
convenient to denote a function f having a domain D and a range 
R by the symbol 


fi DoR (A-3) 
Usually, the domain consists of the entire m-dimensional space of 
real numbers R,,, and the range consists of the entire n-dimensional 


space of real numbers R,. In this case, it is customary to write Eq. 
(A-3) in the form 


fi Rn Rn (A-4) 
Observe that the function f maps each point p in D into one, and 


only one, point g in R. Hence, q is usually referred to as the image 
of p. It is customary to denote this symbolically by 


q=f(P) (A-5) 


Domain of Range of 
function function 
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Fig. A-5. Symbolic representa- 
tion of functions not describ- 
able by a plane curve. 
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If the function f satisfies the additional property that no two 
points in D map onto the same point in R, then a one-to-one cor- 
respondence exists between each point in D and each point in R. 
Such a function is, therefore, a one-to-one function and has an in- 
verse. If we denote the inverse function by f-1 as shown in 
Fig. A-5, then each point q in R maps into one point p in 
D; namely, 


p=f"@ (A-6) 


The most common example of functions in higher-dimensional 
spaces is of the form 


JA Vales ey Batra 


YP = [2(X1,%2, a8 Xa 


(A-7) 
Dn =f ( 01502, Ge Out Xn) 
If this function is also one-to-one, then each point p(x1,X2, . . . Xn) 
must correspond to only one point g(1,V2, . . - vn), and vice versa. 
Hence, Eq. (A-7) can also be written in its inverse form. 
ie) eG) 1 oe ah 
Xe == fo (Vi,V9, bos Va) (A-8) 
ey OR ae ay) 
If the variables x1, x2, ..., Xn in Eq. (A-7) are unknowns, then 
the one-to-one property implies that Eq. (A-6) will have a unique 


solution regardless of the value of 1, yo, ... , Yn. 


A-3 MATHEMATICAL REPRESENTATION OF FUNCTIONS 


There are many nonlinear network problems that cannot be solved 
by a purely graphical approach. In such cases it is sometimes desir- 
able to obtain a mathematical representation of all characteristic 
curves which are given in graphical form. We shall consider in this 
section only the simpler case where the curves are functions and 
leave the multivalued case for the next section. 

Although the theory of representation of functions is too ad- 
vanced for our purpose here, there are a number of fundamental 


Appendix A 


ideas and results that are simple enough to be presented. Two 
basic concepts are of particular interest to us, namely, those 
of interpolation and approximation. The problem of interpolation 
is concerned with finding a function 


v=) (A-9) 


which passes through a set of n prescribedtpointssr i) Pou 4 Pp, 
in the x-y plane. Where the function goes in between these points 
is immaterial. Clearly, if n = 2, the function need only be a 
straight line. If n = 3, a parabola can always be found; if n = 4, 
a third-degree polynomial can always be found, etc. In fact, using 
the theory of determinants, it is easy to prove the following result. 


FUNDAMENTAL INTERPOLATION THEOREM 


Given a set of n points having distinct abscissas in the x-y plane, 
it is always possible to find one, and only one, (n — 1)-degree 
polynomial passing through these points. 


The polynomial with the above property is an example of an 
interpolation function. A function made up of a sequence of linear 
interpolation functions is called a piecewise-linear function. Such a 
function can be represented mathematically by 


y=mx +k; whenever aj < x < b; (A-10) 
a= DAZ ES 


For convenience the linear function defined in each interval of Eq. 
(A-10) will be called a segment, and the end points of each segment 
will be called breakpoints. Clearly, a piecewise-linear function is 
the simplest representation of a function. It is easy to see that by 
increasing the number of segments, a piecewise-linear function can 
be used to represent a given function to within any degree of 
accuracy. A serious drawback of this representation is the fact 
that each breakpoint has two distinct slopes. Hence, a piecewise- 
linear function is not differentiable at a breakpoint. Moreover, 
since four numbers (mj, k;, a;, and b;) are required to describe each 
segment, it is clear that if the given function is highly nonlinear, 
other forms of representation may be simpler. The above con- 
siderations lead to the problem of approximation by differentiable 
functions. 
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Depending on the shape of the curve to be represented, a 
number of elementary functions may be chosen. For example, the 
v-i curve of a junction diode can be approximated fairly well by 
the following exponential function: 


i= [fever — 1] (A-11) 


where the parameters J;, g, K, and T are constants associated with 
a specific diode. Unfortunately, mother nature does not often give 
us devices characterized by curves that can be represented by ele- 
mentary functions. To be sure, it is indeed rare to find that 
Eq. (A-11) does represent a junction-diode curve. Knowing now 
where we stand, it is natural to ask whether it is possible to find 
a set of “basic” functions and use them as building blocks to rep- 
resent a given function. It would be too ambitious in any case to 
find a function that would pass through all points of a given curve. 
However, it is reasonable to hope that a function g(x) might be 
found that will approximately represent a given curve g(x) such 
that the error can be kept small. A classic theorem is available 
which says that this is indeed possible. Since the proof requires 
some background in mathematical analysis, we shall state only the 
result here. 


WEIERSTRASS APPROXIMATION THEOREM 


Let g(x) be a continuous curve representing a function over some 
interval a < x <b. It is always possible to find a polynomial 
Pr(x) of sufficiently high degree that the magnitude of the dis- 
crepancy between p,(x) and g(x) is less than any prescribed posi- 
tive number for all values of x within the interval (a,b). 

Stated mathematically, this theorem guarantees that, provided 
we are willing to choose a polynomial of high enough degree, we 
can always find one such that 


|Pu(x) — g~)| <e (A-12) 


where ¢ is any arbitrarily small positive number. Observe that this 
theorem does not require the given curve g(x) to be differentiable. 
The finite domain of g(x) (namely, a < x < b) does not con- 
stitute a restriction in practice because the numbers a and b can 
be arbitrarily large, provided they are not infinite. 

The Weierstrass approximation theorem guarantees only that 
the error « can be made as small as we please (except zero). 
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It does not say whether the polynomial p,(x) will pass through a 
set of prescribed points as well. That this is also possible is given 
by the following theorem. 


COMBINED INTERPOLATION AND APPROXIMATION THEOREM 


A polynomial P,(x) of sufficiently high degree can always be 
found that satisfies not only the Weierstrass approximation theorem 
but also the additional requirement that it pass through an 
arbitrarily prescribed finite set of points having distinct abscissas. 


To illustrate the above concepts, let us consider the v-i curve 
of a typical tunnel diode as shown in Fig. A-6a. First, let us find 
a polynomial interpolation function that will pass through the fol- 
lowing four points on the curve: P; (0 volt, 0 ma), Pz (0.15 volt, 
1.0 ma), P3 (0.7 volt, 0.06 ma), and P, (1.0 volt, 1.0 ma). Applying fig. a-6. atypical tunnel-diode 


the fundamental interpolation theorem, we know there is a unique curve can be represented either 
by a polynomial or by a piece- 
wise-linear function. 


Ai, ma 


v, volts 


; +————> py, volts 
0 0.2 0.4 06 08 1.0 


> v, volts 
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third-degree polynomial that will pass through these four points; 
namely, 


P3(X) = ao + a1X + a2x? + 3X3 (A-13) 


To solve for the coefficients do, a1, dz, and a3, we substitute the co- 
ordinates (v,i) of each point P; into Eq. (A-13), thus obtaining 


0 = ao + ar(0) + a9(0)? + a3(0)? 
1.0 = ap + a1(0.15) + a(0.15)? + a3(0.15)3 
0.06 = do + a3(0.7) + ae(0.7)? + a3(0.7)3 
1.0 = ap + ay(1) + ao(1)? + as(1)3 


(A-14) 


Equation (A-14) constitutes four linear equations in four un- 
knowns. We can solve for these unknowns and obtain dp = 0, 
a, = 10.10, ag = —26.50, and a3 = 17.40. The desired interpo- 
lation function is, therefore, given by 


i= 10.10 v — 26.50 v? + 17.40 v3 (A-15) 


If we plot this function in the v-i plane as shown by the solid 
curve in Fig. A-64, we find that it passes through the four prescribed 
points, as it should. Observe, however, that this function is a very 
poor representation of the given curve (shown dotted). We could 
have obtained a much better approximation by choosing five 
piecewise-linear segments as shown in Fig. A-6c. The resulting 
piecewise-linear function is easily seen to be represented by 


6.67 v —o <v<0.15 
—2.682 v + 1.4073 OS o< 04S 
i = | —0.2 v + 0.21594 0.48 < v < 0.75 (A-16) 
1.35 v — 0.94656 OFS avr 0:97 
10 v — 8.90456 0.92 =o =< 'co 


Observe that Eq. (A-16) requires a total of 19 numbers to com- 
pletely specify the function. Since the curve given in Fig. A-6a is 
not overly complicated, a higher-degree polynomial might fit this 
curve just as well, if not better. If we do not insist on the 
curve passing through a certain number of points, but only require 
that the error defined by Eq. (A-12) be small, we can find many 
polynomials that will have this property. 
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One such polynomial is given by 
i= 17.76v — 103.79 v? + 229.62 v3 — 226.31 v4 + 83.72v® (A-17) 


The curve represented by Eq. (A-17) is shown in Fig. A-6d. A 
comparison of this with the original curve (shown dotted) shows 
the approximation to be just as good as that shown in Fig. A-6c. 
However, this time only five parameters are needed. If a computer 
were being used, this function would take up a lot less memory. 
Another advantage of Eq. (A-17) is, of course, that it is differen- 
tiable everywhere. On the other hand, if the given curve is highly 
nonlinear, as in the case where there are many local maxima and 
minima, then a piecewise-linear representation may be simpler to 
specify. However, the real motivation for using piecewise-linear 
representations lies in the fact that it permits a highly nonlinear 
problem to be solved as several related linear problems. 

The preceding discussions are concerned only with the func- 
tion of one variable. There are many occasions where we have to 
represent a function of two or more variables, such as z = f(x,y). 
Unfortunately, the interpolation theorem cannot be generalized to 
this case. It is possible, however, to extend the Weierstrass ap- 
proximation theorem to functions of two or more variables. 


A-4 MATHEMATICAL REPRESENTATION OF MULTIVALUED FUNCTIONS 


The DP plot of a resistive black box containing two or more non- 
monotonic resistors is usually a multivalued function. In order to 
study networks containing such multivalued elements analytically, 
it is necessary to obtain a mathematical representation of a multi- 
valued curve. Clearly, it is not possible to represent such a curve 
by Eq. (A-9) since, by the very definition of a function, only one 
value of y is allowed for each value of x. We shall now introduce 
a new approach, the parametric approach, for representing any 
multivalued curve which satisfies the property of unicursality as 
defined below. 

Any curve [ in the x-y plane is said to be unicursal if, start- 
ing with one end of I (possibly at — oo), it is possible to trace the 
entire curve in one continuous stroke without lifting the tip of the 
pencil from the paper and without retracing any portion of 
the curve. 

Three examples of unicursal curves are shown in Fig. A-7a 
to c. The curves shown in Fig. A-7d to fare not unicursal because 
it is not possible to trace any one of these curves in a single con- 
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(a) 


(d) 


Fig. A-7. A unicursal curve 
may be (a) simple or (d) self- 
intersecting, or it may (c) form 
a closed loop. Not unicursal 
are curves (d) forming a self- 
loop, (e) having separate parts, 
or having more than two 
branches at infinity. 
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(b) (c) 


(e) (f) 


tinuous stroke. From these examples it should be clear that if one 
has an infinitely long piece of string, then a curve I is unicursal if, 
and only if, it is possible to lay down the string on a plane 
and form an exact facsimile of [. One property of an unstretch- 
able string is that we can mark off any convenient unit of length 
from an arbitrary point on the string in the same way a tape 
measure for tailoring clothes is marked. If we do this and trace the 
curve I’ with the marked string once again, then this time each point 
on the curve is associated with a unique number, namely, its 
length from the origin. 

In the case of the unicursal curve, we can arbitrarily choose 
an origin on the curve and mark off the arc /ength from this origin 
in both directions of the curve. To distinguish these two directions, 
we may arbitrarily mark the length along one of the two directions 
with a negative sign. If we denote the arc length measured from 
the origin along the curve by the parameter x, then it is clear that 
for each value of x there corresponds one, and only one, point 
P(y,z) on the curve. Going back to our set-processing machine 
once again, we find that if we “dump” a value of x into the 
machine’s inlet, we shall get one, and only one, point from the 
machine’s outlet. In other words, the correspondence between the 
arc length and the points along a unicursal curve can be interpreted 
as a function. Since each point has two coordinates y and z, each 
coordinate may be represented as a function of the parameter x; 
namely 


y = f(x) (A-18) 
and 
Z = g(x) (A-19) 
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Equations (A-18) and (A-19) completely characterize the curve be- 
cause upon performing a graphical elimination procedure, we can 
recover the original curve I’. Let us demonstrate this with a few 
examples. 


EXAMPLES 


1. Consider the simple unicursal curve shown in Fig. A-8a. 
Choosing arbitrarily the point 0 as the origin and a positive 
direction as indicated by the arrow sign, we mark off the 
arc lengths in both directions, as shown in Fig. A-8a. (This can 
be done by straightening the curve and measuring its length.) 
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Fig. A-8. Parametric represen- 
tation of a simple unicursal 
curve. 
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From the calibrated curve we obtain the two functions y = f(x) 
and z = g(x) as shown in Fig. A-85 and c, respectively. As 
expected, both curves come out to be functions. If necessary, 
we can now use the techniques of the preceding section to 
represent these curves by polynomials. 


2. Consider next a more complicated unicursal v-i curve as shown 
in Fig. A-9a. For convenience we have represented this curve 
by piecewise-linear segments. With the origin 0 and the positive 
direction as indicated, the arc length for this case can be com- 
puted directly. The resulting parametric representations v = v(x) 
and i = i(x) are readily obtained as shown in Fig. A-9b and c. 


VW 


(a) 


Fig. A-9. Parametric repre- 
sentation of a self-intersect- 
ing piecewise-linear unicursal 
curve. 
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A moment’s inspection of Fig. A-9 shows that whenever 
the unicursal curve is piecewise-linear, the parametric curves 
will also be piecewise-linear. However, in any case observe that 
the choice of the origin is completely arbitrary. In fact, a simple 
exercise will show that the effect of changing the origin is 
merely to translate the parametric curves along the x axis. 


A-5 PARAMETRIC REPRESENTATION 
OF NONLINEAR NETWORK ELEMENTS 


We shall now apply the approach presented in the preceding sec- 
tion to represent nonlinear network elements characterized by 
unicursal curves. Such elements will henceforth be called unicursal 
elements. 

A unicursal resistor is represented by two parametric functions, 


= WAX) (A-20) 
and 
i= (x) (A-21) 


A unicursal inductor is represented by two parametric func- 
tions, 


i = i(x) (A-22) 
and 
Pp = P(x) (A-23) 


Since v = dp/dt, we can apply the chain rule to obtain the para- 
metric expression for the inductor voltage 


» — Gee) dx 
Wy eich Pdi 


(A-24) 


A unicursal capacitor is represented by two parametric func- 
tions 


v = v(x) (A-25) 
and 
Ges) (A-26) 
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Since i = dq/dt, we can apply the chain rule to obtain the para- 
metric expression for the capacitor current 


pe, CCE (A-27) 
Ge ma 


For convenience we have so far been referring to the parame- 
ter x as the arc length of the unicursal curves. However, this just 
happens to be a simple parameter to choose. There is no reason 
why other parameters cannot be chosen so long as the functions 
completed specify the unicursal curve. For example, suppose a 
unicursal resistor happens to be voltage-controlled. Then clearly it 
is simpler in this case to choose the voltage itself as a parameter, 
and Eqs. (A-20) and (A-21) reduce trivially to 


v=x (A-28) 
i = i(x) = i(v) (A-29) 


Equation (A-28) is, of course, superfluous in this case. By similar 
reasoning, it is clear that with an appropriate choice of parameters, 
the parametric representation reduces to the conventional repre- 
sentation whenever the elements can be represented by functions. 
Therefore, the conventional approach is a special case of the 
parametric approach. This means that any theorem or procedure 
formulated in terms of the parametric approach is always applica- 
ble to conventional networks. 

Consider next a network containing n unicursal elements. In 
this case, each element / is associated with a parameter x,;. Accord- 
ingly, the equations of motion obtained by applying KCL and KVL 
will all be expressed in terms of the parameters x1, X2,..., Xn. We 
have, therefore, seen that using the parametric approach, a much 
larger class of nonlinear networks can be represented. Let us con- 
sider a specific example. 


EXAMPLE 


Consider the single-loop RLC network shown in Fig. A-10a. Let 
the nonlinear resistor R be characterized by the four-cusped 


hypocycloid shown in Fig. A-10b. This unicursal curve can be 
represented by 


V1 = cos? x1 (A-30) 
and 


ly = sin X41 (A-31) 
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Let the nonlinear inductor L be characterized by the ellipse shown 
in Fig. A-10c. This unicursal curve can be represented by 


Io = 2 SIN Xo (A-32) 
P2 = COS X2 (A-33) 
and 

ae dpe2 dxo J 2 dxe 
V2 ae sin X2 i (A-34) 


Let the nonlinear capacitor C be characterized by the cycloid 
shown in Fig. A-10d. This unicursal curve can be represented by 


Ga — se COSEG (A-35) 
Ga— Xs — SDKs (A-36) 
and 
dq3 dx3 dx3 
= See Sl —_— A-37 
eRe we) OI) Fg, ed 


To write the equations of motion, we obtain from KCL and 
KVL the following equations: 


11 = le (A-38) 
wee (A-39) 
Uy + Ve + v3 = 0 (A-40) 


Substituting into these equations the respective currents and volt- 
ages given by Eqs. (A-30) to (A-37), we obtain 


sin? x1 = 2 sin Xe (A-41) 

(1 — cos xq) 2 = 2 sin x2 (A-42) 
: dx2 _ 4 

Gos? se, = Sin x2 + (1 — cos x3) = 0 (A-43) 


Equations (A-41) to (A-43) constitute three nonlinear functional- 
differential equations in the three unknowns 1, x2, and x3. The 
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(d) 


Fig. A-10. An illustrative uni- 
cursal nonlinear network. 
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next step is obviously to solve these equations. Since our purpose 
here is merely to demonstrate how the equations of motion can be 
written in parametric form, we shall not proceed to find the solu- 
tions. It suffices, however, to say that once the solutions x,(¢), 
x2(f), and x3(f) are found, the voltages and currents of each ele- 
ment can be easily determined from Eqs. (A-30) to (A-37). 

In Chap. | we restricted our discussion of the energy flow into 
an energy-storage element to that of a flux-controlled inductor 
and charge-controlled capacitor. We shall now apply the parametric 
approach to derive similar expressions for the more general case of 
unicursal inductors and capacitors. Let us start with the unicursal 
relation for energy flow into a one-port black box; thus, 


(lotr) = fe) at (A-44) 


For a unicursal inductor we can substitute Eq. (A-22) and (A-23) 
in place of i and v in Eq. (A-44) and obtain 


d(x) dx 
pate A-45 
dx dt” Cae) 


By a standard change of variable, Eq. (A-45) reduces to 


Wr(tost1) = it : i(x(2)) 


BAAD) d c 
walters) = [ie LO ax (A-46) 


In the special case where the inductor is flux-controlled, we can 
simply choose the parameter x = q, in which case Eq. (A-46) re- 
duces Eq. (1-61) in Chap. 1. 

By a dual procedure the energy flow entering a unicursal 
capacitor is given by 


weltosts) = [ox AOD. (A-47) 


Again, observe that upon choosing x = g for a charge-controlled 
capacitor, Eq. (A-47) reduces to Eq. (1-54) in Chap. 1. 

An examination of Eqs. (A-46) and (A-47) shows that both 
W1(to,t1) and w¢(7o,f1) depend only on the value of the parameter x 
corresponding to the initial point at ¢ = ¢ and the value of the 
parameter x corresponding to the terminal point at ¢ = t,. The 
exact nature of the waveforms of v(¢) and i(f) is immaterial. From 
this observation, we can conclude by the same reasoning as that 
used in Chap. | that, provided the unicursal curve does not inter- 
sect itself, the average power will be zero. Such inductors and 
capacitors can only store energy and are, therefore, lossless. This 
conclusion is nor true if the unicursal curve intersects itself, thus 
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forming a closed loop. This is because each time one goes around 
a closed loop and returns to the original point, the value of x in- 
creases by an amount equal to the perimeter of the loop. Therefore, 
even though we may be back at the same point at which we 
started, 


x(t)  x(to) (A-48) 
and the energy entering the element from /p to ¢; is not returned 
to the external circuit. If we apply a periodic signal to such an ele- 
ment, a finite amount of energy is lost or dissipated per cycle, and 
the average energy cannot be zero. Such an inductor or capacitor 
is, therefore, not lossless. 

Let us verify the preceding result by considering a physical 
example. Suppose we apply a periodic voltage across a nonlinear 
inductor with hysteresis. Although no valid technique is presently 
available for describing the hysteresis phenomenon, our assump- 
tion of a periodic signal guarantees that the inductor will be 
operating around a closed i-¢y loop as shown in Fig. A-11la. Since 


Ay, webers 
3 a 
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Fig. A-11. A demonstration 
that the energy lost per cycle 
is equal to the area enclosed 
by the hysteresis curve. 
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a closed loop is unicursal, we can obtain its parametric represen- 
tations i = i(x) and g = ¢(x) as shown in Fig. A-11b and c, respec- 
tively. Observe that these parametric functions are periodic; hence, 
only one period is shown. To apply Eq. (A-46), we must obtain 
dq(x)/dx and multiply it by 7 = i(x). This can be done by the graph- 
ical differentiation and multiplication techniques presented in Ap- 
pendix B. The results are shown in Fig. A-Ild and e. If we 
graphically integrate Eq. (A-46) over one period, then since 
x(to) = 0 and x(t1) = 14.5, even though they seem to be the same 
point, we obtain 


wi(to,t1) = i, 65 ¢q) PY te — 5.8 watts (A-49) 


Equation (A-49) shows that 5.8 watts of energy is being dissipated 
per cycle in this case. From experience we know that this energy is 
lost in the form of heat generated in the iron core of the inductor. 
In fact, it has been verified experimentally that this energy loss per 
cycle is equal to the area enclosed by the hysteresis loop. If we can 
determine the area of the loop shown in Fig. A-1la by a planim- 
eter or by any other means, we would find the area to be approxi- 
mately 5.8 watts, as it should be. 


APPENDIX B 


Rok eo 


yu 
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In the absence of a complete theory in nonlinear mathematics, it 
is usually impractical, if not impossible, to solve a nonlinear prob- 
lem analytically. Because of this, two basic approaches are gener- 
ally used for solving such problems. They are numerical techniques 
and graphical techniques. The first approach is extremely powerful 
and general when used with a computer. Since many books have 
been written on numerical techniques, we shall not consider them 
here. The second approach is less general, but it has at least four 
significant advantages over the numerical approach. The most 
important advantage is that it gives the user considerable insight 
into the overall nature of the problem. In fact, on many occasions 
the solution of one problem by graphical techniques automatically 
leads to the solution of several related problems with very little 
additional effort. The second advantage is that graphical techniques 
are generally valid even in the case of multivalued problems.! The 
third advantage is that all curves involved in the problem are 
specified in graphical form. This feature is very desirable in prac- 
tice because the characteristics of most nonlinear systems are 
invariably obtained empirically and hence are not represented in 
analytic form. The fourth advantage of graphical techniques is 
that, whenever applicable, they are usually simple to understand 
because they seldom require any mathematical background beyond 
calculus. This feature is particularly ideal for our purpose, and we 
have taken full advantage of it in this book. 

Graphical techniques usually involve the successive applica- 
tion of a sequence of six basic mathematical operations. They are 
(1) addition and subtraction, (2) multiplication and division, 
(3) composition, (4) elimination, (5) differentiation, and (6) inte- 
gration. The first four involve operations between two or more 
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1 This is not true in numeri- 
cal techniques because the 
assumption of uniqueness 
is almost always required. 
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functions, whereas the last two involve operations on one function 
only. Our purpose in this section is to present a simple procedure 
for implementing these operations graphically. 


B-1 GRAPHICAL ADDITION AND SUBTRACTION 


Consider any two functions defined by 


JA = f1(X4) (B-1) 
and 
ye = fo(xe) (B-2) 


Let ys be the sum of y; and yo; that is, 


y¥3 = fa(X1.X2) = fa(x1) + fo(x2) (B-3) 


This sum can be obtained graphically by considering either x; or 
X2 as a parameter, thereby reducing Eq. (B-3) to the sum of 
a function and a constant. Therefore, for each value of the assumed 
parameter, Eq. (B-3) represents a vertical translation of either 
fi(x1) or fo(x2). For example, if fi(x1) and fo(x2) are given, re- 
spectively, as shown in Fig. B-1la and b, then their sum is given by 
the system of curves shown in Fig. B-lc with x2 chosen as the 
parameter. In the special case where the variables x; = x2 = x, the 
curves in Fig. B-lc can be reduced to one curve by obtaining the 
value of y3 at the intersection between the curve with parameter 
X2 = x and the vertical line x. = x, for each value of x. The result 
is shown in Fig. B-1d. Of course, in this case it is easier to obtain 
the sum directly by aligning the axis y; and y2 and then adding the 
ordinates corresponding to each value of x = x1 = Xo. 

Exactly the same procedure applies in the case of subtraction. 
In fact, the two curves need not even be functions, as in the case 
of multivalued curves. In this case the procedure must be applied 
to each branch of the curves separately, and all possible combina- 
tions must be included. 


B-2. GRAPHICAL MULTIPLICATION AND DIVISION 
Consider Eqs. (B-1) and (B-2) again, but this time let 
ys = f3(x1,%2) = firi)fo(2) (B-4) 


This product can be obtained graphically by considering either 
X1 OF X2 as a parameter, thereby reducing Eq. (B-4) into the product 
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(d) 


of a function and a constant. For example, if f4(x1) and /2(x2) are 
given, respectively, as shown in Fig. B-2a and 5, then the product 
is given by the system of curves shown in Fig. B-2c with x; chosen 
as the parameter. In the special case where x; = x2 = x, the 
curves in Fig. B-2c can be reduced to one curve by the same 
procedure as before. The result is shown in Fig. B-2d. Of course, 
in this case, it is easier to align the two vertical axes and multiply 
the ordinates corresponding to the same value of x directly. 


B-3. GRAPHICAL COMPOSITION 


Suppose we are given two functions 


B= f(y) (B-5) 
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Fig. B-1. Graphical procedure 
for adding two functions. 
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(a) 


X =X, =x 
t t 0 t t f > 
-6 -4 -2 lp 2 4 6 
-l+ 
Fig. B-2. Graphical procedure (d) all 
for multiplying two functions. 
and 
Y = g(x) (B-6) 


If we substitute Eq. (B-6) in place of y in Eq. (B-5), we obtain 
a new function 


z = h(x) = f(e(x)) (B-7) 


This process of taking the function of another function is called 
the composition operation. It is clear from Eq. (B-7) that the com- 
position operation always leads to a new function. 

A simple graphical procedure can be used to obtain the com- 
position between two functions. This consists of plotting on 
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quadrille paper the two functions z = f(y) and y = g(x) in the 
relative positions shown in Fig. B-3. The new function z = h(x) is 
located in the upper left-hand corner. Since the domain of the new 
function is x, the procedure consists of dropping vertical guidelines 
for each value of x until it intersects the curve y = g(x), at which 
point it is then projected horizontally to the right. Upon hitting the 
unity slope line, the guideline continues upward until it intersects 
the curve z = f()), at which point it is projected horizontally to 
the left. The intersection of the two guidelines in the z-x plane 
gives one point of the new function z = h(x). This procedure 
is then repeated for different values of x. Obviously, if drawn on 
quadrille paper, the guidelines need not be actually constructed. It 
is easy to see now that as long as f(y) and g(x) are functions, there 
will always be only one point in the x-z plane corresponding 
to each value of x. In other words, z = h(x) is always a function. 
If either f(y) or g(x) or both are multivalued, the composition 
procedure is still valid. However, the resulting curve in the x-z 
plane will no longer be a function, and Eq. (B-7) must be replaced 
by a relation 


h(x,z) = 0 (B-8) 


B-4 GRAPHICAL ELIMINATION 


Suppose we are given two functions with the same independent 
variable y, namely, 


z=) (B-9) 

and 

x = gy) (B-10) 
le i A=) 
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Fig. B-3. Graphical procedure 
for taking the composition of 
two functions. 
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Fig. B-4. Graphical procedure 
for eliminating the common 
variable between two func- 
tions. 
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Sintra x=g(y) 


= Af 


A common operation calls for eliminating the “common” variable 
y, thereby obtaining a new “relation” 


h(x,z) = 0 (B-11) 


in the x-z plane. Observe that we have used the term “relation” 
instead of “function” because the resulting curve need not be 
a function. In fact, it is easy to see that in order for the result to 
be a function, we must take the inverse of Eq. (B-10), y = g-1(x), 
and substitute this in place of y in Eq. (B-9) to obtain the composi- 
tion z = A(x). But we already know that the inverse y = g~1(x) will 
be a function if, and only if, x = g()y) is either a strictly monotoni- 
cally increasing function, or a strictly monotonically decreasing 
function. Hence, the same condition is required for Eq. (B-11) to 
be a function. Observe that the elimination operation is equivalent 
to taking the composition between a function and the inverse 
of another function. 

A simple graphical procedure can be used to eliminate the 
common variable between two functions. This is shown in Fig. B-4. 
Observe that the only difference between Figs. B-3 and B-4 is in 
the position of the unity slope line. Otherwise, the graphical con- 
structions are exactly identical. A moment’s inspection of Fig. B-4 
reveals that if the curve x = g(y) is not strictly monotonically in- 
creasing, or strictly monotonically decreasing, the lower horizontal 
projection line will intersect it at more than one point, thereby re- 
sulting in a multivalued function z = h(x). 


B-5 GRAPHICAL DIFFERENTIATION 


Consider an arbitrary point Q on a curve y = f(x) as shown in Fig, 
B-5a. Our purpose here is to find a simple graphical procedure for 
determining the slope at point Q. Suppose we draw a tangent line 
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through Q until it intersects the x axis at point A. The slope 
at point Q is, therefore, given by 


isl ta A (B-12) 


S| Ay 
Q 

Next, draw the x-z axes in alignment with the y axis as shown in 
Fig. B-5 and locate the point P, called the pivot, at a unit distance 
to the left of the origin. Through this point P draw a straight line 
parallel to the tangent line QA in Fig. B-Sa. Let Q’ be the inter- 
section of this line with the z axis. A moment’s inspection shows 
that the two triangles QAB and Q’PO’ are similar. Therefore, 


g°0'_90' _w 8 
O’P ] dx 

Equation (B-13) shows that the z coordinate of point Q’ in Fig. 
B-5b automatically gives the slope of point Q in Fig. B-5a. There- 
fore, the intersection between the horizontal line through Q’ and 
the vertical line through Q establishes the derivative of y = f(x) at 
Q. With a pair of triangles this procedure can be easily imple- 


AY AY 
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Fig. B-5. Graphical procedure 
for obtaining the derivative of 


a curve. 


y=f(x) 
/ 4) eit 6 1S ai 


A a A a 


(a) (c) 
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mented to obtain the derivative curve z = dy/dx. For example, 
applying this procedure to the curve shown in Fig. B-5c, we obtain 
the desired derivative curve shown in Fig. B-5d. Observe that the 
graphical construction could have been made directly on the x-y 
plane. 


B-6 GRAPHICAL INTEGRATION 


Consider first the simpler case of a staircase curve y = f(x) as 
shown in Fig. B-6a. We would like to derive a simple graphical 
procedure for obtaining the integral 


2(x) = i). f(x) dx (B-14) 


as a function of the upper limit of integration x. In view of 
the stepwise nature of f(x), the integral of f(x) will be piecewise- 
linear and will have a breakpoint Q; at each value x = x; where 
F(x) jumps abruptly. Hence, if the slope of each piecewise-linear 
segment can be determined graphically, then the integral of f(x) 
can be readily obtained. To find this slope, it suffices to consider a 
pair of adjacent breakpoints Q; and Q;,; and the segment con- 
necting them, as shown in Fig. B-6a. If we denote the value of the 
integral at Q; and Qj,1 by z(x;) and z(xj,1), respectively, then the 
increase in z(x) from x; to xj;,1 must be equal to the area under the 
rectangle with a height f(x;); that is, 


Az = 2(Xj41) — 2(%j) = (X41 — x9) fx) (B-15) 


From Eq. (B-15) we obtain the slope m, of segment /. 


Xj — Xj 


Hence the slope of segment j is equal numerically to the height 
J (xj) of the stepwise curve at x = x;. Now, suppose we locate 
a pivoting point P at a unit distance from the origin and draw 
a straight line connecting P and the point of intersection Q be- 
tween the y axis and the projection of the horizontal step y = f(xj). 
Observe that the slope of the line Q/P is equal to f(x;) and is, 
therefore, equal to the slope of segment j. This means that if we 
draw a line through Q; parallel to Q;P until it cuts the vertical line 
X = Xj41, the resulting segment is exactly the integral curve from 
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Fig. B-6. Graphical procedure 
, 3 7 f for integrating a curve y = f(x) 
x; to xj41. The terminal point at x = x;,1 is the breakpoint Oj44. from xp to x. 


Starting from this point all over again, we can continue until the 
entire integral curve z(x) is obtained. Figure B-6b shows an exam- 
ple of how this procedure is carried out. Observe that the solution 
obtained in this manner is exact. In practice, if the same vertical 
scale is chosen, the integral curve might become too large and thus 
leave the paper. In this case, we can easily change the scale of z(x) 
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by changing the distance of the pivoting point P. Clearly, if the 
distance PO is greater than unity, the ordinate of z(x) will decrease, 
thereby effecting a change in scale. 

When the curve y = f(x) is not a stepwise function as is 
usually the case, we can devise a fairly accurate but approximate 
method, provided the curve f(x) is sufficiently smooth. Under this 
assumption, the integral will also be smooth. This means that if we 
can accurately determine a string of points separated by small 
increments in x, then by drawing a smooth curve through these 
points, we should obtain a reasonably accurate solution curve. In 
order to obtain the string of points accurately, we can replace the 
curve y = f(x) by a stepwise function F(x) chosen such that the net 
area between the F(x) and f(x) over each interval approaches zero. 
For smoother curves this can be easily done visually. For example, 
the smooth curve y = f(x) shown in Fig. B-6c might be approxi- 
mated by the stepwise function F(x). For convenience we have 
chosen f(x) in Fig. B-6c so that the stepwise function F(x) coin- 
cides with that shown in Fig. B-6b. Therefore, the string of points 
are identical as shown in Fig. B-6c. The final integral is obtained 
by passing a smooth curve through these points. Observe that this 
curve is a much better approximation of z(x) than the piecewise- 
linear curve of Fig. B-6b. 


APPENDIX C SCHE! 


C-1 CIRCUITS FOR TRACING v-i, v-g, AND i-p CURVES 


A simple circuit for tracing the v-i curve of a nonlinear resistor is 
shown in Fig. C-1. The Variac (variable autotransformer) is used 
to vary the amplitude of the sinusoidal input voltage, and the 
isolation transformer is used to isolate the common terminal of the 
tracer circuit from the chassis ground. The resistor R is used 
to monitor the current through the nonlinear resistor and may be 
assigned any convenient value if the v-i curve is monotonic. How- 
ever, if the v-i curve is voltage-controlled, as in the case of a tunnel 
diode, the value of R must be chosen small enough so that at any 
time ¢ the load line representing R will intersect the v-i curve 
at only one point. If the v-i curve is current-controlled, as in the 
case of a neon bulb, the value of R must be chosen large enough 
so that at any time ¢ the load line representing R will intersect the 
v-i curve at only one point. It is important that the stray inductance 
and stray capacitance be kept as small as possible in the non- 
monotonic case by using short leads. Otherwise, the circuit may 
become unstable and burst into oscillation. 


Fuse Variac Oscilloscope 


ac line 
voltage 


Isolation 
transformer 
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Fig. C-1. Schematic diagram 
of a v-i curve tracer. 
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Fig. C-2. Schematic diagram 
of a v-g curve tracer. 


Fig. C-3. Schematic diagram 


of an i-p curve tracer. 
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Step-up Oscilloscope 
transformer 


“in Integrator 


To trace the v-g curve of a nonlinear capacitor, we must 
integrate the capacitor current in order to obtain the charge gq. 
Similarly, to trace the i-p curve of a nonlinear inductor, we must 
integrate the inductor voltage in order to obtain the flux linkage ¢. 
A simple circuit for tracing the v-q curve of a nonlinear capacitor 
is shown in Fig. C-2. The dual circuit for tracing the inductor i-p 
curve is shown in Fig. C-3. A signal generator is used in order to 
obtain a variable-frequency voltage source. The step-up trans- 
former in either circuit is not absolutely necessary. However, 
there are two advantages in using the transformer. First, it is used 
to match the impedance of the tracer circuit to the generator (for 
this purpose the transformer may be replaced by a transistorized 
booster circuit such as an emitter-follower). A second advantage 


Step-up 
transformer 3 Oscilloscope 
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C,(0.04 uF) R,(100 ko) 


C3 
(0.005 uF) ap 


+15 volts 


of using a transformer with a tapped secondary winding is that the 
input impedance and the stray capacitance of the oscilloscope can 
be neutralized by adjusting R, and C). If, for example, the trans- 
former is center-tapped, C, should be set equal to the stray capac- 
itance, and R, should be set equal to the oscilloscope impedance. 
If the turns ratio of the bottom-half secondary winding to the 
upper-half secondary winding is k, then C, should be set equal to 
1/k times the stray capacitance, and R, should be set equal to k 
times the oscilloscope input impedance. The current-monitoring 
resistor R should be on the order of 100 & for tracing v-q curves 
with incremental capacitance under | uF, and about 10 (2 if the 
incremental capacitance is above | uF. For the inductor curve 
tracer, the value of R should be about 100 Q. 

The integrator circuit designed for the above curve tracers is 
shown in Fig. C-4.1 In order to minimize loading effects, an 
isolation box (see Fig. 3-20b of Chap. 3) is chosen to be the input 
stage. The second stage is the main integrating circuit (see Fig. 
3-23a). In order to prevent the integrator from drifting into satura- 
tion, the third stage provides a negative feedback loop for elimi- 
nating the dc component of the integrator. The values for C; and 
R; should be chosen equal to 1 pF and 30 kQ, respectively, for op- 
erating frequencies above 150 Hz. For lower frequencies, choose 
Cy = 10 pF and Ry = 5 MQ. 


Fig. C-4. Schematic diagram 
of an integrator circuit for the 
curve tracers. 


1A Nexus SQIOA (or any 
equivalent) operational 
amplifier may be used for 
this circuit, as well as for 
the following circuits. 
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R,(10k2) 
R,(2.7 k2) 


—15 volts 


Fig. C-5. Schematic diagram 
of a voltage-controlled voltage 
source. 


C-2 CIRCUITS FOR SIMULATING CONTROLLED SOURCES 


The schematic diagrams for the four types of controlled sources 
are shown in Figs. C-5 to C-8. Observe that, except for the input 
stage, the circuit for the voltage-controlled voltage source in Fig. 
C-5 is identical with the right-half portion of the current-controlled 
voltage source in Fig. C-6. Observe also that except for the addi- 
tional current-sensing resistor Ry, the circuit for the current- 
controlled current source in Fig. C-7 is identical with that of the 
voltage-controlled current source in Fig. C-8. Hence, with the help 
of switches, one needs only to build two basic circuits in order to 
simulate any one of the four types of controlled sources. The values 
of the resistors in these diagrams are given for a particular value 
of the controlling coefficients; namely, k,, = —1 for the voltage- 
controlled voltage source, key =—1.3 volts/ma for the current- 
controlled voltage source, kee = | for the current-controlled current 
source, and k,, = 10 ma/volts for the voltage-controlled current 
source. A different controlling coefficient can be obtained by an 
appropriate choice of resistor values. A more detailed description 


of each circuit and the procedure for adjusting the controlling 
coefficients are given below. 


Appendix C 


Voltage-controlled voltage source To a first approximation, the con- 
trolling coefficient k,, of the circuit shown in Fig. C-5 is given by 


Cans — Ro 


meg ys ae A a 
vi = Ri — Reo[(Ri + Ro)/(Re + R7)] 


(C-1) 


For satisfactory operation, Rg should be less than an ohm to en- 
sure high-current output, and Ry2 must be chosen small enough in 
order to maintain a proper bias on the emitter-follower transistor 
2N4237. To ensure a stable operation, Rj must be chosen greater 
than Rel[(Ri + Rog)/(Re + R7)). 

With the resistor values shown in Fig. C-5, the circuit can de- 
liver a maximum current of +0.1 amp. The output impedance is 
slightly negative (—0.1 Q < Zo < 0) so that the circuit will cancel 
the lead resistance of the external circuit. The frequency response 
of this circuit is a function of the output voltage level. At 20 volts 
peak-to-peak (and within the allowable output current level) the 
response is flat to about 40 kHz. The phase shift between the in- 
put and output becomes significant above 20 kHz. At 2 volts 
peak-to-peak the response is flat to about 100 kHz. The phase 
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Fig. C-6. Schematic diagram 
of a current-controlled voltage 


source. 


(9.1 k@) 


Lae 
(100 @) 


R, (10 kQ) 


R, (2.7 ka) 


+15 volts 


Vg=eyl; 


—15 volts 
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2N2604 


2N2604 


R,3(1k2) 


R, (470 @) 


+15 volts 


R,, (1 kQ) 


& Ry, (1 MQ) 


aniiai (9 


2N2192 za 


R,(1002) SR, (16ka) 


— 15 volts 


Fig. C-7. Schematic diagram 
of a current-controlled current 
source. 


shift between the input and output in this case becomes significant 
above 50 kHz. 


Current-controlled voltage source The controlling coefficient k,, in 
this case is given approximately by 


ean (Asus) 
* TN Oe, 


==IKe 
te + Ri) — Rel(Ri + Rii)/(Re + al Cae 


If Re is very small, a more accurate approximation is obtained by 
replacing Ry; in Eq. (C-2) by the parallel combination of Ry and 
Ry. The qualitative information described above for the voltage- 
controlled voltage source also applies to this circuit. 


Current-controlled current source The controlling coefficient Kec is 
given approximately by 


to _ RoRiz 


Kee = =~ E 
oRERe cs 
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The input portion of this circuit (consisting of the three transistors 
2N2604 and the resistors Ry, Re, Rio, Rii1, Rie, and R13) con- 
stitutes a differential amplifier. When adjusting the gain of this 
differential amplifier, Ryo must be readjusted for proper bias cur- 
rent. If the peak-to-peak voltage developed across the input ter- 
minals is V,, the bias current must be at least equal to V,/2R, in 
order to ensure proper operation of the two input transistors. The 
remaining portion of the circuit on the right is the main current 
source. In adjusting the gain of this output stage, the ratio R5/R4 
should be kept constant (in order to maintain positive feedback 
due to the 2N1131 transistor stage), and R3 must be set equal to 
(R4 + Rs) in order to ensure zero output current whenever the in- 
put current is zero. If the gain is increased by adjusting the resis- 
tors Rs, Ry, Rs, etc., in the output stage, the value of Re and 
R; may have to be reduced in order to ensure an infinite shunt re- 
sistance. (An increase in the value of Rg and R7; may be necessary 
if gain is reduced by changing the value of R3, R4, and Rs.) An al- 
ternate method for adjusting the bias of the 2N1132 transistor 
consists of adjusting the values of Rg and Rog for zero output cur- 
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fenuwhen the input currents zero. If thisas donexit may notbe fle. C8. Schematic diagram 
of a voltage-controlled current 


source. 


+15 volts 


R,(200) 


2N2604 


—_ 
a) 
@: (100 kQ) 


: FR, (20 k2) 


R,(100 2) 


—15 volts 
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Fig. C-9. Schematic diagram 
of a VNIC circuit. 


Appendix C 


necessary to change Ry and Rs whenever R3 is changed. In prac- 
tice, a combination of these methods may be more appropriate. 

The output current of the 2N1132 transistor is equal approxi- 
mately to the ratio between the voltage across Rg (approximately 
—0.6 volt) and (Ry + Rs). Similarly, the current input to the collec- 
tor of the 2N2192 transistor is equal approximately to the ratio 
between the voltage across R13 (approximately —0.6 volt) and R3. 
The common-mode limit of the differential input stage is limited by 
the voltage drop across Rj. If the current bias on this stage is at 
least V,/2R1, the voltage drop across either resistor R; may be as 
much as 2V,. If the total power supply voltage is 30 volts, 
the maximum common-mode voltage is about +(15 — 2V,) volts, 
where, as usual, V, denotes the peak-to-peak voltage developed 
across the input terminals. 

With the resistor values shown in Fig. C-7, the circuit can de- 
liver a maximum output current of about +10 ma. The frequency 
response is flat to about 100 kHz. The output impedance of this 
circuit can be either positive, negative, or infinite, depending on 
the adjustment of the 1-M@ potentiometer across the output 
terminals. 


Voltage-controlled current source The controlling coefficient k,, for 
this circuit is given approximately by 


Hass = Ri3 
2R1R3 


(C-4) 


— 15 volts 
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+15 volts 


— 15 volts i a 


The qualitative information described above for the current- 
controlled current source remains valid in this case. The only 
difference is that whereas V, in the previous case is equal to the 
peak-to-peak voltage developed across R» (due to the input cur- 
rent), it is equal in this case to the input voltage. 


C-3 CIRCUITS FOR SIMULATING NEGATIVE-IMPEDANCE CONVERTERS 


The negative-impedance converter (NIC) is a linear active two-port 
network element with the property that whenever an impedance Z 
is connected across either port | or port 2 of the NIC, a negative 
impedance (— Z) is measured across the other port (see Sec. 3-7-3).1 
There are two types of NIC, a VNIC (see Eq. 3-97) and an INIC 
(see Eq. 3-98). Simple operational amplifier circuits for simulating 
a VNIC and an INIC are shown in Figs. C-9 and C-10, re- 
spectively. The two resistors R may be assigned any convenient 
value (say, from 10 2 to 1 MQ). The circuit shown in Fig. C-10 is 
preferred in practice because of its common-ground feature. 
Because of the presence of parasitic inductances and capaci- 
tances, any NIC circuit is potentially unstable. While it is true that 
either port of the NIC has the same impedance transformation 
property, it turns out that in order for stable operation to be pos- 
sible, only one port of the NIC will permit a high-impedance load 
to be connected across it, while the other port will permit only a 
low-impedance load. Since in the limit a high-impedance load be- 


Fig. C-10. Schematic diagram 
of an INIC circuit. 


1 A more complete coverage 
of  negative-impedance 
converters can be found 
in L. P. Huelsman, “The- 
ory and Design of Active 
RG} Circutis; schapy 4; 
McGraw-Hill Book Com- 
pany, New York, 1968. 
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Fig. C-11. Schematic diagram 
of a voltage scalor. 


2N4236 


2N4239 


—15 volts 


Appendix C 


comes an open circuit and a low-impedance load becomes a short 
circuit, the high-impedance port is said to be open-circuit stable 
(OCS), whereas the low-impedance port is said to be short-circuit 
stable (SCS). It is common practice, therefore, to label the two 
ports of an NIC circuit according to whether they are OCS 
or SCS. For the VNIC circuit shown in Fig. C-9, port 1 is 
SCS, while port 2 is OCS. The opposite is true for the INIC cir- 
cuit shown in Fig. C-10. 


C-4 CIRCUITS FOR SIMULATING SCALORS 


Two types of scalors are defined in Sec. 3-7-1, namely, a voltage 
scalor and a current scalor. A practical circuit for simulating a 
voltage scalor is shown in Fig. C-11, and that for a current scalor 
is shown in Fig. C-12. The operational amplifier in Fig. C-11 
serves as a voltage-controlled voltage source. The two-transistor 
symmetrical emitter-follower is used to increase the range of the 
output current. The voltage scale factor k, of the voltage scalor is 
given approximately by 


k,=1+— (C-5) 
The current scalor circuit in Fig. C-12 exhibits a high degree 
of symmetry. Hence, if the two transistors are matched, and if the 


transistors have a high beta, then the following approximate ex- 
pression can be easily derived for the current scale factor k;: 


+15 volts 


R, (50 kQ) 


Appendix C 


1N458A 


1N458A 
1502 


15 volts_—=_ 2kQ2 6 volts =} 15 volts 


Rp 
verde : 
pars (C-6) 


Observe that ve in this circuit is not exactly equal to v; because of 
the voltage drop across Rg. However, since the current 7, is gen- 
erally much smaller than 7;, and since Rz is a relatively small re- 
sistance, we have v2 = 0. Finally, observe that the two junction 
diodes are used only for biasing purposes. 


C-5 CIRCUITS FOR SIMULATING ROTATORS 


A rotator may be simulated in practice by either a 7 network or a 
T network of three linear resistors (see Fig. 3-32). If we pick the 
a network whenever the angle of rotation lies in the range 
0° <@< 180° and the T network whenever the range is — 180° < 
6 < 0°, then only one negative resistor will be needed. This nega- 
tive resistor can be easily simulated by connecting a positive re- 
sistor of the same magnitude across an appropriate port of 
the VNIC circuit shown in Fig. C-9 or the INIC circuit shown in 
Fig. C-10. Because of the output current limitation of the opera- 
tional amplifier, only a low-power rotator can be obtained using 
these circuits. A high-power INIC circuit designed specifically for 
this purpose is shown in Fig. C-13. Whether the negative resistance 
is to be obtained across an OCS port or a SCS port depends on 
both the angle of rotation @ and the nature of the v-i curve to be 
rotated.t 


C-6 CiRCUITS FOR SIMULATING REFLECTORS 


The reflector is defined in Sec. 3-7-3 for the purpose of reflecting a 
given v-i curve with respect to some straight line through the 


939 


Fig. C-12. Schematic diagram 
of a current scalor. 


1L. O. Chua, The Rotator-— 

A New Network Com- 
ponent, Proc. IEEE, vol. 
55, no. 9, pp. 1566-1577, 
September, 1967. 
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is + Supply | 
(15 volts ) 


100 2 etsy 
¥ (OCs) (10 watts ) (10 watts (SCS) 4 
~ 9N1722 + 
or 
2N1724 5 — Supply 
(15 volts ) 
= 


Fig. C-13. Schematic diagram 
of a high-power INIC circuit. 


origin. Two basic realizations of the reflector are given in Fig. 3-34. 
These circuits can be simulated by the operational amplifier cir- 
cuits shown in Figs. C-14 and C-15. The resistor values for these 
circuits were chosen so that the v-i curve will be reflected in the 
milliampere-volt plane. In order for all resistors in these circuits 
to be positive, the reflector circuit shown in Fig. C-14 should be 
used only if the angle of reflection @ hes in the range 0° << 4 < 90°. 
Similarly, for the range 90° < @ < 180° the reflector circuit shown 
in Fig. C-15 should be used. The circuit shown in Fig. C-13 can be 
used in place of the INIC circuit in Figs. C-14 and C-15. 


C-7 CIRCUITS FOR SIMULATING MUTATORS 


The mutator is defined in Sec. 3-8 for the purpose of transforming 
one type of network element into another. An R-L mutator will 
transform a nonlinear resistor into a nonlinear inductor, and vice 
versa. An R-C mutator will transform a nonlinear resistor into a 
nonlinear capacitor, and vice versa. A third type of mutator, the 
C-L mutator, will transform a nonlinear capacitor into a nonlinear 
inductor, and vice versa. This type of mutator is shown in Sec. 3-8-3 


to be a gyrator and can, therefore, be simulated by the reflec- 
tor circuit shown in Fig. C-14 with 6 = 45°. 


2x 10*¢esc(20)Q 10‘9 


+15 volts 


10* cot(@) 2 


—15 volts 


10° cot(@) @ 10° tan(@)Q 


Com. — 15 volts 


10° csc(20)2 


Fig. C-14. Schematic diagram 
of a reflector circuit for 0° < 
TE NO, 


Fig. C-15. Schematic diagram 
of a reflector circuit for 90° < 
(<< itzto}, 


Com. —15volts 


— 15 volts 
~10° cot (0) 2 


—10° cot (@) 2 


=e esc (20) Q 
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200 ka 0,005 pF - 


1 MQ 


+15 volts 


4 ~<—-— © - ——__» | 


—15 volts 


Fig. C-16. Schematic diagram 
of an R-L mutator circuit. 


Fig. C-17. Schematic diagram 
of an R-C mutator circuit. 


A practical circuit for simulating an R-L mutator is shown in 
Fig. C-16, and one for an R-C mutator is shown in Fig. C-17. Ob- 
serve that a voltage-controlled current source is required in both 
cases. The circuit shown in Fig. C-8 can be used for this purpose. 
An inspection of the two mutator circuits in Figs. C-16 and C-17 
shows that, except for the location of the linear capacitor, the cir- 
cuit in Fig. C-17 is a mirror image of the circuit in Fig. C-16. 
Hence, with the help of a switch, the same circuit can be used to 
function either as an R-L mutator or as an R-C mutator. 


+~—__—_ = ——__> | 


—15 volts 


+15 volts 


200 kQ 200 kf 1 MQ 
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Fig. D-9. Typical characteristics of gas phototube type 1NXX9. 
Fig. D-10. Typical characteristics of photodiode type 1NXX10. 
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Fig. D-13. Typical characteristics of positive-temperature-coefficient thermistor type 1NXX13. 
Fig. D-14. Typical characteristics of SCR type 2NXX14. 
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Fig. D-16. Typical characteristics of p-n-p transistor type 2NXX16 (common-base configuration). 
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Fig. D-17. Typical characteristics of n-p-n transistor type 2NXX17A (common-emitter configuration). 


Fig. D-18. Typical characteristics of n-p-n transistor type 2NXX17B (common-emitter configuration). 
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Fig. D-19. Typical characteristics of p-n-p transistor type 2NXX18A (common-emitter configuration). 


Fig. D-20. Typical characteristics of p-n-p transistor type 2NXX18B (common-emitter configuration). 
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Fig. D-21. Typical characteristics of n-channel FET type 2NXX19. 


Fig. D-22. Typical characteristics of p-channel FET type 2NXX20. 
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Dynamic network solution theorems: Existence theorems: 

capacitor-inductor-loaded isocline network, combined interpolation and approximation, 
836 907 

capacitor-loaded isocline network, 835 DP plot, 245 

complete-response, 783 dual network, 208 

constant-slope capacitor-loaded network, 799 fundamental interpolation, 905 

constant-slope inductor-loaded network, monotonic solution, 646 
799-800 TC plot, 245 

explicit equilibrium state, 616 uniqueness, 246 

exponential waveform solution, 701 Weierstrauss approximation, 906 


implicit equilibrium state, 615 

inductor-loaded isocline network, 836 

initial conditions, choice of, 588-589 

order of complexity, determination of, 590- 
591 

trajectory slope, 865 

zero-state response, 780 


Miscellaneous theorems: 
complementary network, 353 
Kuratowski’s, 208 
positive-negative logic network conversion, 
474 


Realization and synthesis theorems: 
lattice network synthesis, 408 


EWE SORT, ; scalor-reflector realization, 399 
current-source substitution, 331 scalor-rotator realization, 397 
i-shift, 334 
Norton’s, nonlinear, 328 
open-circuit substitution, 332 Symmetry theorems: 
short-circuit substitution, 332 flip-over symmetric network, 345 
Thévenin’s, nonlinear, 328 rotationally symmetric isocline network, 878 
v-shift, 332 rotationally symmetric network, 346 
voltage-source substitution, 331 symmetric DP plot-TC plot, 350 
Existence theorems: symmetric lattice network, 346 
Bendixon’s, 875 vertically symmetric isocline network, 877 
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Abrupt-junction diode, 32 
AC-dynamic network, 226n. 
AC-resistive network, 226n. 
Active components, 387 
Active resistor, 42, 63, 242 
Addition, graphical, 920 
Algebraic equation, 155z. 
Algorithm, 179 
Almost periodic waveform, 39 
Ampere, 4, 53 
Amplification factor, 508 
Amplifier: 
complementary symmetric, 356-357 
de, 355-356 
differential input, 149 
logarithmic, 238-241 
operational, 109-110 
applications of, 115-128, 145 
in TC plot synthesis, 405-407 
parametric, 34, 894 
pulse, 733 
push-pull, 357 
Amplitude modulation (see Modulation, 
amplitude) 
Analog circuit, 117-128 
Analog computer, 126-127 
Analog-to-digital conversion, 431-433 
Analysis: 
of first-order autonomous networks, 636-696 
of first-order nonautonomous networks, 
778-822 
of first-order switching networks, 697-724 


Analysis: 
graphical methods of, 253-324 
of nth-order autonomous networks, 880- 
897 
piecewise-linear methods of, 526-580 
of second-order autonomous networks, 823- 
879 
AND gate, 111-112, 148, 471-478 
Aperiodic waveform, 426 
Approximate analytic approach, 895 
Approximation, 905 
Arc length, 910 
Assumed reference convention, 7-9 
Assumed states, method of, 577 
Astable multivibrator, 726-730 
Asymptotic stability, 624 
Automatic comparison circuit, 282-285 
Automatic sorting circuit, 280-282 
Autonomous network, analysis of, 195 
first-order, 636-696 
nth-order: approximate analytic approach, 
895 
heuristic approach, 885-890 
numerical-integration approach, 881-883 
piecewise-linear approach, 884-885 
qualitative approach, 890-895 
second-order: analytic methods, 843-847 
isocline network method, 833-842 
phase-plane technique, 823-833 
piecewise-linear technique, 847-859 
Avalanche diode, 20 
Avalanche voltage, 276 
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Back diode, 21 
Back-to-back parallel connection, 271 
Back-to-back series connection, 350 
Back-to-front parallel connection, 350-351 
Back-to-front series connection, 267 
Balancing property of bridge circuit, 284n. 
Barium titanate dielectric, 70 
Base-and-peak clipper, 428 
Base clipper, 427 
Basic network configurations, 255-266 
Beat frequency, 27-28 
Bendixon’s theorem, 875-876 
Biasing: 
three-terminal resistor, 374-382, 413 
sensitivity considerations, 382-386 
two-terminal resistor, 369-373, 413 
Bidirectional switch, 452 
(See also Switch) 
Bilateral resistor, 23, 343 
Binary logic, 738 
Bistable multivibrator, 737-746 
Black box, 11-17, 423 
Bootstrap circuit, 776 
Branch, 156, 158 
Breakdown diode, 20 
Breakpoint, 566, 905 
Bridge circuit, 285 
Brute force method, 794 
Building blocks, 387 


Canonic form, 526-530, 573 
Capacitance, 31 
incremental, 32 
self- and mutual, 104n. 
Capacitor: 
controlled, two-terminal, 67, 78 
dual of, 204 
linear, 30-31, 104 
nonlinear, 31-32 
applications of, 32-35 
power, average power, energy in, 42-45 
three-terminal, 103-104 
time-varying, 49-50 
two-terminal, 16, 30-35 
unicursal, 913 
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Capacitor-inductor-loaded isocline network 
theorem, 836 
Capacitor-loaded isocline network theorem, 835 
Carrier, 49, 60, 814 
Cascade connection of three-terminal resistors, 
313-315 
Catching diode, 774 
Cathode follower, 43 1n. 
Cell, 792 
Characteristics: 
of three-terminal resistor, 86—98 
of two-terminal black box, 11-17 
Characterization, 489 
Charge, 3; 5793 
conservation of, 654, 656 
Chopper, 461 
synthesis of, 461-463 
C-L mutator, 142-143 
Clamping circuits, 809 
Classification: 
of curves, 19-23 
of dynamic networks, 583-585, 626 
of networks, 152-153, 213 
Clipper, 299, 427-431, 734 
Closed trajectory, 609 
Coincidence gate, 466-467 
Combined interpolation and approximation 
theorem, 907 
Commensurate frequencies, 27, 890, 892 
Common-emitter amplifier, 415 
Comparison circuit, 282-285 
Compensation, 72, 433-437, 443 
Complementary network, 353-355 
Complementary-network theorem, 353-354, 
361, 379, 389 
Complementary symmetric amplifier, 356 
Complete response, 781-783 
Complete-response theorem, 783 
Complexity of dynamic network (see Order of 
complexity) 
Composite characteristics of three-terminal 
resistors, 311-315 
Composition, 75-78, 292, 410, 565 
graphical, 921-923 
Computer programs for analysis of resistive 
networks, 558-562, 573-574 
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Concave resistor (see Resistor, concave and Current-inversion negative-impedance 
convex) converter (INIC), 137 
Conductance, 17 Current-limiting diode, 18n. 
ac, 57 Current ratio-voltage ratio representation, 93, 
de, 57 94, 144 
incremental, 641 Current-source substitution theorem, 331, 335 
short-circuit, 94 Curve generator, 495 
Conductance representation, 89, 94, 144 Curve tracing circuit, 929-931 
Conductance-resistance representation, 92, 94, Cui SS, J@s), Di! 
144 fundamental, 165, 214 


Connected graph, 158 
Connected network, 157-158 


Conservation: Damping constant, 867 
of charge, 654, 656 Darlington circuit, 340-342 
of flux linkages, 656 De dynamic network, 226n. 
Constant-current diode, 20, 296, 387, 395, 418 De resistive network, 226n. 
Constant-slope capacitor-loaded network Decomposition method, 393 
theorem, 799 Delay line, 734 
Constant-slope curve, 794 Delay time, 6, 77 
Constant-slope inductor-loaded network Demodulator, 814 
theorem, 799-800 Describing function, 58, 59 
Constant-slope method, 793-806, 819 Design, 368 
Constant-slope network, 797-800 Detector, 814 
Constraints on multiterminal elements, Differential input amplifier, 149 
108-115 Differentiation, graphical, 924-926 
Contradiction method, 474 Differentiator, 121-122, 784-785 
Controlled elements, 62-83 Diode, 20-22 
applications of, 68-70 abrupt-junction, 32 
two-terminal, 62-67, 78 catching, 774 
Controlled sources, 70-72, 118-121, 401, field-effect, 187. 
495-502, 526, 537, 932-937 ideal, 23-24 
Controlling variable, 62 junction, 18 
Convergence, rate of, 185 light-emitting, 75 
Convex resistor (see Resistor, concave and tunnel, 19 
convex) vacuum, 18 
Convolution integral, 780n. varactor, 35 
Cotree, 158, 214 zener, 20, 296, 387, 395, 418, 728 
Coulomb, 3, 53 Director, 793 
Coupling network, 117 Discrete signal, 431 
Cowan modulator, 463 Distortion: 
Cross-coupled multivibrator (see Eccles- linear, 805 
Jordan circuit) nonlinear, 804-805 
Cryotron, 63, 65 Distributed network, 6n. 
Current, 4, 53 Divider, nonlinear: current, 290 
Current direction reference, 7—9, 17n., 53 in TC plot synthesis, 402-405, 562-564 


Current divider, nonlinear, 290 voltage, 286-289 
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Division, graphical, 920-921 
Domain, 899 
Double load-line method, 263-264 
(See also Template-double load-line method) 
Double-shot multivibrator (see Bistable 
multivibrator) 
DP plot, 228-232, 246 
applications of, 273-285, 306-311 
and equivalence, 327-330 
graphical determination of: for networks 
with three-terminal resistors, 301-311 
for series-parallel networks, 266-273 
horizontal and vertical segments in, 
276-277 
piecewise-linear determination of, 539-553 
and symmetry, 348-353 
synthesis of, 386-401, 413 
DP plot theorem, 245, 247 
Driving-point plot (see DP plot) 
Driving-point terminals, 231, 232 
Dual elements, 203-204 
self-. 221 
Dual network, 202-213 
algorithm for, 209 
reference direction for, 206 
self-, 221 
Dual network existence theorem, 208 
Duality, 201-213 
Dynamic characteristics, 15 
Dynamic network, 153, 213, 583 
analysis of: first-order autonomous, 
636-696 
first-order nonautonomous, 778-822 
first-order switching, 697-724 
nth-order autonomous, 880-897 
second-order autonomous, 823-879 
classification of, 583-585 
equations of motion for, 188-197 
order of complexity of, 585-593 
principles of analysis, 593-595 
synthesis of: first-order multivibrators, 
725-752 
first-order time-base generators, 753-777 
Dynamic route, 671 


Ebers-Moll equations, 489-490 
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Eccles-Jordan circuit, 579, 878 
Edge of element (branch), 156 
Eigenvector, 863 
Elements: 
laws of, 153-155, 213 
multiterminal, 84-151 
characterization of, 84-85 
constraints on, 108-115 
three-terminal elements: capacitors, 
103-104 
inductors, 104-105 
resistors, 86-103 
nonlinear parametric representation of, 
913-918 
Elimination, graphical, 287, 411, 923-924 
Emitter follower, 431n. 
Empty set, 546n. 
Energy, 3, 5, 38-47, 53 
Energy dissipation, 53 
Energy-storage element, 45, 47, 53 
Energy-storage subnetwork, 593 
Envelope detector, 814 
Equalization (see Compensation) 
Equations of motion, 152-221 
Equilibrium state, 613-622, 627 
for first-order networks, 637-640 
stability of: first-order network, 622-626 
second-order network, 859-863 
and trajectory: first-order network, 
620-622 
second-order network, 859-873 
virtual, 661, 857 
(See also Singular point) 
Equivalence, 325-367 
Equivalent input signal, 452 
Equivalent load specification, 565 
Equivalent networks, 325-327 
Equivalent source property, 328 
Euler algorithm: 
for n differential equations, 199-201, 215, 
883 
for one differential equation, 196-199 
Exclusive OR gate, 148 
Explicit equilibrium state theorem, 616, 627 
Exponential waveform solution theorem, 701, 
718 
Extraneous solution, 331 


Farad, 31 
Feedback network, 117 
FET (see Field-effect transistor) 
Field-effect transistor, 102, 308 
models of, 517 
time-base generator circuit, 770-771 
Filter, 26 
Final value, 662n. 
Fixed-point algorithm, 181, 215 
Fixed-point concept, 180-184 
Flip-flop (see Bistable multivibrator) 
Flip-over symmetric-network theorem, 345 
Flip-over symmetry, 343, 361 
Flux, magnetic, 4 
Flux linkage, 4, 5, 53 
conservation of, 656 
Flyback time, 755 
Focus: 
stable, 867 
unstable, 868 
Four-layer diode, 22 
Free-running multivibrator (see A stable 
multivibrator) 
Free-running time-base generator (see Time- 
base generator, free-running) 
Frequency: 
natural, 867 
Frequency conversion, 37 
Frequency division, 33, 768 
Frequency doubler, 444 
Frequency mixing, 27-28 
Frequency multiplication, 25-27 
Full-wave rectifier, 337 
Function, 901 
and inverse, 901-904 
mathematical representations of, 904-913 
monotonic, 903 
multivalued, 902 
one-to-one, 902 
piecewise-linear, 905 
Functional equation, 155n. 
Functional network, 422, 433 
synthesis of: ac-resistive, 449-488 
dc-resistive, 422-448 
Fundamental cut set, 165, 214 
Fundamental interpolation theorem, 905 
Fundamental loop, 160, 214 


Subject index 979 


Gate: 
AND, 111-112, 471-474 
coincidence, 466-467 
exclusive OR, 148 
NAND, NOR, and NOT, 471-472, 476-479 
OR, 111-113, 471-472, 474-476 
transmission, 468—469 
Gated oscillator, 736n. 
Generalized Kirchhoff current law, 164-165 
Global model (see Model, global) 
Global stability, 623 
Glow tube, 22 
Graph of network, 156 
Graphical analysis, 253-324 
of non-series-parallel networks, 334-342 
Graphical elimination method, 287-288, 289, 
411 
Graphical synthesis (see Synthesis) 
Graphical techniques for basic mathematical 
operations, 919-928 
addition and subtraction, 920 
composition, 921-923 
differentiation, 924-926 
elimination, 923-924 
integration, 926-928 
multiplication and division, 920-921 
Ground, 85 
Gyration conductance, 136 
Gyrator, 135-136 
circuits for simulating, 940-942 


Half-wave rectifier, 294 

Harmonic, 37 

Henry, 35 

Heun algorithm, 219 

Heuristic approach, 885-886 
Holding current, 457 

Hooke’s law, 154 

Horizontal flip-over symmetry, 356 
Horizontal segments in DP plot, 276-277 
Horizontal symmetry, 351 

Hybrid form, 605 

Hybrid parameters, 95 

Hysteresis, 36, 917 


i-shift theorem, 334, 336, 341, 502 


980 


Ideal diode, 23-24 
Image, 903 
Implicit equilibrium state theorem, 615, 627 
Impulse, 8187. 
Impulse response, 780n. 
Incomplete model, 650-656 
Independence: 
of equations, 160-166 
of variables, 16, 84—85, 159 
Independent initial condition, 585 
Independent KCL equation criteria, 166, 214 
Independent KVL equation criteria, 160, 214 
Independent KVL mesh equation criteria, 160 
Inductance, 35, 36 
incremental, 37 
self- and mutual, 105n. 
Induction, mathematical, 158n. 
Inductor: 
controlled two-terminal, 67, 68 
dual of, 204 
linear, 35-36, 105 
nonlinear, 36-37 
applications of, 37-38 
power, average power, energy in, 45-47 
three-terminal, 104—105 
time-varying, 50-51 
two-terminal, 16, 35-38 
unicursal, 913 
Inductor-loaded isocline network theorem, 
836 
Inertia postulate, 651, 732 
Initial condition, 197, 586-589, 627 
Input-characteristic curves, 86 
Input load line, 262 
Instability problem, 388 
Integrated circuits, 7, 31, 110, 236, 356, 388 
Integration, graphical, 926-928 
Integrator, 122-123, 783-784, 931 
Interconnection, laws of, 153-157, 213 
Internal constraints, 108-113 
Interpolation, 905 
Intersection, 546 
Invariant network, 342 
Inverse function, 901 
Inverse machine, 899 
Inverse relation, 900 
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Inverter, phase, 120 

Isocline, 823-828 

Isocline network, 833-836 

Isocline network method, 833-842 

Isolation block for integrated circuits, 236-238 

Isolation box, 119 

Isolation transformer, 114 

Iterative linear network, 528, 573 

Iterative Norton equivalent network, 528, 573 

Iterative piecewise-linear method (see 
Piecewise-linear method) 

Iterative Thévenin equivalent network, 528, 
573 


Jump phenomenon, 652-656 
Junction diode, 20 


Kirchhoff current law, 154 

in generalized form, 164, 214 

and independent equations, 163-166 
Kirchhoff voltage law, 154 

and independent equations, 160-162 
Kuratowski’s theorem, 208 


Ladder network, 290, 392-395 
Latching switch, 456-458 
Lattice network, 337 
symmetric, properties of, 351-352 
Lattice network synthesis theorem, 408, 565 
Laws: 
of elements, 153-154 
of interconnection, 153-154 
Liapunov, 624 
Lienard’s method, 874-875 
Light-emitting diode, 75 
Limit cycle, 610, 875 
Limiter, voltage, 296-297 
Limiting, 28-30 
Linear distortion, 805 
Linear field, 824n. 
Linear network, 152-153 
Linear transformation converter (LTC), 151 
Link, 158 
Load, 234 


Load line, 257 
Load-line method, 256-257, 316 
double, 263-264, 316 
Loading effect, 234 
Local model, 494 
Local stability, 623 
Locus of operating points, 228 
Logarithmic amplifier, 238-241 
Logic, 469 
positive and negative, 473-474 
Logic elements, 110-113 
synthesis of, 469-479 
Lossless element, 42-47, 868 
Lumped network, 6 


Manley-Rowe equations, 892-893 
Mapping, 903 
Mathematical induction, 158n. 
Matrix transmission gate, 468-469 
Maximum power hyperbola, 372 
Meca program, 559-562, 574 
Memory (see Storage) 
Memoryless network, 153n. 
Mesh, 161-162 
Metal oxide semiconductor, 31 
Mho, 17 
Mode, natural or normal, 844 
Model, 51-52, 489-491, 520 
dynamic, 51-52, 618 
global, 494 
for controlled resistors, 494-497 
of practical three-terminal resistors, 
508-520 
for three-terminal resistors, 497-503 
incomplete, 650-656 
incremental linear, 494n. 
local, 494 
modification of: half-plane constraints, 
503-504 
quadrant constraints, 505-507 
and parasitic elements, 656-659 
realistic and incomplete, 649-652 
Modulation, amplitude, 48-49, 59 
detection of envelope, 814-817 
synthesis of modulator, 461-465 
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Modulation index, 814 
Monostable multivibrator, 725, 730-737, 746 
Monotonic charging property, 807-811 
Monotonic curve, 388-389 
DP plot, synthesis of, 388-396 
(See also Nonmonotonic curve) 
Monotonic function, 903 
Monotonic solution theorem, 646 
Multiplication, graphical, 920-921 
Multivalued curve, 23, 270, 730, 737, 840, 902 
Multivibrator, 513 
first-order, 725, 746 
astable, 726-730 
bistable, 737-746 
monostable, 730-733 
applications of, 733-734 
conditions on triggering pulse 
amplitude, 735-736 
conditions on triggering pulse width, 
736-737 
Mutator, 31, 138, 146 
circuits for simulating, 940-942 
kinds of: C-L, 142-144 
R-C, 140-142 
R-L, 138-140 
Mutual capacitance, 104n. 
Mutual inductance, 105n. 


N-channel FET, 102 
model of, 517 
N-p-n transistor, 99 
model of, $12-515 
NAND gate, 471-472, 476-479 
Negative-impedance converter, 138 
circuits for simulating, 937-938 
current-inversion, 137-138 
voltage-inversion, 136-137 
Negative logic, 473-474 
Negative resistance, 19, 726 
Neon bulb time-base generator, 760-762 
Network, 152-153 
autonomous, 195 
basic configurations of, 255, 260 
connected, 157-158 
dual, 202-203, 215 
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Network: 

dynamic, 153, 213, 583 

equivalence, 325-327, 361 

functional, 422, 433 

graph, 156 

invariance, 342 

model, 489-491 

planar, 161, 215 

resistive, 153, 213 

series-parallel, 290-293 

symmetry, 342-353 

topology, 155, 157-166, 213-214 
Network analysis (see Analysis) 
Network synthesis (see Synthesis) 
Newton-Raphson method, 185-187, 215 
Node, stable and unstable, 865-866 
Noise, 429n. 
Nonautonomous network, 195 

first-order, 778 

applications of, 807-819 
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Offset voltage, 127 

Ohm, 17 

Open circuit, 17, 23 
Open-circuit resistances, 94 


Open-circuit substitution theorem, 332, 343, 


346 
Open-circuit voltage, 329 
Open trajectory, 609 
Operating point, 225-228, 246 
applications of, 273-285 
and equivalence, 330-332 
graphical determination of, 254-266 


piecewise-linear determination of, 530-538 


Operating-point paradox, 243-244 

Operating-point problem, 227-228 

Operational amplifier (see Amplifier, 
operational) 

Optical coupling, 76 

OR gate, 111-113, 471-472, 474-476 

Order of complexity, 585-593, 626 


constant-slope method, 793-806 
linear network analysis, 779-786 
piecewise-linear analysis, 786-792 
Nonlinear distortion, 804-805 
Nonlinear network, 152-153 
Nonlinear Norton’s theorem, 328-330 
Nonlinear oscillation, 622n. 
Nonlinear Thévenin’s theorem, 328-330 
Nonmonotonic curve, synthesis of, 396-401 P-channel FET, 102 
Nonplanar network, 161 model of, 517 
NOR gate, 471-472, 476-479 P-n-p transistor, 99 
Normal-form equations, 191-196 model of, 517 
first-order networks, 595-599 Paradox, 29, 243 
nth-order networks, 604-606 Parallel combination technique, 267, 271-273 
second-order networks, 599-604 Parallel commutative property, 327 
Normalized isocline network, 876 Parallel decomposition technique, 393 
Norton equivalent network, interative, 528,573 Parametric amplifier, 34, 894 
Norton’s theorem, nonlinear, 228 Parametric approach, 909 
NOT gate, 471-472, 476-479 Parametric representation of nonlinear 
Null detection circuit, 282-285 elements, 913-918 
Numerical-integration approach, 881-883 Parasitic elements, 52, 656-659, 703, 744, 888 
Numerical solution: Passive components, 387 
of functional equations, 179-188, 215 Peak clipper, 427 
of nonlinear differential equations, 196-201, Peak current, 279n. 
ANS); DUG), LAC Pentode (see Vacuum pentode) 
Nyquist theorem, 482 Per-unit ripple, 813 


determination of, 589-592 
Oscillatory solution, 652-656 
Output characteristic curves, 87 
Output load line, 262 
Overdamped network, 867 
Overload protection, 297 


Periodic signal, 39, 425-426 
Phase inverter, 120 
Phase plane, 609 
Phase-plane technique, 823-833 
Phase portraits, 823-828, 871-873 
Photocell, 65 
Photodiode, 63 
equation of v-i curves of, 66 
Phototube, 63 
m-network model, 501-503 
Piecewise-linear function, 905 
Piecewise-linear method, 526-530 
in analysis: computer programs, 558-562 
DP plots, 539-553 
first-order autonomous networks, 659-689 
first-order nonautonomous networks, 
786-792 
nth-order autonomous networks, 
884-885 
operating-points, 530-538 
second-order autonomous networks, 
844-859 
TC plots, 553-558 
in synthesis, 562-573 
Pivoting point, 926 
Planar network, 161 
Pliers-type entry, 232 
Port contraints, 113-115 
Positive logic, 473-474 
Positive-negative logic conversion theorem, 474 
Potential difference (see Voltage) 
Power, 5, 38-47, 53 
significance of sign, 9, 53 
Power gain, 894 
Power measuring device, 79 
Power rating, maximum, 241-243, 371-372 
Power-transfer plot, 241-243, 246 
Pulse amplifier, 733 
Pulse compressor, 297-298 
Pulse generator, 298-301 
Pulse-sharpening property, 817-818 
Pulse-smoothing property, 811-817 
Pulse stretcher, 812 
Pulse synchronization method, 764 
Pump, 894 
Push-pull amplifier, 357 
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Qualitative methods, 607, 636, 842, 890-895 
Quasi-resistive network, 424, 778 


Range, 899 
Rectification, 24-25 
Rectifier, 24-25 
filtered, 810 
full-wave, 337 
half-wave, 294-296 
Redundant element property, 327 
Reference convention, 7-9, 206 
Reflector, 128-129, 134-138, 145, 399 
circuits for simulating, 939-940 
Regular point, 827 
Regulation, 437-443 
Relation, 899 
inverse, 900 
Relaxation oscillator, 306-308, 727 
Representations of a three-terminal resistor: 
forms of, 89-95 
graphical transformation of, 95-96 
transformation of, to another common 
terminal, 97-98 
Resistance, 17 
ac, 56 
de, 56 
incremental, 642 
negative, 19 
open-circuit, 94 
Resistance-conductance representation, 92, 94, 
144 
Resistance representation, 92, 94, 144 
Resistive network, 153, 213 
Resistive subnetwork, 593 
Resistor: 
active, 42, 53 
bilateral, 23, 343 
complementary, 353 
concave and convex, 273-276 
controlled: models of, 494-497 
two-terminal, 62-66, 78 
dual of, 203-204 
linear, 17-18 
negative, 17 
positive, 17 
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Resistor: 
multiterminal used as three-terminal 
controlled, 107-108 
nonlinear, 18-19 
applications of, 24-30 
passive, 42, 53 
power, average power, energy in, 37-42 
temperature-dependent, 63-66, 436 
three-terminal, 86-89 
biasing, 374-382 
cascade connection of, 313-315 
composite characteristics of, 311-315 
criteria for thermal runaway, 384-386 
models of, 497-503, 508-520 
practical examples of, 98-103 
representations of (see Representations 
of a three-terminal resistor) 
sensitivity considerations, 382-386 
time-varying, 47-49 
tunnel, 21 
two-terminal, 16-30 
biasing, 369-373 
criterion for thermal runaway, 373 
unicursal, 913 
Restoration time, 755n. 
Retrace time, 755 
Return time, 755n. 
Ring modulator, 465 
Ripple, 813 
Rise time, 704 
Rotational symmetric isocline network 
theorem, 878 
Rotational symmetric-network theorem, 346 
Rotational symmetry, 343, 361 
Rotator, 128-129, 131-134, 145, 397, 496, 728 
circuits for simulating, 939 
Runge-Kutta algorithm, 220 


Saddle point, 886 

Sampling circuit, 461 

Saturation, 110n., 115 

Saturation current in diode, 237, 238 
Saturation region, 297 

Sawtooth waveform, 308 

Scaling circuit, 118-121 
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Scalor, 128-131, 145, 308-311 
circuits for simulating, 938-939 
Scalor-reflector realization theorem, 399 
Scalor-rotator realization theorem, 397 
Schmitt trigger, 559-562, 722 
SCR (see Silicon-controlled rectifier) 
Segment-by-segment method, 389 
Selenium diode, 20 
Self-capacitance, 104n. 
Self-dual, 221 
Self-inductance, 105n. 
Self-triggered time-base generator, 771-774 
Semiautomatic general analysis program, 
558-559, 573-574 
Sensitivity, 371 
switching, 454, 479 
in three-terminal biasing circuits, 382-386 
Separatrix, 796 
Sensing element (see Transducer) 
Series-combination technique, 267-271 
Series commutative property, 327 
Series configuration of switch, 450 
Series-decomposition technique, 393 
Series modulator, 463 
Series-parallel network, 253, 290-293 
Set, 898 
Set-processing machine, 898 
Shifting theorems, 332-334 
Short circuit, 17, 23 
principle of virtual, 118 
Short-circuit conductances, 94 
Short-circuit current, 329 
Short-circuit substitution theorem, 332 
Shunt configuration of switch, 450 
Shunt modulator, 463 
Sideband frequency, 27n. 
Sidebands, 27n. 
Signal, 894 
Signal-processing circuits, 294, 423, 807-819 
Silicon-controlled rectifier, 102 
in high-sensitivity latching switch, 
456-458 
Simulation method, 125-127, 196 
Simultaneity postulate, 6, 53 
Single-shot multivibrator (see Monostable 
multivibrator) 


Singular point, 614n., 827, 859-873 
(See also Equilibrium state) 
Skeleton network, 424 
Slope of approach, 861 
Small variation postulate, 25 
Solar cell, 63 
equation of v-i curves of, 66 
Soldering-iron entry, 232 
Solion liquid diode, 21 
Solution of the network, 154 
Sorting circuit, 280-282 
Source, 9 
charge, independent, 11 
controlled, 70-78 
circuits for simulating, 932-937 
controlled by electrical variables, 72-75 
using operational amplifier, 118-121 
current, 9-11 
independent, 11 
de, 23 
flux-linkage, independent, 11 
voltage, 9-11 
independent, 10-11 
Spiral case, 847, 860, 867 
Square-law device, 238-241 
Square-wave generator, 115-116, 308, 728-729 
Stability of equilibrium states, 622-627 
asymptotic, 624 
criteria for first-order network, 637-643, 
689 
definition of: for nth-order network, 626 
for second-order network, 624-625 
global (stability-in-the-large), 623 
local (stability-in-the-small), 623 
Stable focus, 867 
Stable spiral, 867 
State space, 607 
trajectory of solutions in, 605-613 
State variables, 191-196, 586 
Static characteristics, 15 
of a two-terminal black box, 15-17 
Steady-state behavior, 607, 782n. 
Step size, 197 
Storage, 37-38, 738 
Strictly monotonically increasing curves, 19, 22 
Subharmonic, 33, 37, 444 
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Subnetwork, 152-153 
energy-storage, 593 
resistive, 593 
Substrate, 236 
Subtraction, graphical, 920 
Summing circuit, 123-125 
Superconducting tunnel junction, 22-23 
Supernode, 84, 165 
Superposition, principle of, 819 
Sweeptime, 755 
Switch: 
electronically controlled, 449, 479 
characteristics of, 449-452 
synthesis of: multicontrolled, 465-469 
single-controlled bidirectional, 458-461 
single-controlled unidirectional, 452-458 
series, 449, 479 
shunt, 449, 479 
Switching line, 788, 853 
Switching network, first-order, 697-698, 718 
analysis of: linear, 698-707 
nonlinear, 708-710 
with one nonlinear inductor or 
capacitor, 711-718 
Switching plane, 789 
Switching sensitivity, 454, 479 
Switching signal, 449 
Switching space, 792 
Switching transistor, 455n. 
Symmetric DP-TC plot theorem, 350 
Symmetric lattice network properties, 351 
Symmetric lattice network theorem, 346, 408- 
411, 569 
Symmetry, 342-353, 361 
applications of: determination of TC and DP 
plots, 348-353 
operating-point problem, 343-348 
Synchronization of free-running time-base 
generator, 762-763 
Synchronous phase detection, 49, 61 
Synthesis: 
of functional networks: ac-resistive, 449-488 
dc-resistive, 422-448 
graphical methods of, 368-369 
of DP plots, 386-401 
of jointly prescribed curves, 408-412 
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Synthesis: 
graphical methods of: of operating points, 
369-386 
of TC plots, 401-408 
of models: controlled resistors, 494-497 
three-terminal resistors, 497-507 
of multivibrators, first-order, 725 
astable, 726-730, 746 
bistable, 737-746 
monostable, 730-737, 746 
piecewise-linear methods of: for jointly 
prescribed curves, 565-573 
for TC plots, 562-573 
of time-base generators, first-order, 753-759 
free-running, 759-768 
triggered, 768-774 


T-network model, 498-502 
Taylor algorithm, 219 
Taylor series expansion, 871 
TC plot, 228-235, 246 
applications of, 294-301, 306-311 
graphical determination of: for networks 
with three-terminal resistors, 301-311 
for series-parallel networks, 286-294 
piecewise-linear determination of, 553-558 
and symmetry, 343-348 
synthesis of, 401-408, 413 
by piecewise-linear method, 562-573 
TC plot theorem, 245, 247 
Temperature coefficient, 65, 373 
(See also Sensitivity) 
Template-double load-line method, 303-306, 
316 
Template method, 286, 289 
Terminal state, 653 
Tetrode, 107-108 
Thermal coupling, 77 
Thermal runaway, 372, 413 
criteria for three-terminal resistors, 384-385 
criterion for two-terminal resistors, 373 
Thermistor, 63-66 
resistance of, as function of temperature, 
65-66 
Thévenin equivalent network, 528, 573 
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Thévinin’s theorem, nonlinear, 228 
Threshold detector, 116-117 
Threshold value, 277-279 
Thyratron, 99 
Tilt angle, 433 
Time-base generator, first-order, 753-759, 774 
free-running, 755-775 
neon bulb circuit, 760-762 
synchronization of, 763-768 
synthesis of, 759-763 
unijunction transistor circuit, 762-763 
self-triggered circuit, 771-774 
synthesis of, 768-774 
triggered, 757, 774 
FET circuit, 770-771 
Time constant, 661, 675 
Time-invariant elements, 47 
Time scaling: 
first-order networks, 644-649 
second-order networks, 828-833 
Time-translation property, 844n. 
Time-varying elements, 47-51, 62n. 
Tolerance, 765 
Topology, 155, 157-166, 213-214 
Toroidal coil, 67, 105 
Trace, 869 
Trajectory, 608 
closed, 609 
and equilibrium states: first-order network, 
620-622 
second-order network, 859-873 
of solutions in state space, 606-613 
time scaling of: first-order networks, 644- 
649 
second-order networks, 828-833 
Trajectory slope theorem, 865 
Transcendental equation, 155n. 
Transducer, 71-72, 78, 436 
Transfer-characteristic plot (see TC plot) 
Transfer terminals, 233 
Transformer, 114-115 
isolation, 114-115 
three-port ideal, 114, 459 
three-winding, 359 
two-port ideal, 114 
Transient response, 782n. 


Transistor, 99 
models of: n-p-n, 512-516 

p-n-p, 517 
Transistor switch, 454-456 
Transition state, 653 
Transitive relation property, 327 
Transmission gate, 468-469 
Transmission line, 5 
Transmission parameters, 95 
Tree, 158, 213 
Trigger diode, 22 
Triggered time-base generator (see Time-base 

generator, first-order, triggered) 
Triggering source, 725, 730 
Triggering techniques, 730-745, 768-774 
Triode (see Vacuum triode) 
Truncation error, 198 
Truth table, 148, 471 
Tuning, electronic, 34-35 
Tunnel diode, 19, 21 
Turns ratio, 114 


Underdamped network, 868 

Unicursal curve, 909 

Unicursal element, 913 

Unidirectional switch, 452 

(See also Switch) 

Unijunction transistor, 102 

time-base generator circuit, 762-763 
Uniqueness hypothesis, 343-344 

Uniqueness theorem, 246, 247, 343n., 408, 537 
Up-converter, 894n. 


V-shift theorem, 332-334, 341, 351, 376, 460, 
478, 499, 763 
Vacuum diode, 18, 20 
Vacuum pentode, 108 
models of, 510-511 
Vacuum triode, 99 
models of, 508-510 
Valley current, 279n. 
Van der Pol equation, 824 
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Varactor diode, 35, 435 

Varistor, 18, 21 

Vector field, 794 

Vertical-position transducer, 433 

Vertical segments in DP plot, 277 

Vertically symmetric isocline network theorem, 
877 

Virtual equilibrium state, 661 

Virtual short circuit, principle of, 118, 406 

Volt, 4, 53 

Voltage, 3, 5, 53 

reference polarity, 7-9, 17n., 53 

Voltage comparator (see Threshold detector) 

Voltage-controlled resistor, 19 

Voltage divider, nonlinear, 286-289 

Voltage doubler, 810-811 

Voltage gain, 110n. 

Voltage-inversion negative-impedance converter 
(VNIC), 136-137 

Voltage limiter, 296 

Voltage ratio-current ratio representation, 92- 
94, 144 

Voltage regulation, 297, 324 

Voltage-source substitution theorem, 331 

Voltage-stabilizer network, 167 

Vortex, 867 


Waveforms: 
generation of, 424-425, 778 
aperiodic, 426-427 
periodic, 425-426 
Waveshaping, 427-433, 443, 778 
Weber, 4, 53 
Weierstrass approximation theorem, 906 
Work (see under Energy) 


Zener breakdown, 276 

Zener diode, 20, 296, 387, 395, 418, 728 
Zero-input response, 782 

Zero-state response, 779-781 
Zero-state response theorem, 780 
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